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PREFACE TO THE FOURTH EDITION 


rRiNTG the quajrter of a century which has elaj^i since ^e 
t edition of this book was published, Projeclave Geometry has 
nd new practical apphcations In particular, the uses <xE 
rtography m Air Surveying, as well as m Astronomy, involve 
prmciples and methods of projection , and it appeam probable 
it, m both cases, the advantages of graphical constructions will 
mcreasmgly appreciated Meanwhile the older applications to 
rfcography. Geometrical Optics and Engmeermg Drawing have 
fc nothmg of their importance 

^o apology IS therefore needed for the insistence on drawing- 
ird constructions, which was a feature of the earher editions 
leed this has been emphasized, m the present edition, by the 
iition, at the end of aU the later chapters deahng with the 
)metry of the plane, of a set of drawmg examples marked S, 
ich had previously been restricted to the first seven chapters 
)m the purely didactic standpomt, actual drawing is even more 
liable to clear up difficulties m the more advanced work than it 
n the elementary parts of the subject 

t still remams true, however, that the chief mterest of projective 
thods IS for the pure mathematician, for whom they provide an 
trument of remarkable range and power 

The general scheme of the origmal edition has remamed, save 
one important respect, substantially unaltered In particular 
ave not modified the Imes on which the subject is mtroduced m 
apter I, though I have tried^to remove certam obscurities and 
kept the graphical constructions concentrated towards the 
1 of the chapter, so that they may be omitted by those who 
ach no importance to such constructions I am aware that this 
1 not satisfy certam critics, but I could not have met their 
lections without abandonmg a conception of the genesis of the 
)ject which I still believe to be the right one 
Che chief alteration involving the geometry of the plane has 
n a rearrangement of order, which brings in Involution before 
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nxstea^d of after, tlie discussion of foci and focal properties of the 
come 

This change was always desirable, for the introduction of foci 
by means of the focal spheres was never really the natural approach 
and had defect of masking the true significance of foci from 
th^ pr(>}ec|ive point of pew The ban on the eady introduction 
of Involution, which used to Tie imposed by certam University 
syllabuses, has now been generally abandoned, and the treatment 
the v^le subject gams thereby m clearness and coherence 
The^ above modification of plan has necessitated a good many 
eOnse^enflal alterations Chapter VI now deals with ranges and 
pAdls' of the second order and seK-carresponding elements, and 
ife na%iraHy leads to a discussion of InveSutaon in Chapter VII, 
fblbwed fey the fooal properties d tibe oomc m Chapter VTII 
Up this pomt the whole treatm^t, although capable of 
mteipretation m a wider sense, is based upon real elements and 
oons^ctions actually possible on the drawing-board, asm my view 
this IS essential to give confidence to the beginner ^ 

Chapter TX then introduces imaginary elements and the circular 
pomts at infinity For this, appeal is made, as m the original 
edition, to algebraic considerations Although, m strictness, such 
considerations are outside pure geometry, they are found, m 
practice, sufficiently convmcing to the student, they avoid the 
« ^ii-rr ^nded arguments based upon a purely geometrical 
j vx xixx<».gmary elements, and it would seem pedantic, at this 
srage, not to use them For the same reason I have not hesitated 
to employ such considerations whenever they lead, as in the treat- 
ment of homographic fields or the mtersections of loci of various 
degrees, to general principles most obviously and directly But 
I have tried consistently to preserve a geometrical spirit throughout, 
so far as possible 

Chapters X and XI are devoted to a discussion of homography 
and reciprocation respectively, in relation to plane fields In 
Chapter XI an investigation of Inversion has been added , this 
IS a new feature although Inversion is not really included under 
projective methods, it is closely allied to them and usually associated 
with them in University syllabuses It is also important to make 
the student aware of the fact that all one-one point transformations 
are not necessarily homographic 

Chapters XII-XIV follow the same lines as ffiapters XT-XIII 
in the first edition The discussion of quadrics, originally limited 
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to one chapter, has appeared madecjuate, cTen at etementiHy 
stage, and has been expanded, so that two chapter XY aaid XYI, 
have now been given to it 

Apart, however, from alteraiaiOM of order, a large nnmb^ ff 
impcovements and additions ha\e suggested m ’fea 

oonrse of revision Among these may be mentioned a new feeat^ 
ment of the circle of ourvatore m Chapter Y, ba^ed npon^ 
perspective transfonnatwm, m Chapter III, of conios having 
pomt and fonr-pomt contact, and some elementary resnlts on 
curvature of twisted curves and oi quadncs in CSiapters XY srf 
XYI , the hannonic envdope md locgs of two ©onacs as ^ 
illustration of homographic mTotations in Olppter XIT ^ 
mtroduction to the general plane ,^ulne and quartec obtamed 
pencils of comes m Chapter XIII , the focus and dbrecferix properly 
of the sphero-conic m Chapter XIV , a threo-dim^nsional analogue 
to the complete quadrilateral and quadrangle, and Inrf d^ussioi^ 
of (i) homographic spaces m Ihree dmmsioiis, (n) mpolar and out- 
polar quadncs, m Chapters XV and XYI 

Indeed, very few chapters have survived without drastic alteration, 
and many have been practically rewritten 

A number of new examples have been added , not only have 
new sets of drawing examples been inserted at the end of 
Chapters VII, IX~XIII, but a new departure has been to distribute 
many examples m the text of the chapters, where they serve as 
illustrations to the articles to which they are appended In this 
way the text provides a clue to the solution , conversely the 
examples help towards the immediate understandmg and elaboration 
of the text It will be found that the loss of such examples from 
the sets at the end of the chapters has generally been more than 
made good, so that m fact the total number of examples m the book 
has been increased from 406 to 893 

Somethmg may be said about the notation On the whole, 
experience shows that the notation employed in the earher editions 
has proved workable Certam improvements in nomenclature, 
however, have been adopted m the present volume Thus elements 
not at infinity have been described shortly as ‘‘ accessible ‘‘ Axis 
of collmeation ” has been discarded m favour of the now more 
usual “ axis of perspective ” The cumbrous terms “ harmomcally 
circumscribed to ” and “ harmonically inscribed m ” have been 
replaced by outpolar ” and '' inpolar ” The notion of “ field 
has been used, in preference to that of figure,” in dealing with 
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geafEaJ ■teanrfonnatioBS 1!be use of ike term base has been 
gen^aBy applied to those dements connected with a geometric 
form which remam constant , thus a flat pencil has two bases, its 
l^grtes and its plane, and the word “ cobasal ” maphes that both 
tfoeset "bases are the same In hke manner the quadrangle to which 
a pencil of comes are erreumsenbed is referred to as the base of the 
penesi. I have retamed the term equi-anharmomc ” to signify 
foiMiss such that two corresponding sets of four elements have the 
same enoss-ratio , a modern school of thought uses this term to 
denote a sefe of four elements such that they are protective with 
thei^elves, when any three of them are mterchanged cychcally , 
tet a word is requrr^ for equiranharmomc m the old sense, apart 
6<Hn projective or homogr^phic ” which, although ultimately 
^^vafent, proceed oxigmally from a difierent concept 

hfc mast be admitted that, m many respects, the accepted 
nomenclature of the subject has not always been happy The 
wcard sheaf,” used m the older books for a set of Imes and planes 
pa^mg through a pomt, does not really convey to the mind a 
picture of what is mtended, and, mdeed, would be more appro- 
priately apphed to what is known as a regulus I have adopted 
the word ‘‘ star ” instead of sheaf,” foUowmg a practice which is 
gradually being mtroduced The term axial pencil ” also seems 
to me unfortunate, and, m fact, m the geometry of the “ star,” 
wliPTP flat anfl axial pencil correspond to range and flat pencil 
the plane, actually misleadmg A new word is 

vt. xvx a form consistmg of planes, e g some such word as 

“ fold ” , were fold ” used to describe an axial pencil, a fold ” 
of the second order would denote the set of tangent planes to a 
cone of the second order, a form for which there is at present no 
satisfactory short word , comcal pencil must obviously denote a 
cone of Imes and corresponds to a range of second order , the 
cone of planes corresponds to a pencil of second order, but the 
word pencil ” cannot be used again Another advantage of the 
mtroduction of the word fold ” would be that (leaving systems 
of comes out of account), a range would always consist of points, 
a pencil always of straight lines, and a fold ” always of planes 

Axial pencil ” is, however, so well entrenched in current practice 
that I have not ventured to displace it, and I have introduced the 
word ‘‘ wrap ” to describe, when necessary, the set of tangent nlanes 
to a cone 

The term “ self-polar,” when applied to quadrangles and quadri- 
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laterals, has been changed to “ polar ” , the nomenclature of ike 
earher editions appeared uimtefactory, TOce snch quadrangles 
and quadrilaterals are not polar figures of themselves Oonre- 
sponding changes have been made when deafing with the star and 
with three-dunensional geomeky , also, following Reye, a diBknc^ 
tion has been drawn betwem polar and conjugate ” 
with respect to a quadric , m the previous editions the two terms 
had been used as synonymous 

I have retamed the words pencil of cctocs {m qr^dims) and 

range of comes (or quadnes),^’ although the latter haidfy sa-tefi^ 
me as a descnption These terms are by now well-established, and 
the alternatives would be either to mtroduce entirely new words, 
such as loop ” for pencil ” (suggestmg a number of paths 
through fized pomts), and “ shde ’’ for rar^e ” (suggestmg a 
deformable curve shding on fixed guides) , or to employ the words 
‘‘ net and web,” which I have used for Imear systems of any 
grade, to mean, when not accompamed by any qualification, the 
net and web of the first grade, mstead of, as now, those of the 
second grade On the whole, however, it seemed that contmual 
changes of notation were to be deprecated It will be noticed 
that the word web ” is still used to denote a tangmtial system, 
and is correlative to net ” I have not followed a practice some- 
times adopted, of usmg web ” to denote a net of the third grade 

The use of Q to denote a quadric has been discontmned, so that 
the rule that an italic capital always stands for a pomt, a small 
italic for a straight Ime or curve, and a small Greek letter for a 
plane, surface, or plane field, has now been made universal, with 
the exception of (i) the circular pomts at infinity m the plane, 
which are mvanably denoted by Q, O', (u) the circle at infinity, 
for which the notation O has been mtroduced With the exception 
(i) ]ust noted, Greek capitals are used to denote three-dimensional 
aggregates or fields, when such enter into consideration 

My thanks are due to the authorities of the University of 
London and of University College, London, and also to the Syndics 
of the Cambridge University Press, for permission to include in 
the examples a number of questions taken from London and 
Cambridge examination papers 

I owe a specially heavy debt of gratitude to my friend and 
colleague, Mr T L Wren, Reader in Geometry in the University 
of London, University College, for his invaluable help and sugges- 
tions throughout Mr Wren very kindly imdertook the laborious 
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taisk <rf fodbjg ov€S ^ wlA MS ef tiie revised w<wk aad has 
a^aally djected piacticaJly every example, aad saggesfted mmij 
n&yT ones. It is aot too amcb. to say tkat, bat for bis dovoted 
bej^, ifr ' 9 ?-<fflld bave been impossiWe to oomplet® revmffin of 
■fb© book m tbe very bnaited time at my dispoaal Many of tke 
cba3)@es m norMaiolatuie are based on bis suggestions 
BaaUy, I have to ^ress my tbanks to Mr F P Dana and to 
ike staff of Me^rs Edward Arnold & Go fc» tbeir imifonn courtesy 
and as^sfcaace and for the eare diey have taken m the preparation 
firf tbe text and diagrams of ike present edition 
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SPACE Airo PI*ANE PEESPECTIVE 

t 
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1 Pl^e figures m space perspective Let thece ]be a ^ 
3f sferao^t Imes or rays* all pa^iD^ thiotigE a pomt F , 
bues are act limited to lie m a plane TEey form what ns known 
as a stai of lines, of which V is said to be the cwtre t» vertex. 

If we now out such a star by two ^l^es, aj:, og (Eig I), so tiiat 
Pi, Qi) etc , are the intersectnms of the rays with. «!, and Q29 
Btc , are l^e mterseotions 
of tie mm^ rays with 
X2 j we obtain two sets of 
points winch, form corre- 
pponding figures in the two 
planes » 

Two such figures are said 
bo be m space perspective 
If we place the eye at V, 
bhe two figures appear to 
cover one another, smce the 
Imes ]ommg correspondmg 
points pass through V 
The process by which we 
pass from one figure to the 
other IS termed projection, 
and V IS spoken of as the 
vertex of projection , the 
figure in aj is said to be 
projected from V upon 1x2 into the figure in that plane, and the 
second figure is said to be the projection from V of the figure 
in xi The plane upon which we project is referred to as the 
plane of projection 

It should be noted that the two planes a^, need not be, as shown 
in Fig 1 , on the same side of the vertex V If a photograph of a 
plane diagram, or an air-photograph of flat ground, be taken, it 

1 
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3 $ loiown fraiQ tlie laws of geometrical optics that the Imes joining 
any point of the object to the corresponding point of the photograph ’ 
all pass through a pc^oot known as the centre of the object-glass 1 
Such a photograph is therefore a projection of the object upon the 
photographic plate ^ 

It wiE be convement, m what follows, when it is desired to ' 
(hscrinmiate between the figure projected and its projection, to 
refer to th© first as the fleld and to the second as the picture An 
element of the field may then be described as an object, and its 
jtojected efemei^t as its image 

It must be remembered, however, that this distmction is artificial, 
and mtroduced merely for convenience of description, for geo- 
jnetneally the relation between field and picture is mterchangeable ^ 
and ei&er figure may be regarded as tbe projection of the other , 

Projedtve Ge^etry studies the relations of (orr | 

figures obtamed by this process It will be found that certain 
important properties are transmitted unaltered, so that theorems 
mvolving only such properties hold of both the original and the 
projected figure 

Although the subject will here be treated from the pomt of view 
of theoretical geometry, the reader should bear m mmd that it bas 
many important apphcations m practice to engmeermg drawmg, 
pretation of photographs, cartography and astronomical 
Dgraphy 

2 Notation The study of this subject is greatly facibtated by 
the use of the following systematic notation, which will be adhered 
to throughout 

The pomts, straight Imes and planes which enter into the con- 
struction of a geometrical figure will be spoken of as its elements 
The use of this general term will often enable us to state results 
which hold equally of certam sets of points, or straight lines, or 
planes, without specifying explicitly the particular type of clement 
considered 

Pomts will be denoted by italic capitals A, B,C, 

Straight lines, and also curves, will be denoted by small italic 
letters a, h, c, , planes, and also other surfaces, by small Greek 
letters a, j8, y, 

Two elements are said to be incident if one lies in or passes 
through the other 

Thus if A lies on a, then a, A are incident 

If a contains a, then a, a arc incident 
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When two symbols are combined m the form of a podnct, the 
jomt symbol denotes that element which is mcidmt with iiie 
origmal two 

Ihns AB denotes the straight Ime passu^ through the point® * 

A, B , Au denotes the plane determined by the pomt A and | 

Ime a , ajS denotes the Ime of mtersection of the plan^ jS , 4 

aj3y IS the pomt of mtersection of the three planes a, j8, y 

Such a ]omt symbol is not always mtexpretable Thus ab has 1 

no meamng d a, b are Imes m space which do not mterseot If, | 

however, a, b mtersect, there are two possible meanings for 
namely, the pomt of mtersection of a and 5, or the plane determmed 
by a and b When dealmg with problems m a plane, the first 
mterpretation will always be adopted In other cases the ambigmty 
will be removed by the use of the word “ pomt ’’ or “ plane ” before 
the symbol oh 

The straight Ime ]oinmg two pomts will be described briefly 
as their join, the mtersection of two straight Imes or planes 
as their meet 

In dealmg with corresponding figures, corresponding elements 
will mvariably be lettered alike, the figures to which they belong 
bemg mdicated by suffixes or by accents Thus Ai corresponds 
to A^i ai to and so on The student should be very careful to 
adhere rigidly to this practice, as random lettermg obscures the 
correspondence of elements, which is their significant property 
and should be brought mto pronunence by every possible means 

The student is supposed famihar with the notion of a segment on 
a straight Ime as havmg sense, as well as magmtude In this 
connection it should be noted that the sense of a segment will be 
indicated by the order of naming the letters 

Thus AB^-BA, 

and, whatever be the order of the pomts A, B, C on the Ime 

AB+BC=AC 

When it is desired to consider merely the length of a segment 
AB, this will be written length AB oi more shortly \AB\ 

When the symbol AB is used it will m general be evident from the 
context whether the infinite straight Ime AB is meant, or only the 
segment AB 

The intersection of a straight hue or a plane with a given plane 
will sometimes be referred to as the trace of that line or plane 
on the given plane 
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S CoiEwpoiiduig Bnes and eorves m projaction Gollin^a- ^ 

^8^, Eetammg now to the tw® ftgtEfes m space p6TSpe®taT0 ? 

(Pig* 1), let Pi trace oat a strait line pi m the field , then ft® | 
TTOflig Pt Pg will toice oat a straight m the pictoie ’ * | 

' ToriSierafrFPiSweepsoutthei^ane ^ determmed hy Y and pi ^ ^ 

smce pomts P2 he on the rays YPi, they all he m tt, find ^ 
therefore o3a the meesb of tt and the pioticre plane, which is a straight 
hne y Pt the projection, or image, of pi 
hTotoe that, if Pj hes on pi, then P^ hes on p^ , thus propearties 
of mobdeme me preserved m projection 
^mlarly Pj may descnhe any carve Si m the field , P^ then 
deserves the eorrespondmg curve % m the picture, and si, are i 
sectams <d the same cone, whose vertex is 7 , by the field and 
pjgffeire-planes, req)ectively , si^h a cone, cx£ course, is not restricted 
to be right circular 

K Ply Qi two object-pomts, px, the hne joining them, then, 
has already been stated, P2 O2 both he on p2 Thus 
joins of eorrespondmg pairs of pomts are corresponding hnes 
Snmlarly meets of corresponding pairs of Imes are corresponding 
pomts 

If Qi moves up to P^ along the curve Si, Q2 moves up to 
Pg along the curve , pi^ p2 then approach the tangents to 
Si, $2 at Pi, Po respectively, while still remaining eorrespondmg 

I 

*iius a tangent and its pomt of contact m the field project mto 
a tangent and its pomt of contact m the picture, so that properties 
of tangency are preserved m projection 
It should also be noted that the correspondence is not limited 
to such pomts or Imes of the figures as are actually present m the 
diagram, or under immediate consideration, but mvolves potentially 
all possible pomts and hues of either plane Any element whatever 
in the field plane may be selected and its corresponding element 
in the picture constructed , and conversely 
We shall frequently have occasion to refer to figures (either 111 
the same or m difierent planes), whose points correspond in such 
a manner that the pomts of a straight Ime m either figure correspond 
to the points of a straight line in the other Two such corresponding 
figures will be referred to briefly as being in collineation, or as 
formmg a collmeation It is clear from the above that a 
figure and its projection on any plane are a particular case of a 
colhneation 
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4 Elements at infinity. Let a plane a (Fig 2 ) be now drawn 
throng tbe vertex of projection V paaallel to It wffl meefe ^ 
plane ai m a line ^l wbicb is parallel to oc^ Also if as a;^ 
ofji^i, 7 Ii is parallel to «£* 

Similarly, if tbe plane r be drawn tbrougb F parallel to 
to meet 0C2 m a kne whieb is parallel to and le any point 
oij29 ^^2 1® parallel to ^ 

\ n itr to tbe language of Ettolidean Geometry, tke bne Fil^ 
does not meet (X2, and FJg does not meet ai, so that oarmot 
be found m this case, nor can tbe bnes be conskuoted^ 

In order to avdid tbe compiicatlons wbidb would eontamaOly 
result from tbe necessity of considering sucb cases of exception, 
we mtroduce, by a convention, a set of new ideal elements, points, 
bnes and plane, whicb are called tbe elements at mflmty By 
means of these elements tbe cases of exception are removed, and 
theorems can be stated m a more general maimer 

We shall say that a given direction m space determines one pomt 
at mfimty, through which all straight bnes parallel to tbis direction 
are supposed to pass 

This gives a construction for tbe Ime joining P to a given pomt 
at infinity, viz draw the parallel tbrougb P to the direction defi ni ng 
that pomt at mflmty 

Further, all planes parallel to a given plane are to be regarded 
as mtersectmg m one straight Ime, which will be called the hne at 
mfimty m that plane 

Any Ime lymg m a plane has its pomt at infinity on tbe Ime 
at infinity m that plane 

From these definitions it follows that tbe . of all pomts 
at infinit y is met by any straight line m one pomt, and by any 
plane m one straight line It possesses therefore the essential 
characteristics of a plane, and will be spoken of as tbe plane at 
infinity 

The student should note carefully that on any line there* is one 
pomt at infini ty only, not two For if there were two pomts at 
mfimty, a parallel to the line would pass through both of them, 
and two straight Imes would mtersect in more than one pomt, which 
would violate a fundamental postulate 

He may convince himself of the identity of the two opposite 
infinities on a line by imagining a ray through a pomt 0 outside 
the Ime and meeting the Ime at P to rotate continuously about 0 
P travels continuously along the Ime until the rotating ray passes 
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through: tke poi^tioa of paralieliam, wh.eu P suddenly parses from 
cm extremity of the hue to th^ other, showing that th^ opposite 
rfu^xes are ijot separated 

To call attention to the fagt that an element lies at infinity, 
the symbol cx) will be used as an index, thus etc 

We shafl therefore', from now on, draw no distmction between 
fmm of hnes^ or planes, which mtersect at a finite distance, and 
1 paars which are parallel In every case, a pomt or Ime of inter- 
se^on win be assumed, but, if the elements are parallel, their 
mtersei^n wall be at infinity 

It wilh iowever, sometimes be convement, for the sake of brevity. 



to use a smgle word to specify that an element does not lie wholly 
at i nfinit y Such an element will be said to be accessible 

5 Vanishing points and hnes We are now able to complete 
our correspondence between the field and the picture 

For if on any line p2 (Fig 2 ) of the picture plane ol2 we take 
the pomt at infinity, is parallel to and therefore to 
ag ^ It thus hes in the plane a and meets aj at a pomt of tj, namely 
Zi, which corresponds to Accordmgly all the points at infinity 
of a2 correspond to pomts of Conversely, if I, is a pomt of 
VIi is paraUel to a2 and meets ag at a pomt at infinity There is 
thus a complete correspondence between the pomts of and the 
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points at infinity of the pkne a^, ^irfiioh ji^tifi^ ihe stat^ent 
of Art 4 points at infinity of a plane are to be regarded as 

lying on a straight Ime The hne at mfi ni ty of whi( 5 i corre- 
sponds to will be denoted by a^d js determined as the meet 
of wife F^i, that IS, wife o * 

Similarly if is the pomt at infinity on any hne |)i in aj, Us 
corresponding pomt hes on fee hne of Fig 2 , and VJ^, is 
parallel to pi The pomts at infinity of aj he on fee steu^t 
lme^i°° which is the meet of t and aj 

The Ime ^l of ai, which corresponds to fee line at infinity of 
IS termed the vamshing line of ai SiinilaTly^2 ^ vanishing 
Ime of 

In hke manner a pomt Ii of pi, which hes on and therefore 
corresponds to the point at infin i ty of ^ termed the vanishing 
point of pi^ and the pomt J29 where p2 meets j2> sJ^d which corre- 
sponds to Ji^ on pi, IS termed the vamshing pomt of p^ 

An important result follows immediately 

Smce VIi IS paralleltoji^j'fchelmejommgthe vertex of projection to 
the vamshmg pomt of any Ime is parallel to the corresponding Ime 

Hence the angle subtended at V by the vanish in g pomts of two 
Imes (say, pi, qi) is equal to the angle between the correspondmg 
hues P2, ?2 

6 Axis of perspective We have seen that, if pi, p2 are two 
correspondmg hues m any two figures m space perspective, they 
are sections by the field plane ai and the picture plane oi2 of the 
same plane tt through the vertex of projection They are therefore 
coplanar Imes and must mtersect at a pomt X (Fig 1 ) This 
pomt X is common to and a2 and therefore lies on the inter- 
section X of these two planes 

Thus corresponding Imes mtersect on this line x, which is called 

the axis of perspective 

In particular the vanishing Ime ^i, and the Ime at infinity m 
a2, meet on x, or x and meet at infinity, that is, are parallel 

Similarly ^2 and x are parallel 

Hence both vanishing lines are parallel to the axis of perspective, 
which IS otherwise evident from consideration of Fig 2 

> \AMPLES 

1 Provo that if two hguus aic in spice ixispective, points on the axis 
of perspective arc self conesponding 

2 Show that lines parallel to the axis of perspective correspond to lines 
parallel to the same diiection 
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a j)roj€ici:*on, there are tiTo |K>mta ki the £el4 sasak 

at ei^^ear pomt projects into an equal angle m the picture 
“^^at the two pomts ni Ex 3 subtend'k right angle at the Tertex 

, m %tireg( m spam pefcpeotive, there are two eerre- 
paraM to the axis of perspective, fluch that any segment 
^onds to an equal segment on the other 

twc m Ex. 5 are syinmetnoal to the axis of per- 

to'the two vanishing Imes. 

proposition on intersecting line^« We now 

_ proposition li a set of Imes m space are such 
qm toe mtersectB every other, the toes must either pass 
gh a point, or lie m a plane 

two Janes of the set, 7 the pomt ab, tt the plane db 
alj the bne^ of the set do not he m w, let c be a toe which 
m 3 r Then the only point where it can meet both a 
md b IS Fj aud therefbre c passes through 7 
Let i be any other line of ihe set It must meet a, b and c 
If it meets them at pomts A, B, C other than 7, then, smce ABO 
m a stra:^t hue, Fit, FB, 70^ that is u, b, c, must he m a plane, 
^ 0 lies m IT, which we have assumed not to be the case Hence 
i must pass through 7, and therefore' every Ime of the set passes 
through 7 

Thus aU the lines of the set either he in tt, or pass through 7, 
which proves the proposition 


8 Intersection of corresponding lines a sufficient condition 
for space perspective* If now we are given two correspondmg 
figures in different planes ai, a 2 , which are m collmeation (Art 3), 
and which have the property that any two correspondmg lines 
mtersect (which necessarily happens on the meet x of aj, ag), then 
the figures aie m space perspective 

For let Pi, Qi be any two pomts of the figure m ai , Pz. Qz 
the correspondmg pomts of the figure in 0^2 P\Qi, PjQz ^^e 
correspondmg Imes , by hypothesis they mtersect ind tlie four 
pomts Pi, Qi, P 2 , Q 2 to in a plane Hence the lines QiQz> 

which ]om corresponding points, he in a pi me, and theiefore 
mtersect 

It follows that every ]oin of corresponding points intersects 
every other such join, hence by Art 7 these joins (ith(r all pxss 
through a pomt 7, or he m a plane tt But they cannot do the 
latter, for in this case tt would contain, all the points of both figures, 
and the planes a^, would coincide 
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Hetice PiP2> QiQ2> tlixotigk a Terteix: F and %lie 

figures are m space perapective 

9 Rabatment Figures m plaike p^peettFe flie fieM and 
its picture can best be compared, sad, if drawing-board cbnstmctletos 
are required, must be compared, by bnngfng tbem mto tike satae 
plane 

The method of doing this wiick is the mosb convenient is to turn 
the plane of the field about the axis of paPSp^Jkve, carrying its 
figure with it, until it com<^ mto the picture plane 
the picture can be rotated about the axis of p^i^yectm mto 
field plane 

This procedure of rotating one plane figure mto another plane 
about the hne of mtersection of the planes is termed ral^tment, and 
we are said to rabat one figure mto the plane of the other 

Suppose DOW we start with two figures m space perspective, 
and we rabat ^3 upon the plaue of so that it becomes a figure ^2 j 
^ 2 and <l>^ are, of course, congruent or superposable, but are m 
different positions and will be considered distmct figures 

The rotation, however, has not affected the axis of perspective, 
and, after rabatment, the corresponding hnes of (f>i and <f>2 still 
meet on x 

(l>i and <f>2 are now corresponding figures m the same plane which 
have the property that corresponding lines meet on a fixed Ime x 
of the plane 

Conversely any two correspondmg figures ^2 ^ colhneation, 
which lie m a plane and are such that corresponding hnes meet on 
a fixed Ime x, may be obtamed by rabatment from two figures m 
space perspective 

For rotate <f>2 about x out of the plane mto a new position ^3, 
then by Art 8, and ^3 are in space perspective, and ^2 
obtained from ^3 by rabatment 

Two such figures are said to be m plane perspective, or in 
homology or homological The axis x is sometimes called the 
axis of homology , we shall continue to use the term axis of 
perspective 

As the figures are in the same plane, a new consideration now 
arises, to which the reader must, from now on, pay very careful 
attention, namely, that the same point or line of the plane may 
have an entirely different significance, as we treat it as 

belongmg to one figure or to the other This we shall indicate by 

dpnnflTID’ cnipll a "nninf nv IiTIA n lAffor m + r\ rirtci/%ci 
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Soi exaanple, tiie lute at infinity m the plane may be denoted 
by or ^2“ according as we regard it as hne of or of 

Jn Ast case its corresponding Ime m ^2 is the vamshmg hne 
yhjqh ?& rabatment of *3 , m the second case its 1 >1 r « .ik 1 1 yr 
^ » tibe vanishing hne 

We see that there are two vanishing Imes m the plane, one for 
each figtff® Note that the lanishmg hne of ^1, say ii, if treated 
as a hne, say of ^2> special significance 

i0 Of perspective Let ^2 be two figures m plane 
P^speetive in a plane a, and let x be their axis of perspective (Fig 3 ) 



Through x draw any plane jS, and take any point V m space, not 
lying m a or j8 

Project 01 from ?7 on to This gives a figure 0 , m space 
perspective with 0i, x bemg agam the axis of perspective 
02 and 03 are then corresponding figures m different planes, a 
and j 3 , such that correspondmg lines mtersect Hence by Art 8 
they must be m space perspective Let V be the vertex of pro- 
jection for 02 and 03 Jom UV meeting a at 0 
Now if Pi, P2, P3 are any set of corresponding points in the three 
figures, PiU and P^V meet at P, and arc therefore coplanar lines 
Therefore the four pomts U, V, Pj, Pg he in one pfine, sue] UV 
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meets PiP^ ^ ^ ^ 

was taken outside a), P 1 P 2 can only meet U7 at ike pnnt 0 of 
UV whicli lies m a Hence P1P2 passes through 0 , which is a pai^ 
mdependent of the choice of the pomts Pi, Pg, smce 17 , F Ai mot 
depend on Pi, P^ Thus we arrive at the result that the joms 
of coirespondmg pomts of two figures m plane perspectoLve p®^ 
through a fixed pomt 0 of the plane, which is cs^ed the iKrfe M 
perspective 

Examples 

1 Prove that two figures in plane perspective can always be derived as 
projections of the same figure from two different vertices 

2 Show that, m a plane perspective, points on the axis and Imes throij^h 
the pole of perspective are self corresponding 

3 Two curves are m plane perspective Show that the axis of perspective 
must he one of their common chords, and the pole of perspective must h^ 
one of the mtersections of their com m on tangents 

4 Show that the property of Art 6, Ex 3 holds equally of figures in plane 
perspective 

6 Show that the properties of Art 6, Exs 5 and 6 hold equally of figures 
m plane perspective 

6 Prove that if, m a plane perspective, a curve passes through the pole 
0 of perspective, it touches its corresponding curve at 0 

11 Desargues* perspective triangle theorem Let there be 
m a plane two correspondmg triangles AiBiCi^ (Fig 4 ), 

and let BiCi =ai, B^G^ =«£, etc 

If the triangles are such that aia^, ^1^2^ which we will 
denote shortly by Y, Z respectively, are collmear, then it 
follows at once from Arts 9 and 10 that the triangles are m plane 
perspective, and therefore -41^2^ ^1^2^ GiC^ pass through a 
point 0 

The converse of this is an important theorem, namely, that, if 
. 4 1-42, B1B2, G^C^ are concurrent, then aia2, 6i62> ^i<^2 collmear 

Jom XY and denote it by x Let Ci meet cc at Z Jom Z-42 
and, if it do not comcide with ^3, let Z-42=C2', meetmg a2 at B2 
(Fig 4 ) Then the triangles diBiCj, A2B/C2 are such that the 
meets of cot responding sides aid), 61&3, ^1^2', i e X, Y, Z, are 
collineai Tluitfore, by the Iheoitm just proved A1A2, BiB/, 
G^Go coneuiient, and passes thiough the meet 0 of 

A]A2, CV 2 Lilt we iiie given that B^By also passes througli 0 
lienee and B^B/ coineide Q’hus By ind B2 coincide, smce 

each IS the meet of the same two lines ^2 and OBi Hence ^2^2, 
that IS C2, passes through Z, and aiCiy, €^€2 arc collmear 
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If T^dfvf w& iavft two figures <^, m ft plftwft, 'wjucli foxm ft 
eeBmi^k^iioaftad whjtoli possess ^lie property tliftt all jojdb c«£ eoixe- 
q^Wlmg pftss tbroTigli a fixed pole 0 , tfien aJl meets of 

Iffifis mtist be oa a fixed axis a? 

f p807s of e^espoading toes ®i» ®2 » sto let X « 

yg*&iiasi llossideE any otter oorresponding toes ci, Cg swjIi ttftt 
?lt> do not pass through a poml The triftngles formed by 
OjhjOi, OghgOg have the joins of corresponding vertices passing 
throng 0 , and therefore c^cg (or Z) h^ on XF But is arbitrary, 
exo^ ■Qiftt it must not pass throu^ 


IT 




F 

Fig 4 

If now di IS a line through aibi, it is always possible to form a 
triangle with di and either &i, Ci or aj, Ci Applying again })csargiies’ 
theorem did2 lies on YZ (or XZ), that is, on x Thus all pairs of 
corresponding Imes meet on x without exception, <in(l tin property 
of the pole of perspective is a suflScient, as well is i nccissiry, 
condition that two figures in collineation are in pi mo p( ispcctivc 

Example 

Prove directly, without quoting the results of Arts 8-10 that it yii7^iC\, 
are two triangles in a plane and ^1^4 2 , arc concurrent, 

then collmear , and conversely 
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12 Cylin^cal projection S^lbatmeni as a projection* M 

the vertex of projection is at infinity, as the hxm PiFt^ 
etc , joining corresponding points of the field and petnre, all pass 
through and axe parallel The ja<qeefaon i^ to he 
eylindrieal, two corresponding curves being sections of a i 

whereas, m the case where the vertex is acc^sibk, caETCsponding 
curves, as explained in Art 8, are seetioos of a conej and tins fand 
of projection is sometimes termed comeal 
In cylmdneal projection V^ji^ is the plane at infinity and 
meets the picture plane m the hne at infinity of that plane, which 
is accordingly j2^ Thus Imes at infinity correspond, and the 
vamshmg Imes are themselves at i n fi nity Hence two parallel hues 
m the field, which meet at a pomt correspond to two lines 
which also meet at a pomt that is, to two parallel hn^ in 
the picture 

If IS m the direction perpendicular to the picture plane, so 
that all joms P1P2 are perpendicular to that plane, we have the 
special case of cylmdneal projection known as orthogonal pro- 
jection The picture is then said to be the orthogonal projection 
of the field 

We wiU now show that rabatment, as defined m Art 9 , is 
equivalent to a cylmdneal projection 
Let ^3, a figure m a plane j8, be rabatted upon a plane a mto a 
figure ^2 If P^ IS pouit; of <^3, and P^N is drawn perpendicular 
to X, where cc==aj8, then, durmg rabatment, P3 describes a circular 
arc P3P2 ^t;h N as centre, m a plane perpendicular to 

Then P3P2 is perpendicular to the plane y which bisects the 
dihedral angle between a, jS, through which the rotation takes place 
The figures <563, (f)^ are therefore in space perspective from the pomt 
at infimty m the direction perpendicular to y, that is, ^2 
derived from ^3 by a cylmdneal projection 

Consider now a third figure lymg m a, and m plane perspective 
with (f>2p with X as axis of perspective 

Since corresponding Imes of <^2? <^3 meet on x, c[>i and <^3 are 
in space perspective fiom some vertex V (Art 8) To find V take 
for the plane of the paper m Fig 5 the plane perpendicular to x 
passmg through the pole 0 of perspective for ^2 This plane 
contains 

Let Fig 5 represent an elevation m this plane, so that all 
points of X appear as a single pomt , in a similar manner, if 
the vanishing lines ^2? Jd nieet this plane at Ii, 
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these kies^ bemg parallel to x, are shown in the figure by then 
^paices ^ 2j 

By the property of the pole of perspective, 1 2 ^ is at infinity on 
OZi- IS the line at infinity in the plane of the paper and 

meefestjS at the point at infinity m the trace of on the diagram 
ZjJ/® IS therefore parallel to this trace 
Ssnitefy J 2 corresponds to on OJ 2 i and by 



Fig 6 


raVia+iTiPTit Thus J^Ji^ is'parallel to the trace of a and 

■t at 7 Also by Art 10, Z7‘»7 meets the trace of a at 0 
XIiVJ^, OVJ^J 2 are f ii.lb’ojrt i>ii 

Hence Z/j = J 3 7 = J/) ( [ ) 

Adding 7 i<72 

XJ^—IyO 

Thus the distance of a vamshmg Ime from th( 1 xis ot jx rspc d i\ ( 
IS equal to the distance of the pole of pcrsp( rtivc from tiu otlu r 
vanisLmg line, both distances being measured with projicr sign 
But further, ZJ 2 =ZJj, by rahatment , mil = 
opposite sides of a parallelogram 

Hence 7,0-/, 7 ( 5 ) 

also 7, 7 IS parallel to p 

If, then, one of two figures m pIuK piispidiv, J„ lotatid 
about the axis of perspective, tlu veiU\ ol piojielum of the 
resulting figures in space perspective dose nix s i < m lo obtained 
by rotating the pole of perspective about the v imslimg Ime of the 
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figure wlaclL remains fixed and tlie angle of feotfi rolafeon^ ^ tjie 
same 

Conversely, if two figures are m sgex^e perspective from a vertex 
7, and are bronglit mto tibte same plane by rabataac^t, tibe prfe 
of perspective after rabafen^t is obtained by labattmg V about tbe 
vanislung Ime of the figure which ranamg fixed, a can^amcitaon which 
will be foTOd useful m drawirg examples 

IS Parbeular eas^ of figures in pMne or space perspeeMve. 

Several cai^ of figures m plane perspective will bo already familiar 
to the reader aequamted with elemmtary Geometry, thus 
(i) Similar and similarly situated figures m a plane« Here 
all corresponding bnes are parallel, and meet on the hne at infinity, 
which is accordmglv the axis of perspective, Smee this corre- 
sponds to iteelf, both vanishing lines comcide with it The theorem 
of Art 10 then shows that joins of corresponding pomts pass 
through a pole 0 of perspective, which is the usual centre of 
simi h tade 

(n) IHre^ eongruent figures similarly situated m a plane 

This IS a qiecial ease of the precedmg Here again, the axis of 
perqpectave is at infinity If corresponding segments are chawn 
m the same sense, the joins of correspondmg pomts are parallel, 
and the pole of perspective is at infinity But if corresponding 
segments are drawn m opposite senses, the pole of perspective is 
at a fimte distance 

(m) Symmetrically congruent figures These can be obtamed 
by turnmg one figure over about a hne x of the plane, through two 
right angles This gives figures symmetrical about the hne x 
and the process may also be briefly described as reflexion m the 
Ime X 

In this case corresponding Imes meet on cc, and the Imes joimng 
correspondmg pomts are perpendicular to x The figures are m 
plane perspective, x bemg the axis of perspective, and the pole of 
perspective bemg the point at infinity m the direction perpendicular 
to X 

(iv) Figures superposable by rotation about a line in their 
planes We have already seen that two congruent figures, derived 
one from the other by a rotation about the intersection of their 
planes, are m space perspective 

(v) Two similar (including congruent) and similarly situated 
figures m parallel planes are m space perspective For corre- 
sponding Imes, being parallel, intersect at infinity on the meet of 
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tw© I^an^s, wkch JS ihe Iro® a% mflmty of botli Tile result 
follows from Art 8 

(VI) Twd figures m a plaae derived efie from the other hya 

^fifelih a pairtaotilar ease of plane p^peokve 
A St^t^ ^ defied as follows . if y be two fixed co-ordmate axes 
ifilhe plane (not neoessanfy at Kfglit angles), the ;^mt Pi, whose 
co-ordinates are (ajj, yi), corresponds to tiie pomt P^, whose Co- 
o®di3Q#€^ are ^ where ^ bemg a constant 

tmned the streteh-rato The transformation thus consists m 
stretching the ordinate Pi^^ (Pig ®) m the ratio k , hence the name 
X IS termed the axis of sti!etch> y the direction of stretch 
We* first prove that the two figures ^i, ^2 ^ collineationj 

a stp^ht fine locus m corresponds to a straight Ime 
^ ^2. To do this, take any line pi passmg through Pi and meetmg 



jr at Z Let Qi be any other pomt of pi Join XPo, meeting the 
ordmate QiM at Q2 Then by the properties of similar figures 
Q2M QiM =P2N PiN Hence Q2 is the point corresponding 
to ©1, and the locus of pomts Q2 is ZP2, which we call 710 

Moreover, the joins of corresponding points P1P2 pass through a 
fixed pomt, namely, the point at infinity on //, ind the mcM ts X 
of correspondmg Imes 7?i, j>2 be on a fixed lino, nanu ly, j Accord- 
mgly ^1 and <562 are m plane perspective 

Examplis 

1 Prove that a stretch is equivalent to the rabatnicnt ol a (yhiuliKal 
projection 

2 A triangle is given as the orthogonal proje ction of a right angled 

isosceles triangle A-PBiC-^, the angle at Gi being a right angle Jt C 2 12 = ^ 
inches, inches, and the angle AaC'gJ^g^bO , and if th( axis of per 

spective passes through and makes with (\42 angh h ot 1 5 and 46° 

respectively, construct the rabatted triangle \ 
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14 Projeetive figures Tie proo^ of projeofeion may 

be repeated any number of times Tius a %ure ^ in a plane 
may be projected from some ‘mtex into <f>2msk plane og , ^ 
then be projected from a second vertex mto ^ m a pkne (x^ , aaad 
So on Tie final figure ^^4.2, obtained from after n pp^ec^teis, 
ies in a plane nmy, or may not, be idenfe^ with 

origmal plane oci 

Two suci figures ^«4.2> wiiok are derivable ^e tiie 
oti^ by a fimte number of projections, are said to be projeetive. 
Figures m space perspective are clearly projective, being denvalde 
by a smgle projection Figures m plane perspeokve are also 
projective, bemg derivable by two projections (qf itrt 12} But, 
m general, projective figmes are not eitier m sj^ce or m plane 
perspective 

The projective property is wiat niatiematKaans tmn 
that is, if IS projective with ^2, and <f>2 with <h. is p3x>- 

jective with ^3 

For let Ui be tie set of projections which transform mto ^2 
and 272 the set which transform ^2 ^3, then 27 i and U2 applied 

m succession form a fimte set of projections which transform 
mto ^3 

15 Particular cases of projective figures The foUowmg are 
cases of projective figures 

(1) Figures in plane or space perspective This has already 
been explamed m the last article 
(u) Coplanar figures superposable by rotation about a point 
0 of this plane To prove tins, take a figure (f>i m the plane, and 
two Imes X, y through 0 , also m the plane Let ^2 reflection 
of(f>imx and ^3 the reflection of ^2 ^ 2/ ^2 <f>i are oppositely 

congruent , so are ^2 ^3 Hence ^1, ^3 are directly congruent 

figures The point 0 is clearly unaltered by the transformation 
Hence ^3 is derivable from by a rotation about 0 But the Ime 
X of corresponds to itself m ^2, and the line x of (j>2 is turned over 
about y, that is, it becomes a Ime which makes with x twice the 
angle between x and y By takmg this last angle (which is at our 
disposal) equal to half the given rotation, we have <^i, (^3 connected 
m the required manner 

Since (f>i, <f>2 are in plane perspective (Art 13 (m)), they are pro- 
jective So also are <^2? 03 Therefore ^3 are projective 

(ui) Any two congruent figures <t>i, 02 Let them be m 
different planes a^, 0^2 By rabatting cf>i about aia2 into 0L2, we 
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(^btoOL tw congruent figures ^3, ^2 ^ same plane These can 
aJways l>e made directly congruent by rabattmg m a suitable sense 
This process is equivalent to a projection (Art 12), so that <l>i 
^ are projective 

JSow^rotate ^ about any pomt of its plane unlaJ corresponding 
ines are parallel Let ^4 be the resultmg figure Then by (n) 
above ^3 and ^4 are projective 

^2 9®!d9^4 are now directly ( ongruent and sinnlarlv placed Hence 
’^y ag^e- m plane perspective by Art 13 , so that ^4 and ^2 


Cinateang the above results we see that <f>i and ^2 projective 
M the figcnes ^1, ^2 ^ plane, they may be directly, 

or oppositely, congru^t If the former, we proceed as from the 
■^feage ^3 m the previous case If the latter, reflect m a Ime x 
wi^h bKects the angle between any pair of correspondmg hnes 
Ste sew figure is now (ongruent and similarly situated to (f>2, 
and we have projective with ^2 ^ before 
t (iv) Any two similar figures ^ 1 , ^2 Proceedmg as m the 
previous case, we transform <j>i by a senes of projective operations 
mto a figure similar to ^2 similarly situated A projective 
transformation (see Art 13 ) then transforms the last obtamed 
figure mto ^2 


16 Construction of figures m plane perspective from given 
data A plane perspective relation is entirely determmed when 
certam elements are given, and we may then construct, pomt by 
pomt, or line by Ime, the figure ^2 which is m plane perspective with 
a given figure 

Let the pole 0 and axis x of perspective be given, and, m addition, 
e'lih&r a pair of correspondmg pomts A2 (whose join must j)<iss 
through 0), or a pair of correspondmg lines aj, (whose meet 
must he on x) 

One pair of these additional data are immediately derived from 
the other pair For if F is any pomt on x (Fig 7 ), Y is self- 
correspondmg, by the property of the axis of perspective Hence, 
if Ai, A2 be given, YAj^ YA2 are corresponding lines, whieli may 
be taken as aj, a2 Conversely, if aj, be give n, my 7<iy through 
0 meets them at correspondmg points Ai, A > 

If now Pi IS any pomt of jom AJ\ nu eting ^ <it \ Then 
XA2 corresponds to XAi, and meets 01 \ at 
Agam, if 3?i is any Ime of meetmg u; at A and it Ij, join 
OAi meetmg ag at A2 Then XAo^jh 
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Alternatively, instead of A2, or ^2? tlie 

vanislnng line of one figure, say If then Ij is any point of 
^l, J2°° IS tfie point at infinity on OJj, and is tlie line at mfimiy 
m the plane These provide a pair of corresponding points and a 
pair of corresponding lines 
The previous constructions then become 

Jom IiPi meetmg cc at X Xl2^ is the paralkl through X 
to Oil meets OPj at P2 


Let Pi meet a; at X 
and ^l at Zj Then the 
parallel through X to 
Oil IS P2 

From the last result 
we see that the Ime corre' 
spondmg to pi is parallel 
to the ]om of 0 to the 
vamshmg pomt of pi 
Thus the angle between 
the hues p2i ?2 ^ equal 
to the angle subtended 
at the pole of perspective 
by the vamshmg pomts 
of Pif ?i This will be 
found to be an important 
property m constructions 
connected with such 



figures The reader should compare the corresponding result for 


figures m space perspective at the end of Art 5 


Examples 

1 Prove that, when a vanishing line and the pole and axis of perspective 
are given, the construction given m Art 16 for the line corresponding to a 
given line Pi fails when ^>1 is parallel to the axis, and give an appropriate 
construction in this case 

2 Show that, if P^, Pg be any two corresponding points, and if P 1 P 2 
meet the vanishing line at and the axis of perspective at X 

OPi OPj 

3 Prove (without usmg the property of the pole of perspective) that 
the correspondence between two figures in plane perspective is entirely given 
by the axis of perspective and two pairs of corresponding pomts Deduce 
a construction for the point corresponding to a given pomt with the above 


0 raowm® ©loicBTOy 

.. ^ €mm awx «f eerr^poading lines and tfee two vanishmg Inaes o£ two 
perspootive, construct (a) the pc^e of perspective, ( 6 ) the 
^tborrdpondmg to any given point 

^ e ‘^■9^ one vanishing hne, the aads of perspective, and a pan ctf 
gCsEgeperaffit^p^tsv construct the pole of perspective. 

& 0*vm the pole and axis of perspective and a pw of corresponding points, 
«)0BStruet the two vanishing Itocs 

' ti: 'Drawlag of i^rojections If it b© required to draw on 
papcar the projection upon a plane jS of any given figure m a plane 
oc from a giveu vertex V, or, wbat is the same thing, the section 
hj p ot a, cone whose vertex is V and base the given figure, the 
method adopted m practice is to rahat the figure to he drawn 
iqion the plane a about ajS From the data of the problem aj8 
B known. Also drawing through F a plane parallel to ft this 
jfen A cuts OC m the \am‘*hmg hne ii of the given figure The pole 
^^pei^seetive is then obtamed by rabattmg F about m the 
'sense that the projection is rabatted about We have now 
^^pole of perspective, the axis of perspective and one vanishing 
Ime The rabatted projection, which is of course m plan© per- 
spective with the ongmal figure, may now be drawn by the rules 
given m Art 16 If at any stage the construction becomes awkward, 
so that hnes or pomts employed m the construction come off the 
paper, two smtable correspondmg pomts (or Imes) may be found 
+ 1 .^ v.nirtTro-n+ <^<^nstructioiis used 

a be cylmdrical, the construction by the vanishing 

^ jy Art 12, both vanishing lines are then at infinity 

Thus to a point at infinity corresponds a point also at 
infinity , and Ji°°, 1 2 ^ are in general distinct, since the axis of 
perspective is not here at infinity Their ]oin 1 1 ^X 2 ^ is therefore 
the line at infinity , and 0, which is on this line, is a point at 
infinity Its position is then to be found by constructing, in 
any manner, some one pair of corresponding points Ay 
IS then the point at infinity on A 1 A 2 The construction for corre- 
spondmg pomts which is given first in Art IG may then be used, 
remembermg that, where a line is stated to be drxwn through 0 ” 
m that construction, it should in the present case be drawn parallel 
to AjA2 

If we do this, we find that in Fig 7 A jAy and P 1 P 2 <ir(‘ par<ill( 1, 
so that, if these lines meet x at A and N re spe ctively, 
P 2 A PiN =A 2 K = constant Hence sudi a cylindrical 
projection, when rabatted into the plane of the ongmal figure, 
IS obtamable from it bv a stretch (cf Art 13 Ex 11 
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18 Practical example A cirole of raditss 4 notte aad eeelse 
0 lies m a horizontal plane « 7 js a point 3 uBite -vwtiorfly iiiwtTe 

a pomt Ai of the circle is a pomt of tte circle W distal# 
from Ai The circle is projected ftom F <» to a jtoe P I^sasog 
IJurongh a line ® in « which bisects CBi at right angles The 



one whose upper half is further from rij 

Consider the plane y which passes through V and is perpendicular 
to X We sliiill need, for the practical construction, two figures 
/TTitj R1 nne in wTiinli -are^ tiTinll fill tlie plpvfltioTi fiffiirp and one 



^ peojeotive geometry 

m whiei -we sM caB the flm figure In the elevation figure 
^hejdanes a, jff appear as straight hnes, viz the lines in which they 
y ; these are the traces of the planes on y Similarly m the 
’y app^rs as its trace on oc It is convenient to place 
^e fignr^ one above the otha?, the two Imes which represent ay 
m the two figures being parallel, the points which represent the 
same points bemg on the same perpendiculars to ay 

Mark m the elevation figure the point Ai and the pomt X where 
<c meets ay Through X draw a hne making 60® with ay This 
IS the feace of jS 7 is 3 units above Ai m the elevation figure 
Through 7 draw VIi parallel to the trace of ^ to meet ay at Ii 
li IS thus a pomt on the vamshing hne of the onginal figure 
Eoiate 7 about Ii counterclockwise mto a position 0 on ay 0 is 
the pole of perspective when the figure m plane ^ is rabatted 
about X counterclockwise Let the ongmal figure and its rabatted 
|aro]eotK>n be denoted by ^i, ^2 respectively Then m the plan 
figure X IS the axis of perspective, 0 is the pole of perspective, the 
p^Hd to X through Ii is the vanishmg hne of 

To construct the figure corresponding to the circle we have the 
followmg method Let Li be a fix:ed pomt on Take a variable 
pomt r on a? Through Y draw a parallel to OLi Jom 
jj^Y —yii meetmg the circle at Pi, Qi OPi, OQi meet ^2 the 
orrespondmg to Pi, Qi By takmg a number of 
ibtam a number of pomts on the projection of the 
^ projection is shown by the curve in Pig 8 

The hues correspondmg to the tangents at the points Ji, Aj 
where ^l meets the circle are important These tangents at infinity 
or asymptotes (see later, Art 34) are immediately constructed 
by drawmg through the pomts T, U where the tangents to the circle 
at Ji, Ki meet x, parallels to OJi, OKi 

19 Problems m projection It is often useful to be <il)lc to 
construct a projection so that the projected figure shall satisfy 
certam conditions We will consider three of these 

I To project a figure so that a given line is projected to 
infimty Thus is to be the vanishing line llcncc , th( vertex 
V bemg arbitrarily selected, the plane of projection is iny plain 
parallel to 7^l 

II To project a figure so that a given line ii is })r()j( etc d to 
infimty and the angle between two given lines aj, is jirojcctcd 
mto a given angle a 

T7TrC+ arklxrn r\T»/^Kl£kTV» +i-k « n-t- n -w^ 4- 4- 
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satisfying the reqmied c6ndition Let Ai, Bi be the pomts where 
ai, hi resj^tively meet %i On AiBi describe a segment of a 
circle oontainmg an angle a The pole of per^peefeve O hes m €bis 
segment Take for 0 any such pomt and for acsas x any &ie 
parallel to This defines a pl^e por^eefew rdaiaon satefyn^ 
the given conditions Now rotate 0 about ti throng any 
6 mto a position V, and at the tan^ rotate the plane of Ihe 
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original figure about x through the same angle 6 mto a position jS 
A projection fiom 7 on to j8 effects what is required 

III To project a figure so that a simple quadrilateral 
AiBiOiDi (Fig 9) becomes a square of given size As m II we 
will solve the problem first for plane perspective 
Let El, Fi be the intersections of opposite sides CiDi), 

(AiDi, BiCi) respectively , let Gi be the intersection of the diagonals 

(AiC^, BiDi) 
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t, as v^HUsIung Ijne , then -Esj ■^'s we at Bafimty, and 

lA^S^ S® ®' pasraMograjn 

^ at 02 betweaa liie mw diagonals) is a 

^■gijibifa'o^ la j paffalMogracBa Js a rhombos If further 

am^iafflss.of^tfs&sa®^'® at Az, B^, 0 ^, is a ii^t angle, A^%GJD^ 

^•Hyfescffl^xm EiBi a semicirde , if 0 he on this semicirole the 
at Ai, Bi, Cl, Di, which stand on E^Fi, project into right 

RDglea 

«nrnfa.rly if AiGi meet EiFi at Hi and BiDy meet EiFi at Jj, 
0 hes on a samcircle on JiHi It is therefore the mtersection of 
these two semicircles 

^ Uow Iheade ^2-82 be parallel to OEi, for Ei is the vanishing 
pan#. o£. 4 i.?i Also A2 hes on OAi, hes on OBi Place between 
OAi, OBi, pjffallel to OEi, a length A^B^ equal to the side of the 
gLwa squfue this will be the hne corresponding to AiBi It 
meets AiBi at a pomt X on the axis of perspective Through X 
(haw a parallel to the vamshing Ime , this is the axis x of 
perspective • 

To obtam the required result by direct projection, rotate 0 
about JS'iJ'i through any angle mto a position F, and project from 
F on to a plane through x parallel to Fi^i^'i 

EXAMPLES Ia 

1 Prove that the figures in plane perspective with a given figure, when 
the vanishing line of that figure and the pole of perspective are given, but 
the axis of perspective is varied, are similar and similarly situated 

2 Two figures (j}^, <^2 s^^e in plane or m space perspective Lines Pi 

of are parallel to fixed directions and are such that the angle between 
them, measured by the rotation m a prescribed sense which brings into 
comcidence with Qi, corresponds to a constant angle in 02 Show that the 
mtersection of pg ^-nd describes a circle 

3 Show that, given any two triangles in a plane a third triangle which 
IS m plane perspective with each of them may be constiiutcd ui an infinite 
number of ways 

4 If a figure 0i is in plane perspective with 02 ^^nd 02 in jilane perspective 

with 03, Oiy O3 being the poles of perspective and Xy j , the a\cs of per 
spective in the two cases show that OjOg x^ foim a self < oncsponding 
triangle m 0i, 0g What happens when 0^ are collmcai ? 

5 Given any two triangles in space, prove that a tliird tnanglo can always 
be found which is in space perspective with each of the cjriginal two 

6 Prove that a rotation of a figure in its own plane tt about a point () 
of that plane through a given angle 6 can be effected by thico pioj( ( tions, 
as follows 

Take a nlane a through 0 nernpndipnlnr to tho frivrn nlnno *Tr t 
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from TT on to a with any vertex X7 Bot^.te a, U about the perpendwolaa: to 
TT through Of the angle of rotarfeidm h^eng 6 Let this bimg a to jS and U 
to V Project from a upoQ wufeh vertex HT m the <hsee^i»3l^rp^HiKuto 
to the plane bisectmg tho dihedral an^ $ betwe^ gc, jig^y j^rojeci 
from jS upon tt with vertex V . 

‘ j6® 

7 Two sets of four points Ax, (\f ^ theisWi 

plane, are sueh tha^t AxA^f are ’eoffitoatea^^fe a poa&n^ M 

Show that, in general, the %wes the frwpomtB'ai9:e ndttu 

perspective, and that the necessary and sulSyieai.t oeaadteEn 

should be so is that three mteneeetioii^s as idsO^ 

(AxDif, A 2 B 2 ) are coJJmear. ^ ^ ^ i ^ e^ 

8 Prove that another w&y gT the oos^d^io^ ^ 

four pomts in Ex 7 shaS bg in l^ife perspecftiv^ is t^sfc one"' pair of oorre- 
spondmg intersections ^sach as be in 

a hne through 0, and ’'that, when tl& <X)n<frtioii is sat^e^ points and 
lines derived from the ongmal Sets of frur by taJbng corresponding joms 
and meets form two %uies m piano pesrspeci^ve. 

9 If m a j^^ane perspeciiye jdatKxp. it ^ given that the pgie el perspective 
and the axis of perspective are at mfruity, show that the pei^pcctave r^ticga 
mpst be equivalent to a translation without rotation m the pbne. 

10 Show ^hpw to project a given Ime to infinity and at the same tune 
any two given angles into angles of given magnitude Is this problem 
capable of solution m all oases ? 

11 Show how to project a given Ime to infinity and a given triangle into 
a triangle congruent with a given triangle 

12 Show how to project a simple quadrilateral into a parallelogram 
congruent with a given parallelogram 

13 A triangle ABC has its sides AB, AC cut at D and ^ by a parallel 
to the base Show how to construct an equilateral triangle of given side 
which shall he m plane perspective wath ABC, DE bemg taken as the vanishing 
Ime 

14 In Problem III of Art 19 show that there are two possible positions 
of 0 and two possible positions of x and that these may be combmed m 
pairs m four ways, so that there are four perspective relations givmg a solution 
of the problem 

15 Prove that, if B^, are any four given pomts (no three of 

which are collinear) of a plane figure <f>^y and A 2 B^ C^, are any four 
given points (no three of which are coUmear) of a plane figure (not 
necessarily in the same plane as then it is, in general, possible to obtam 
a series ot projections which transform A-^B^CiD^ into A 2 -B 2 O 2 D 2 

16 Show that if two figures are similar (but not necessarily similarly 
situated) the vanishing Imes are at infinity 

17 Three coplanar triangles aie two by two in perspective and have a 
common axis of perspective Show that the poles of perspective are collinear 

18 Three coplanar triangles are two by tvo in peispective and have a 
common pole of perspective Show that the axes of perspective are con 
current 
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EXAMPLES IB 


pEl» axes of co cadmaAes axe rectangulax throughout ] 


1 Two m plane perspective have a:=0 for axis of perspective 

J.^=^(2 5,25). J5i=(3,0), j? 2 =(l, 1) are pairs of corresponding 
■DOJois «smg tlie prop^y of the pole of perspective, construct 

norta cpKe^nding to Pi=(2, 3) , ^2=^(5, -4) , at infinity on , 

Verify that JB,B^ 

/jX through a pomt 

% The pole of perspective bdmg the ongin, the axis of perspective "yie 
Ime ar+ 2= 0 and the vanishing line of the figure being x= 8, construct the 
iKMBts of corresponding to (-J, 4), (-1, -1), (1, -2), (2, 3) , construct 


also the pomfs of X corresponding to the same pomts. 

' Ghvien the pole of perspective (3, 0), the axis of perspective x=0 and the 
pa^of coire^onding Imes (y=^x) and (2y=x) construct by tangents the 

cs^o ccagjg^ondiiig to the cir^e x^+y^=4: of the figure 
" ABGD m a square of 3 mches ade. E, F, G are pomts of AD, AB 
sni BG respectively such that J.P=DP=0(?=1 mch , EB and GF meet 
AfyB' are the mid pomts of OA, OD respectively, and O' are the 
fdMs (£ imsecteon (nearest to 0) of OB and 00 respectively Construct 
thepdle and axis of perspective which transform A, B, 0, D mto A', B', O', D', 
and v^^ (i) that this axis is parallel to AD and BO, (ii) that the diagonals 
AO, BD of tlie square meet the correspondmg diagonals A'0\ B'D' of the 
quadrihiteral upon the axis 


5 AB IS a diameter of a horizontal circle of radius 2 inches An oblique 
cone IS formed by projecting this circle from a pomt V vertically above A, 
the distance VA bemg 2 mches Draw the section of this cone by the plane 
through A at right angles to VB 

s ai, aa cut one another at an angle of 60° On the plane 
J.O ttxigle of 120° betw'een them a vertex V is taken distant 4 inches 
Ime of mterseotion 

i e m ai 18 projected from V on to ag construct the vanishing bnes 

jjLje m and the rabatted projection If the axis of perspective 

be taken for axis of y and the foot of the perpendicular from F upon it as 
ongm and if the positive half of the axis ot x be the one nearer to F, find 
the pomts m aa corresponding to (2, 0), (6, 0), (3, 4) in 

7 A pyramid 80 feet high stands on a square base of side 100 feet, the 
sides of the base runnmg N and S , E and W Draw the section of th is 
pyramid by a plane at 30° to the horizontal passing through a lino running 
from WN W to E S E through the S W comer of the pyramid, the plane 
rismg as one moves N 

8 ABGD IS a horizontal square, of side 2 inches , E is a point of BC 
such that BE=iZ EG , a pomt E is taken, outside the square on tlio per 
pendicxdar from D to AE, so that DE^\AG V is the point vertically 
above 8, such that 78=08 Construct the projection of the square ABGD 
from the pomt F on to the vertical plane through B parallel to A E 


9 A right circular cone of semi vertical angle 60° is cut by a j)l me making 
an angle of 30° with its axis and cutting that axis at a distanc o of 3 inches 
from the vertex Draw the curve of section 


10 A horizontal square ABGD of 2" side is projected fiom a vc rtex 17' 
above the comer A Draw its projections upon the two planes Ihiough the 
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11 A convex quadrilatoral ABCD 1*5 such that AB==4:", AD^5% 

GJB^ 3", AC=^5" Eind a pde and axB of perfective whi^ 

ABCD into a square of side 1'' and draw this square. 

12 The axis of x being taken as vanishing line, construct an equilateral 
triangle of side 2 units whi<h is m plane perfective with the triangle whose 
vertaoes are (1, 2), (2 5, 25), (3, 1) , and construct the pole and axis of per- 
spective for this case. 

13 A circular cylinder of radius B'*' is cut by a plane naf&mg an angle 
of 37° with its axis. I>raw the seotion. 

14 A horizontal circle is projected on to a vertical plane through ifes 
centre from a point at infimty on a ray mdined at 45° to j0be vearfaeal and 
such that the v^tacal |dane throi^ it 3S m<dmed at 60^ to phuio of 
projection Draw the projectaa. 

15 The ^trance of a skew tuimd is m the shape of a circular arch , tl» 

horizontal projection of the of the tmmel makes an ai^b of 15° with the 

normal to the plane of Iho arch and tbo axis itsdf ^p^ upwards at 30° 
Draw the section of th» tunn^ by a hora^mtal ;^ne. 



CHAPTBE II 


. PBOJECTIVl RANaiS AND PENCILS 

vii’ 4«SS^o Le# Ai, Si, Oi, Si (Fig 10), be four points 
t&4 sfe^bt line Ml Let them be projected from any vertex F 
^ pomt^ As, Si, Cs, S%, upon another straight Ime Mg 



We require to find a relation between the niiitu<il (iist<uic c s of the 
points -4i, Bi, Cl, Di, which will not be altered by iirojeetioii 
Consider first the ratio of two segments 

AiBi AiDi^aAiVBi aAiVDi 

= VAi VBi sin AiVBi VA^ VI)^ sm 1, K/^, 

^VBismAiVBi VDi^m liVD^ 

Note carefully that the above equation holds wh ite v 1 1 1 Ik rc lative 


ORQ^SS BJmo 


positions of Aif 5ij Di (tlie signs of tlxe segments being taJ^en mto 
aocotint as explamed in Art 2), provided we rntrodnce ike foBow- 
mg conventions as to sign On each ray through V a posi’^e 
is arbitrarily assigned, which fixes the signs to be attached to ^ 
segments, VAi, VBi, etc Also a positive sense of rotation round ¥ 
IS arbitrarily selected The angle A{VBx is then defined as the 
magmtude (positive or negative) of l^e rotation in, iius s^ise 
required to brmg the positive direction on ¥Ai into comeidence 
with the positive direction on This rotation js clearly 

unique save for the addition or subtraction of a number of complete 
turns, which does not aflEect the values of the smea 
In like manner 


^42^2 A^I)^-=-YB^^AiYBi FI^^42FD2. 

{AxB^ AM^iA^B^ A2D2 )=(VBx V1),)-(VB2 YD^) 

The right hand side of the above equation is mdependent of the 
pomts Ai, A 2 It depends only on the boundmg rays FJ5^JS2 j 
V 2 )iI )2 We may therefore replace Ai by Oi, A 2 by O 2 , without 
altermg the value of the left hand side We have then 


(A^B, AxD,)-^{A2B2 = CxD,) 

AiBi CiDi _ A2B2 O2D2 

■^ 1^1 -^2^2 C^2-®2 


-(a252 C2D2) 


The expression ^ ^ is termed the cross-ratlO or the 

anharmonic ratio of the four pomts Ai, Bi, Ci, taken m the 
given order and is denoted by the symbol {AiBiGiDi} To 
remember it, note that the numerator is obtamed by writing down 
the four pomts m the given order and the denominator is obtamed 
from the numerator by mterchangmg the second and fourth 
elements We have, then, from the last written equation the 
theorem 

The cross-ratio of any four colhnear pomts is unaltered by 
projection 

We shall often have to deal with a cross-ratio {A BCD} when 
one of the four points, say -4, is at mfinity This we shall mterpret 
as the limit of the cross-ratio, when A moves away mdefimtely on the 
straight Ime 


T J-l. XT, X X 1 

In this case the lactor — = 1 + 

AD AD 


Since DB is here constant 
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DB 

^ AD iafareases numerically without limit, — tends to zero, and 


— tend^ to umty Hence {ABCD} approaches as its Inrnt the 

fakor and this will be the caross-ratio {A^BCD} 

sare needless repetition, a ratio such as A^B A^C will in 
Murehe equated to 1, and a ratio such as 50 A°^D to zero 

21 Difl^ent cross-ratios of four pomte If we take the 
points Ai, Bi, Cl, 5i in a difEerent order, we obtain in general a 
different cross-ratio Since four letters may be written down in 
24 different orders, we should expect 24 different cross-ratios It 
wilt BOW be shown that only six of these are distmct 
First we shall prove that the cross-ratio of four pomts is unaltered 
if any two pomts be mterchanged, provided the remainmg two be 
ateo interchanged Smce under these circumstances the first pomt 
must necessarily be mterchanged with some other, the three cases 
to be considered are therefore those where Ai is mterchanged with 
5i, Cl and Di respectively We have to prove that 

{-4i5iCi5i} =^{BiAiDiGi} ={CiDiAiBi} -{DiCiBiAi}, 



or, wntmg out the cross-ratios, 


AiBi CiDi BiAi DiGi G\I)i AiBi B\Ci BiAi 
AiBi GiBi BiGi BiAi GiBi AiDi D^Ai B^Gi 


equahties which are obviously true 
It follows that distmct cross-ratios can bo derived only from 
those permutations m which Ai stands first For, if wo have any 
permutation m which Ai does not stand first, it may be converted 
mto a permutation m which Ai does stand first by permuting 
Ai with the leadmg element and mterchangmg the remaining two 
elements, and this without altering the cross-ratio 
We have then only six distmct cross-ratios, namely those in 
which Ai stands first, the remaining thn c 5i, ( lx ing jx rmuted 
m all possible ways 

To find the relations among these ratios, piojid Ij lo infinity, 
that IS, cut the four rays through 7 by a straight lim u { (h ig 10) 
parallel to VA^ We have by Art 20 

= =A, sxy 


( 1 ) 


CROSS RATIO 


n 


Intercliange even letters D and B Then 

Interchange middle letters B and C, 

f A*n » n 1 _ ^3^ 3 _ -^3^3 -D 3 O 3 + 03^3 

^ ' 1 i}- 53 C 3 “0353 ~~ C , B ^ 

O3D3 

=1-^®=1-A 

Interchange m (2) the middle letters, 

=1 - - = -y- 

Interchange second and fourth letters m (3), 

Interchange second and fourth letters m (4), 

These give the six distmct cross-ratios of four pomts 


( 2 ) 

m 

( 4 ) 

( 5 ) 

( 6 ) 


Examples 

1 Show that the six cross ratios of four points may he expressed in the 
form sm® 6, cos^ 9, cosec^ 9, seo^ 9, — tan^ 9, — cot^ 9 

2 If A, B, G 9 Df are four coUmear pomts, and {ACBD} = 711, { 4 .CBl!J}== 7 i, 
prove that {ADCE}={n- l)/(m- 1) 

3 If A, B, Cf D are four coUmear pomts, prove that 

BG AD + CA BD + AB GD =0 

Hence express the six cross ratios of four points in terms of {ABGD} 

22 Cross-ratio of four rays From Art 20 it follows that 
all transversals, that is, all straight Imes which cut a set of four 
lays or lines through a pomt, meet the four rays in sets of four 
pomts which have the same cross-ratio This cross-ratio is therefore 
a property of the set of four rays and is called the cross-ratio of the 
four rays 
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llie ajmlytical for tlie cross-ratio of four stiolx rays la 

^sasily wrfttea doTOi For 

OjBi aA^YBi /s^OiVIh 

AiDi OiBy “ aAiTDi aOjF^ 

" VAi VBi smAiTBi VCi VDi sm CiVDi 

^ VAi FDismiiFDi VCi VBi sm(7iF5j 

_ sm AjVBi sm OiVDi 
"sm-iiFDi smCiF-^' 

tie signs of tie angles followmg lie convention of Art 20 
Smee four concurrent rays project into four concurrent rays 
and transversals into transversals, it follows from tie permanence 
of cross-ratio of four points m projection tiat tie cross-ratio of 
four rays is likewise unaltered by projection 
Tie cross-ratio of four rays abed will be denoted by {abed} 
If tie rays be OA, OB, OC, OB, it will also be denoted by 0{ABCI)} 

2S Ranges and pencils A range is a set of pomts on a 
straight Ime A flat pencil, or shortly a pencil, is a set of rays 
lymg m a plane and passmg tirongi a pomt which is tie vertex 
nr ppntre of tie pencil 

pencils are called one-dimensional elementary 
j Tie component points or rays are spoken of as 
f tie form The straight line containmg the pomts 
^ icwi^c lo i/ermed the base of tie range Similarly tie vertex 
ui a flat pencil is a base of the pencil, and, so long as we deal with 
pencils m one plane, this is the only base which need be considered 
More generally, however, a flat pencil has two bases, its vertex and 
its plane 

Where only a limited number of elements of a form are con- 
sidered, the form may be denoted by enclosing the set of elc monts in 
round brackets, thus {ABCD) denotes a range consisting of four 
pomts A, B, C, D Similarly 0(ABCD) denotes <i pdicil consisting 
of the four rays OA, OB, OC, OB Care should bo exercised to 
use round brackets in this connection, so as to ivoid ( onfusion with 
{ABCB}, which denotes a cross-ratio 
More frequently a form will be denoted by taking a typical 
element and enclosing it in square brackets Thus \P\ is a r<inge 
of which the point P, which is then considered v<iri<ihle, is the 
typical element [p] is a pencil of which p is the ty|)i(<il ray, or 
0\P^ is a nencil with vertex 0 of which OP is the typical ray 




jmm 


24 Projeettve ranges and peneils elenien^ ^ twb 

forms may be made to correspond, eadb to eadb. Wfcen tibe foraas 
are of the same type, &at m, when both are ranges or botih peacafe, 
they are Said to be projective mih one anoth^ when Ifce e&sre- 
spoi^enoe can be estabhshed by means of afimte number of profe©^ 
tive operations It follows from the definrtiosQr that,, if twodfeams 
projective with a third form, they are^j»o]eotafve wA om anotter- 
For the series of projective operattons wh^db transform the first 
form mto the third, combined with the scries AA transforms the 
second mto the third, apphed m tbe reverse order, tsca^asfoms 
first mto the second {Cf Art M) 

It follows further from Arte 20,.‘t2 1 hat j^jective rang^ and 
pencils are also eqni-anharmomo, that any fenr ekmente of we 
form have the same cross-rafeo W the four corresponding elements 
of any other form projecteve wi#^ the first. 

An, important particular case cf projective ran^ and pencils is 
when the tvo ranges are sectatonS of tiie same pencil by two difl^mt 
transversals, or when the two pencab are obtained by joining up 
the pomts of the same raiige to two different vertices In the first 
case the joins of corresponding pomts of the two ranges pass 
through a fixed pomt m the second case the meets of corresponding 
rays of the two pencils lie on a fixed Ime Two such ranges and 
pencils are said to be perspective they are clearly particular 
cases of figures in plane or m space perspective, and are therefore 
projective 

If two ranges be perspective the pomt where their bases mtersect 
IS self-correspondmg, and if two coplanar pencils be perspective 
the ray joining the two vertices is self-correspondmg 

Similar ranges are corresponding ranges m which correspondmg 
segments are proportional 

Equal ranges or pencils are ranges and pencils which can be 
superposed so that corresponding elements comcide 

Equal pencils in one plane are said to be directly, or oppositely, 
equal according as they can, or cannot, be superposed without 
bemg turned over 

Smce it has been shown (Art 15) that congruent and similar 
figures are particular cases of projective figures, it follows that 
similar ranges are projective and also that equal ranges and equal 
pencils are projective 

In two similar ranges the points at infinity correspond For 
smce AiBi ^ 2^62 =a finite ratio A, if AiBi is infinite, so must 
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A.^2 ^ HttfiBite Hcace if j 4 j, be aeo^sible points and Bi a 
isat mfimfy 

Convei^ely projectile ranges in wbicb the points at infinity 
are similar Let AiBiOiIi^, be corre- 

sponding groups of four points of two such ranges, then, since 
cross-ratio is unaltered, 

^ 1^1 Gih^ _ A2B^O^h^ 

Ail\^ G-^Bi A^I^^ G2B2 


Glh^ . G2l2'^ 

and remembeimg (Art 20 ) that A^l^ have 


A\Bi GyB'i —AJS2 G2S2} 


mi -Sbereface the ranges are snnilar 
Jrojective ranges may be eoUinear, that is, a projective 
Correspondence can be established between pomts of the same 
hae , m ’Sojb case a particular pomt of the base has a different 
^gn]^anoe, accordmg as we consider it to belong to one range 
cr^to ike other Similarly projective pencils may be concentnc 
(tkd} IS, they have a common vertex) as well as coplanar They 
then consist of the same rays, but each ray has a different signifi- 
cance, accordmg as we assign it to one pencil or to the other Two 
such ranges or two such pencils will be termed cobasal ranges or 
pencils 

Sections of two projective pencils [j?i], [^2] by transversals v, w 
are projective 

For m the set of projections which transform \^{\ to [^2] let a 
Ime Ui not belongmg to [pi] transform mto Wg 
The range Wi[pi] is projective with 

But z;[pi] IS perspective and projective vitli and 

w?[p2] IS perspective and projective with W2[?^ 2 1 
Hence t/[pi] is projective with w\j)2] 

Similarly if [Pi], [P2]*he two projective ranges, 0, S <uiy two 
vertices, the pencils 0[Pi], /S[P2] are projective 
For m the set of projections which transform [Pj] to [P^l 
a pomt Ui not belongmg to [Pj] transform mto U2 
The pencil ? 7 ifPi] is projective with the jx ncil 
But 0 [Pi] ]s perspective and projective wjth ind 

/SfP2] 18 perspective and piojectivc with 
Hence 0 [Pi] is projective with >S'[P2j 

To abridge proofs the words ‘‘ is projective with will m future 
(except in enunciations) be denoted by the symbol 7 ^ Thus 
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[Pi]‘a[P2] is to be rea 4 tibe range deecnbedt Pj m j®ojeefeve 
■witb the range described by 

Two unlike corresponding forms will be called incident if eaeb 
element of one is ineidmt wi& the oo^rrespondiDg clement of fiie 
other^ provided the oofire^OBdenoe is nnifne. Sims a 
a pencil are moidmt if each ray of Ae latter passes thror^ 
corresponding pomt of 'Sie form^ This relation is incteded by 
Eeye tinder the name perspective, bnt, since it does not come 
under onr definition of perspective figoares, this to 

confusion The use of the term perspective wiS therefore be 
restricted as explamed earher m the present article 

25 Two eobasal projeetive fmrms are identieal if they have 
three elements self-eorrespondmg 

Consider two ranges Let A, G he the self-corresponding 
pomts, Pi, P2 any two correspondmg pomts 

Then {ABOPi} =^{ABCP^, 

ABCPi ABGP2 
APiOB’^ AP2CB" 

APi ^AP2 
CA+APi CA+AP2 
APi “ AP2 ’ 

CA AP 2 =CA APi 

CA is not zero, since by hypothesis the points A^ B, C are 
distinct, APi=AP2 or Pi, P2 are comcident Hence every 
point IS self-correspondmg and the ranges are identical 

Consider now two concentric pencils They determine on any 
Ime two collmear projective ranges If three rays of the pencils 
are self-correspondmg, three pomts of the ranges are self-corre- 
spondmg Therefore every pomt of the ranges is self-correspondmg 
and m consequence every ray of the pencils is self-correspondmg 

It follows that two distinct eobasal projective forms cannot have 
more than two self correspondmg elements 

26 Construction of projective ranges and pencils from 
corresponding triads 

I Eanges We need only consider the problem of establishing 
a projective correspondence between two ranges on different 
lines but in the same plane , for, if the ranges are in different 
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ggF ^ the sansfee straight hue, we Mday first of all project ouie 
of them mto a range lying m the same plane as the other range, fenfl 
aba chfere&l straight hne 
(«)) ^ 

5|, &i he three given pomts of [Pj] corresponding to 
of {P2] On ^iJl2 arbitrarily two vertices Z, T 
ifeJPi, meeting TB^ at P3, ZOi meeting XC2 at Og Denote 
hy/iWgi and let % meet A1A2 S't ^3 
^lEhen 0 ^ are m persp^tive with Ai, Bi, Ci from Z, and 

wSthii^^ jB^, O2 from Y 

Prom Z project fPi] mto [P3] on and from Y project [P3] 



mto [P2'] on U2 Then r'P2^]^r^i] hut [Pj] is ^i\<ji ])r<)j((tive 
with [P2], hence [p2']^[P2] 

These last are cobasal ranges But (l(<ir]y 1 ^', B/, CV arc, 
by the construction described, identical witli Ij B, (\ Ibmo 
[P2], [P2^] have three self-corresponding jioinis md ik id( nti( il 
by Art 25 Thus the projections from X ind ) 111 su( < ( ssion ( ri d)lo 
us to derive the range [P2] from the rang< [ I\ | 

II Pencils First of all, if the two [xiuils arc not ilrcady 
coplanar and non-concentnc, project om of ilum into i ])cn(il 
coplanar and non-concentnc with the othc i AV ( sin II tin n f onsidt r 
the two nencils to bp of this tvnp 
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Viy U2 (R® 11 (S)) be vferfiees of two sooit 
[P2] ^ir ^ be three grv^ mys of fjpi], ooii!esgoia<iBag^"fo 

<^2> ^2 of EPa] Tbrongh. (denoted by A) draw two 

rays, re, meetmg cj at jBi* Oj, aaise^aug % at O^. 

Let £1^2^ OjO^ meet? at JL^ be 

Then the rays %, 1 %, ^ are p^s^eetivo w^ aaad also 

witb a 2 ,h 2 iC 2 ’ 3. * , " 

l^t as Meet tbe pened fpj] m tiie*i:ar^ JFGiia.:&e ponsfe^ 

tbs range to TJ^, fommg pea^fp^] ' Slsen |j%] i^peB^jeetive 
and therefore projective wiA |3%}. Let y naeet [pgj in fee :Bange 

1 S / ^ J ^ V M 



[P2] Join the points of [P2] to IJ2, forming the pencil [p^] 
Then [p2]~^[Pi]'^[Pi^ LPil given projective with \jp^ Thus 
[p 2 '] 7 r[p 2 ] But it IS clear that h^, are identical with 
^2, &2 j ^2 Hence, by Art 25 [^2] and {p^] are identical, and the 
given construction enables us to derive [^2] from [2^1] 

It follows from the above constructions 

(a) That the relation between two projective forms is entirely 
determmed as soon as three correspondmg pairs of elements are 
given 

(b) That a projective relation between two like forms can always 
be established in which three arbitrary elements of one shall 
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tliiee arbitrary elem^ts of iie otiier, wbicb is some- 
;togs.«^seased by saying fibat groups of three elements are always 


(o) a projective relation between two like forms can always 
beesitaKh^ed m which any four elements of the one correspond to 
4ew Mements ef the other having the same cross-ratio 
lor let Ai, Bi, Ci, A , A^, B^, 0 ^, be two sets of four pomts 
^ mg im fSrajght hnes tij, and such that {AiBiOiD^} = 
^sB^sP^ Let the projective relation which transforms Ai, B^, 
Pi aato A2, ^2} ^2 transform Di mto D2' Then 

={'^2®2^2®20' 

Thaiefore {^2®2<?2®2} ={^2®2C'2®2'}. 'thence it follows as in 
Art 25 that Da =1)2' A correspondmg proof holds for pencils 
fhe above constructions fail if either Ai 01 A^ =111^2, but is not 
self^rresponding j or if either Uj or — but is not self- 

eocrespondmg It is to be noted, however, that this cannot possibly 
occur for all three pans of correspondmg elements, for if A i =MiM 2, 
Dj may also be %M2> neither nor can be UiU^ 

The pan of elements which do not mclude (or ViU^) can 
always be taken as Ai, A^ (or ai, a^) m the above constructions, 
which are then always possible 

If, however, both Ai and A2 comcide with T'lg H («), or 

both and comcide with TJi m Fig 1 1 (6), the two given forms 
have one element self-correspondmg The Ime XY then passes 
tgh U1U2, but IS otherwise mdetermmate , or the pomt xy 
lies on UiU2> tmt is otherwise mdetermmate 
A simpler construction can then be given For let BiB^ meet 
C1C2 at U, then ABiGi and AB2C2 are perspective from U 
Similarly if the jom of 6162, Ci^a be u, dbiCi, abaCo are perspectivi, 
correspondmg rays meetmg on u The two given ranges or pencils 
are then perspective and we have the important result 

If two projective ranges or flat pencils, which are coplanar, 
but not cobasal, have a self-corresponding element, they are 
perspective 


Examples 

1 Give a geometrical construction connecting the points of two jirojt ctivo 
ranges wlien the vamshmg points of the ranges and a pair of contsponding 
pomts are given 

2 Two colhnear projective ranges are given by two coi responding triads 
^ 1 ^ 1^19 '^ 2 ^ 2^2 Give completely a geometrical construction to find thc^ 
pomt Pa of the second range corresponding to a give n noint P of f fw fust 
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S Two concentric projective pencils are given by two corresponding triads 
aJbjCi, ajb 2 p 2 Grive completely a geometrical constniotion to find tbe ray 
of the second pencil corresponding to a given ray of the first. 

4 Two similar coplanar ranges have a self corresponding pomt Show that 
the lines joinmg their correspondmg pomts are all paraDeL 

5 If two similar ranges he on parallel Imes, the joins of correspondn^ 
pomts pass through a jfixed pomt 

27 Harmonic forms Since any three collmear pomts may be 
projected into any three other pomts, three pomts -4, B, C on a 



Ime c' (Fig 12) may be projected into the same pomts with two of 
them, say A and C, interchanged 

To effect this, draw any line a' through B and from any vertex S 
m the plane a'c' project A, B, 0 upon a' as A', B, C' Let [A'C, 
AC')^T Then if we project A\ B, O' from T upon c', they 
project into (7, jB, A The double operation has therefore mter- 
changed A and C 

The two triads ABC, CBA define two projective collmear 
ranges on c' These two ranges have already a self-correspondmg 


If B oxC^A, the definition of Art 27 apparently leads to an 

indeterminate result Let ns agree that the equation 
ABGD^ADOB^O 

shall hold m all cases If we now put D==B,vre have 

2ABCB=0 

Hence eith^ AB=0 or OJ5=0, that is, either A ox C coincides 
with B and D That the same r^ult holds for pencils is easily seen 
on cutting hy a transversal 

Examples 

J ilnd aE the cross ratios of fotir harmonic pomts 

% Ptove that the necessary and snfiicieiaLt condition that four colhnear 
pomts A, B, C, D cm he paired so as to form a harmonic range is that 
{ABGD} has one the values ( - 1, 2, J) 

S ^low how to draw through a giv^ pomt a Ime which cuts the sides of a 
given triangle at three pomts which, taken m a prescribed order with the 
^venpomt, form a harmonic range 

4^11 A, B are harmomcally conjugate with regard to C, D, and 0 is the 
noaddfe pomt of AB, prove that 

(i) OD ^_AD_qB 
OB^ CB^ AC'~’ 00 * 

(u) AC BD^ CD OB 

29 Harmome properties of the complete quadrilateral and 
quadrangle A complete quadrilateral is the figure formed by four 
straight hues a, b, c, d, called its sides It has six vertices ab, ac, 
ad, ho, hd, cd formed by takmg meets of sides m pairs The three 
pairs of vertices ah, cd, ac,hd , ad, he such that the two in each pair 
do not he on a common side are termed pairs of opposite vertices , 
the three hues ]ommg them are called the diagonals of the quadri- 
lateral The triangle formed by them is the diagonal triangle of the 
quadrilateral 

A complete quadrangle is the figure formed by four pomts A, 
B, C, D called its vertices It has six sides AB, AC, AD, BC, 
BD, CD formed by takmg joins of vertices m pairs The three 
pairs of sides AB, CD , AC, BD , AD, BC such that the two m 
each pair do not pass through a common vertex are termed pairs 
of opposite sides Their three meets are called the diagonal points 
of fLe The triangle formed by them is the diagonal 

triangle 

The harmonic properties of the complete quadriLiteral and 
quadrangle are as follows 

I The two vertices of a complete quadrilateral on any diagonal 
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are harmonically conjugate with regard to the two vertices of the 
diagonal triangle on that diagonal 

II The two sides of a complete quadrangle through a diagonal 
pomt are harmomcally < on jugal (» with regard to the two sides of lite 
diagonal triangle through tin » (lMg(»r al pomt 

To prove these resulte, refer to Fig 12 Here AA\ A'O, 0(7 ^ 
C'A are the four sides of a complete quadrilateral, of which 
AC, ST are the three diagonals The diagonal AC is divided 
harmonically at B and D (Art 27) But B and D are the pom^ 
where AC is met by the other two diagonals The result for the 
other diagonals follows by symmetry 

Agam A, C\ C, A' are the four vertices of a complete quadrangle, 
of which 8 , B, T are the three diagonal pomts The two sides 
through 8 , 8A and SO, are harmomcally conjugate with regard to 
SB and 8D (smce A, C are harmomcally conjugate with regard 
to B, D) But SB, SD are the two sides of the diagonal triangle 
through S 

From the above properties we obtam the foUowmg constructions 
for the element harmomcally conjugate to a given element with 
regard to two other given elements 

I Through the pomt B, to which a conjugate is required with 
regard to A and C, draw any Ime and on it take any two pomts A\ 
C' (Fig 12) Jom AA', CO' meetmg at S, AC', A'C meeting at T 
TS meets the origmal Ime m the pomt D required 

II On the ray SB=h, to which a conjugate is required with 
regard to SA=a, >SO=c, take any pomt B, and through it draw 
any two hues a', c' Let 5=jom of aa', cc', ^=jom of ac' , a'c 
The jom of ( = T) to the vertex S gives the ray d required 

In the above cases it is often said that Z> is a fourth harmomc 
to A, B, G and d a fourth harmomc to a, b, c, respectively 


Examples 

1 If EFG be the diagonal triangle of a complete quadrangle ABGD and 
the sides of EFO also meet the sides of the quadrangle m six other pomts /, 
J, K, L, M, N, show that 7, J, K, L, M, N are the six vertices of a complete 
quadrilateral having EFG for its diagonal triangle 

2 If efg be the diagonal triangle of a complete quadrilateral ahcd and the 
vertices of efg be also joined to the vertices of the quadrilateral by six other 
lines j, I, I, m, 'ih fcbow that k I, m, n aie the six sides of a complete 
quadrangle having efg for its diagonal triangle 

3 Show that the centres of the inscribed and esciibed ciicles of an> given 
triangle form a complete quadrangle, of which the triangle is the diagonal 
triangle 



4 AJBG s » Cte BO two poants Z7, F ai© taien, hamcHacally 

ccmiugate wrtH regMd to JB, <7 If P is any point of AB, and VP, OP meet 
AG at B, 8, prove that VB, 08 meet on AB at a pomt Q harmomoally 
eoB^agate te P with regard to A and B 

I ^ * 

dfk Qposs-axis and cross-centre oi eoplanar projectave ranges 
pOTiCSis If in constaiotoon I of Art 26 X be taken at 
T &tAi we obtain tbe case sltown by Fig 13 {o) 
j Oonsiider tbe points wbiob eorce^ond to tbe point of intersectioii 
of Let tins point considered as a pomt of Ui be called TJi^ 

and considered as a pomt of % be called Y 2 

AJPi meets at TJ^ ^ and A^TJi is itself % Therefore TJ^=^u^n^ 



But the ranges W2» ^3 perspective, so that ^2^3 is self-corrc- 
spondmg hence = C/2 I^ like manner Fi Now the 

projective relation between the ranges being given, C/2, are fixed 
points and therefore -1^3 = C/2 Fi is a fixed line, independently of the 
choice of AiBiGi, AJB2C2, which may be any corresponding triads 
whatever of the given ranges 

It follows that if A1A2, B1B2 be any two pairs of corresponding 
points of two projective ranges the meet of cross- joins {A1B2, 
A2B1) lies on a fixed straight Ime This straight line may bt termed 
the cross-axis of the two projective ranges 

Similarly if m construction II of Art 26 cc be taken coincident with 
^2 and y with a^, we obtam the case shown in Fig 13 (6) If we 




now consider U1U2 and treat it as a ray Ui of the pencil [pi] it 
meets ^2 Z72, But the pencils [^3], [^2] b^Kig 

perspective, Z72 is self-corresponding, hence TJ^ Similarly 

if TJ1D2-V2, ViD^-Vi Hence XJ^ is tihie intersection of the 
two rays corresponding to ?7iZ72 , TJ^'m therefore a fixed point, 
md^endently of the choice of the trmds %6iCi, Hence if 

®i^2j ^1^2 ^ pairs of correapondmg rays of two profcckve 

pencils the ]oin of cross-meets (aib2> ^s^^i) passes through a j&xed 
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point This fixed point will be termed the cross-centre of the 
two projective pencils 

If the ranges (or pencils) m the above theorems be perspective 
the reasomng employed fails, for then U]U2 (Fig 13 (a)) and 
(Fig 13 (6)) are self-correspondmg Therefore TJ^, Vi (Fig 13 (a)) 
and M2. '*^1 (Fig 13 (&)) are comcident, and all we have proved is 
that M3 passes through one fixed point, viz the mtersection of the 
ranges, and that lies on one fixed line, viz the jom of the vertices 
of the pencils 

In the case of perspective ranges and pencils, however, a direct 



Jjoof of i&e exjsteaee of cross-azjs and cross-centre is easily given as 
foDows 

I Fob Eaugbs Let 0 be the pole of perspective, S the inter- 
sed»n of the ranges, AiA^, ByBs, two corr^ponding pairs Then 
A1A2B2B1 are varteces of a complete <,ii. ’i..t ir’ of which 0 , S, 

AJBi) are diagonal pomts Hence, by the harmomc 
property of the complete (pudiatiglo SO and the Ime joining 8 
to <-4x52, A^Bi) are harmomcally conjugate with regard to the 
bases of the two ranges But 80 and these bases are fixed Imes 
Hence the Ime jommg 8 to {A1B2, A^Bi) is a fixed Ime Therefore 
(AjB^, A-JSi) hes on a fixed Ime, which is the cross-axis 

II Fob Itooms Let x be the axis of perspective, s the jom 
of the vertices, ^1*2) ^1^2 two correspondmg pairs Then a\a^^i 
are ndes of a complete quadrilateral of which (uihi, «2^2)> (®i®2> 

(«i^. «25 i). ^ ® (®i^2. are the diagonals There- 

fore U1U2 IS harmomcally divided by x and (U162J ®2^i) Brit x 
meets UiU^ at a fixed pomt, and Ui, are themselves fixed 
Bence 'fte fourth harmomc is also fixed so that (ai62> ®2^i) peases 
through a fixed pomt on $ This is the cross-centre 

We will close the present chapter with the foUowmg two 
theorems on the triangle, which are of importance 

31 The ratio of segments round a triangle The idea of 
cross-ratio, as mtroduced m Art 20 , may be generalised as follows 

If AiBiCi, A2B2C2 be two tnangles m space perspective from 
a vertex 7 and any pomts of section Pj, Qi, Ri be taken arbitrarily 
upon the sides BiCi, CiAi, AiBi of the first triangle respectively, 
these will project mto pomts P2, Q2, B2 on the sides B2C2, O2A2, 
A2B2 of the second triangle 

As m Art 20 we can show that 


(PiPi PA)-(B2P2 P2C2 )=(FPi yV0-{VB2 VC 2 ), 

and smularly 

{CiQi QiAi)-(C2Q2 Q2^) = (FCi F^i)-(yc'2 VA,), 
(AiRi PiPj) — (^2f^2 P2-®2) = (F^i FPi) -{V FP^) 

Multiply these three sets of equal ratios togi tlu r ind wc h ive 
fB\Pt CiQi AyRi 


fBjPi CiQi 4^i^i\ _/ 

\P,C\ QiAi R,bJ \ 


B2P, 0 , 0 , i,R,\ 
P2C2 Q>A, R,B,) 


- I, 


^ ^ BP CQ AR 

that is the ratio ^ pp of the segments of tin sides of 


triangle taken m order is unaltered by projection We m^j ?efef 
to it for brevity as tbe tnangle ratio 
Note carefully that in tbe above tbe segments bave to be taken 
witb proper sign Tbe positive sense on each side of tbe tnangle 
may be arbitrarily selected It is usual to take it so that, if we go 
round tbe triangle keepmg tbe area on our left, we are moving m 
tbe positive sense tbrougbout 
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Througb the vertices A, B, G cd & tnangle three hues AP, B0, CfR are 
drawn Show that the continued product 

BmBAP ^imGBQ mnAOM 
sm GAP smuiljBO smBCB 
IS unaltered by projection. 


32 Ceva’s and Menelaus* Theorems If, m lihe above, vr4 
choose tbe vertex V and tbe plane A2B2G2 so that tbe bne ]ouung 



two of tbe points of section, say Qi, Ri, is projected to inimity, 
then 

02^2°° Q2°^A2= -1 a,Tid A 2 R 2 ’” i22®-B2=-l 

and tbe triangle ratio reduces to B2P2 P2G2 

Now, if AiPi, BiQi, CiRi meet at a point Oj, then O2 is tbe 
intersection of 02^2°° -62G2” (S’lg 14 ) A2C2O2B2 is then a 

5 
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* parallelograin Its diagonals bisect each other and is the middle 
jxnnt of Therefore B2P 2 -^2^2 = + 1 

BiPi ^1 

PiCi Qi-^i RiBi 

TSus IS tnown as Ceva’s Theorem 

' % on the other hand, Pi, Qu Ri are coUmear, that is, li they 
the three pomts at which any straight Ime meets the sides of 
^ triangle ^iPi^i, then m the projected figure (Fig 16 ), P2 is 
at infinity on BC and B2P2^ P 2^^ 2 = — 1 > so that 
PiPi GiQi ^ _ 1 
P,Ci QiAi RiBi 

Tim IS known as the theorem of Menelaus 

theorems converse to those of Ceva and Menelaus are easily 
proved and are left as an exercise for the student 

\ Exocples 

I Prove that the three medians of a triangle meet at a pomt 

2. Provei Miat the three perpendiculars from the vertices of a triangle 
on the opposite sides meet at a pomt 

3 Prove that the three symmedians of a triangle meet at a pomt [A 
symmedian AD' makes with the sides AB, AO angles equal to those which 
the median AD makes with AC, AB respectively ] 

4 Lmes through the vertices of a tnangle ABC, equally inclmed to the 
bisectors of the angles, meet the opposite sides at D, D' , E, B' , F, F', 
respectively If AD, BE, CF are concurrent, prove that AD', BE', CF' 
are concurrent 

6 A Ime cuts the sides BG, GA, AB of a triangle ABC at L, M, N , L', 
M', N' are the harmomc conjugates of L, M, N with regard to {B, C), {C, A), 
(A, B) respectively Show that L', M', N' are coUmear 

6 Given three unequal circles, whose centres A, B, G arc not in line, show 
that their six centres of similitude lie m threes on four straight lines, which 
form a complete quadrilateral of which ABC is the diagonal tnangle 

7 The vertices of a triangle are jomed to the pomts of contact of the opposite 
sides with one of the escribed circles Show that the lines thus formed are 
concurrent 

8 Pairs of pomts P, P ' , Q, Q' , B, R' are taken on the sides BC, GA , AB 
of a triangle and equidistant from their midpoints Show that if AP, BQ 
CR are concurrent, then so also are AP', BQ', CR' 

EXAMPLES IIa 

1 Prove that if /j, Jg t)e the vanishing points of two piojcdivi i ingcs, 
Pi, Pg any pair of corresponding points, then 

IiPi 

2 Prove that, m two projective ranges, the order of three points Ji^ ( \ 
is different from, or the same as, the order of the three corresponding points 
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A 2 , B 29 O 2 accordnig as they do or do not, ni<dtide the Tanushmg point 
between them Show also that if is mtermediate between two of Ai, 

Gi, then J 2 ^ mtermediate between two of A 2 , jBj, C 2 

3 Through the pomts of one of two coplanar snmlar ranges bnftR are drawn 
parallel to a given direction m the plane and through the correspondirg 
pomts of the other range Imes are drawn parallel to another given dtrectemi 
m the plane Show that the intersections of corresponding Imes lie on a jSxed 
straight Ime 

[The pomts at infinity correspond Take vertices X, 7 of Ark 26 on 
Ime at infinity and result follows ] 

4 All the vertices but one of a polygon he on fibsed Imes, while its s^es 
are parallel to fijEed directions Show that the locus of the last vertex is a 
straight Ime 

6 If the vertices of a polygon he on fixed concurrent hnes^ while all the 
sides but one pass through fixed pomts, the last side also passes through a 
fixed pomt 

6 If the sides of a polygon pass through fixed colhnear pomts, while 
ah the vertices but one move on fixed straight Imes, the locus of the last 
remaining vertex is a straight hne 

7 Two concentric pencils are opposUdy equal Show that the two 
bisectors of the angles between any two corresponding rays are self-oorre- 
spondmg 

8 Three Imes a, 6, c meet at a pomt 0, and D, E are fixed pomts not on 
any of these Imes, nor m hne with 0 If pomts X, 7 are taken on 6, c respec- 
tively, so that jDX, EY meet on a, show that the Ime X7 passes through a 
certam fixed pomt of the hne DE 

9 Two collmear projective ranges have a self corresponding pomt A 
given and two pairs of correspondmg pomts P^, Pg , Qi, Q 2 Show how to 
construct the second self correspondmg pomt, and prove that there cannot he 
more than one self correspondmg pomt, other than A 

10 Two concentric projective pencils m a plane have a self correspondmg 
ray a given and two pairs of corresponding rays p^, pg » 7i> Show how 
to construct the second self correspondmg ray 

11 A, B are two fixed pomts P^, Pg are harmomcaUy conjugate with 
regard to A, B Show that the ranges [Pj], [Pg] are projective and find a 
geometrical construction by projections to pass from one to the other What 
are the correspondents of the pomts A, P ? 

12 Show that if {APBQ}={AP'BQ'}, then {APPP'}={AQPQ'} Deduce 
that if A, P are self correspondmg elements of two collmear projective ranges, 
any two corresponding pomts determme with A, P a constant cross ratio 

13 Prove that if 

{A,B,G,P,}={A^,G^,} 

{A,B,GM^{A,B,GM 

then 

14 Prove that if two coirespondmg ranges be such that any foui elements 
of one have tlie same cross ratio as the coiicsiionding foui elements of the 
other they are projective 

16 Given the cross axis of two piojective ranges and a pan of coire 
spondmg pomts, show how to construct the point of one lange corresponding 
to a given pomt of the other In particular construct the vanishing points 
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Qivpn %e <a'©Ba-e^:fep^ ©f two jffojootive peaoila and a pair of oorre 
spending rajrs, ind a eonfitmol^n fc^ 1ih.e ray of emo pencil correi^Kaidjng to a 
given ray of the other 

X7 A ray toongh a fixed point 0 outs a line u at Pi and the Ime at infinity 
at Pa® Pi, Pa* then describe projeclav'© ranges on u and on the line at 
j^gu^jty re§bpeetively Show that ^ oioas-axis of these two ranges is a 
to at-a distanee from % equal to the distance of O from % 

18, The arms OP, OQ of an angle of fixed magmtude which moves in cn© 
p&ine ahoiUt its fixed v^x 0 mteect two given straight hnes at P and Q 
respectively Show that the ranges [P], IQ] are projective 

19 if m Ex 18 on© of the given straight hnes is the hne at infimty, 
construct the cross axis of the ranges [P], [©“] 

20 Through a pomt 0 a ray OFQ is drawn meeting two fixed hnes at P, Q 
If P be h^mnonically conjx^ate to 0 wilh regard to F,Q prove that the locus 
of P IS a straight hne 

21 B are two fixed points, u a fixed line K P be any pomt of u and p 
be Baiptocally conjugate to u wiih regard to PA, PP, show that p passes 

a fixed pomt 

^ Apply Menelaus’ Theorem to prove Desargues’ Theorem that if ABC^ 
Af^B'C' he two Qoplanar tongfes such that AA', BB\ CC' are concurrent, 
then aa', W, cc' are collmear and conversely 

2B ABO IS a tnangle, 0 any point m its plane If OA meet BO at P, 
OB meet OA at Q, 00 meet AB at B, and if P' be the harmomo conjugate 
of P with regard to PC', Q' the harmomo conjugate of Q with regard to OA, 
B' the harmomo conjugate of B with regard to AP, show that P', Q', B' are 
colhnear [F'Q'B' is termed the harmome polar of 0 with respect to the 
triangle] 

24 In Ex 23 prove that the middle pomts of PP', QQ', RB' are collmear 
Hence prove that the middle pomts of the diagonals of a quadrilateral are 
collmear 

C IS a tnangle, AiPiCi a transversal cuttmg PC, CA, AB at A^, B^, 

^ 2 *s the harmomo conjugate of Ai with respect to P and C, Pg is the 

harmomo conjugate of Pj with respect to C and A If A A 2 , BB^ meet at C, 
and GO meets AP at C 2 , prove that C 2 is the harmonic conjugate of G^ with 
respect to A and B 

26 Straight hnes AE'D'D, BF'E'E and CD'F'F are drawn from the 
vertices A^P^C of a tnangle meetmg the opposite sides at D, E, F , and BD DC 
= GE EA == AF FB— 2 1 Lmes AF'L, BD'M and CE'N are drawn meeting 
the sides PC, CA, AB at L, M, N respectively Prove that 

DC 5DL=MG 3 ME 

27 The coplanar tnangles APC, FQB are m perspective, and D E F, 
0, H, I are the mtersections (PC, PQ) (BC, PP) (CA, QB) (CA QP) (AB, HP) 
(AB, BQ) respectively Prove that 

AP AG BH BI CD CE=AH AI BD BE CF ( O 

EXAMPLES IIb 

[The axes of co ordinates are rectangular, except where otherwise stated ] 

1 Draw two straight hnes OABCD, OA'C'B making tht angle AO 1 - 
30°, CA=AP=PC=CD=4 cm, CA'=6 cm 4'C=C'P=2 em The 
pomts A, P, C correspond respectively to 4' P' C' in two piojc ctivc langcs 
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Construct geometrically (i) the pomt corresponding to Z>, (u) the vanishing 
pomt of the range on OA 

2 0-(1,0), ^=(2,3), J5=:(5, 2 6), a=(-5, 1), D= 

(0, 4) Construct a ray O'D' such that 0{ABCD}=^ (y{ABGiy} 

3 AiBiG^Dxi AJB^G^ are given by distances from a fixed ongm O equal to 
2, 1, — 3, 4 , - 1, 6, 2 respeokvely 

Construct geometncally a point such that 

{A^B^OJ}^=^{AJ^CJ)^} 
and verify your result by calculation. 

4 A, B, G, D, B are five pcsmts m ord^ m a straa^t tee that AB= 
BG—GD==DB=i mch, and A, G, E correspond respectively to JD, O* 4 
in two projective ranges Construct (i) the pomt of each range corresponding 
to J5 m the other, (u) the vanishing pomts of the two ranges, and (m) the sec^d 
s^-correspondmg pomt 

6 Mark seven pomts Ay A', B\ B, C, G\ D m mder on a straight tee 
so that AA'—A'B'=B'B—BG=GG'===C'D^2 cm G?he pomts A* By G 
correspond respectively to A'y Wy C ' m two projective ranges , find by geo- 
metrical construction (i) the pomt 1/ of the second range to which D corre- 
sponds m the first, (u) the vanishing pomt of the second range 

6 Construct the cross axis of the ranges defined by the ccMresponding 
triads (0, 0), (0, 2), (0, 1) , (1, 0), (0, 0), (3, 0) respectively, the axes of co- 
ordmates bemg mchned at 76® Hence construct any pair of corresponding 
points of the ranges and the envelope of the joins of such pomts 

7 Ay By C are three pomts of a straight tee, AB—2y HO=l Construct 
pomts Py Qy B which shall be harmomcally conjugate to A with respect to BGy 
B with respect to GAy G with respect to AB 

8 Construct a ray OD harmomcally conjugate to OB with regard to OAy 
OG where the angles AOBy BOG are 30° and 16° respectively 

9 Usmg the ruler only, draw a tee through a given pomt P and the 
maccessible meet Q (not necessarily at mfimty) of two straight tees a, h 

10 Given four rays through a point 0, construct geometncally a segment 
of a straight tee which shall measure the cross ratio of the four rays m a given 
order Hence show how to construct a segment which shall measure the 
cross ratio of four pomts on a hne 

11 Two projective ranges on the hnes x—Oy x—2 respectively, have 
as correspondmg pairs of pomts (0, 0) and (2, 2), (0, 1) and (2, 2 6), (0, ~ 1) 
and (2, oo) Construct the envelope of the Imes joimng pairs of correspondmg 
pomts on the two ranges 



CHAPTEE HI ^ I 

THE CONIC I 

83 Definition of tiie eonie A oome seetion ot eonie is % 1 
projection of a circle, or tibe plane section of a cone (nglit or ol)liqn4 J 
on a cnenlar base 

Since in general a steai^t line meets a circle in two pomts, ’ 
s«me IB time of a conic, because properties of mcidence are unaltered f 
by projection and since from any pomt two tangents can in general ^ 
be drawn to a circle, the same boMs for the come smee properties 
of tangency are unaltered by projection ’ ^ 

It follows from the defimtion tl^t any property of the circle which 
18 projective, » e unaltered by projection, can be transferred at once 
to the come 

34 Types of come There are three types of conic, according 
as m the ongmal figure the vanishing line cuts the circle in two real 
distmct pomts, or m two real coincident points (t e touches it) 
or does not cut it m real pomts The three cases are shown in 
Fig 16 {a), [h), (c) 

In the first case (Fig 16 (a)) there are two distmct pomts at 
infinity on the conic, namely the points J corresponding to 
the mtersections Jj, J'j of the circle with the x.ini'-liimr line Sucha 
conic 18 called a hyperbola, being shown as the rabatted projection 
of the circle (and the refore m plane jw rsjxctive with it) m Fig 16 (a) 

The tangents to the (inh at Ii, J\ project into the tangents 
at '*'0 the conic The sc two tangi nts in ( ailed the asymp- 

totes of the coiu( 'I’Ik <ur\( h IS two hr UK Iks c orrespondmg to 
the two parts into whidi the \ inishing Inn divides tlie circle 
(Fig l(>(a)) 

If the ViUUMhing line ioudi IIk ( in It (iMg 10 (/>)) Ji, Ji (oincide 
The coni( li is two eoiiu idt iii ])oinis it infimty, tf it his the 
line it infinity for oik of its lingtnts Sin h i (onu is culled <x 
parabola It (onsists of oik Or hk h < \t< nding to infinity 

Ifth( vanishing liiK donottiittlK < in It inn il iioints (Fig 16(c)) 
there are no n iljiomtfiat intiiiit\ tni tlit tt)mt 'Ilu conn eonsists 
of an oval lying cntin 1\ it i finitt tlist uitc and is t ailed an ellipse 





The points which correspond m projection to the inside and 
outside of the circle are said to be inside and outside the conm 
respectnrely 

In case of the ellipse and parabola, where the inside of the 
projected wele hes entirely on one side of the vanishing line, it 
projects mto a angle region in the case of the hyperbola, 

the vamduBg hne divides the area interior to the circle mto two 
segments, which are sepsaated m projection Each of these 
segm^ete is hennded by a difieeent laanch of the einrve Oorre- 
^onding r^ions mside the oomo and circle are shown by simiW 
shading in 16 

Smee in (^hndncal projectam the vanishing hne is at infinity 
tiie dOipiinB the only one of the comes which can be obtamed 
frianitt^^cSmle by eyhndacal projection 

Ihsre are also two other types of conic, m the bne-pmr and 
pnrabpair These are to some extent anomalous as, although they 
can be deanved as limiting eases of projection of a circle, the reverse 
process is mdetemunate They will be discussed m Art 44 

35 Carve as envelope and loeus The terms locus and 
envelope wiH frequently occur m what follows A curve may be 
generated m two ways (a) by a movmg pomt P , we then speak 
of the curve as the locus of P and we construct it graphically from 
a large number of positions of P, formmg a closely msenbed polygon , 
(h) by a moving tangent p , we then speak of the curve as the 
envelope of p and we construct it graphically from a large number of 
positions of p, formmg a closely circumscribed polygon 

36 Chasles’ Theorem If P be a variable pomt on a circle, 
p the tangent at P, 0 any fixed pomt on the circle, t any fixed 
tangent to the circle, then the pencil 0[P] is equi-anharmomc with 
the range i[p], that is, if P, Q, R, S be any four positions of P, p, q, r, s 
the corresponding tangents, then 

0{PQRS} =t{'pqrs) 

Let C (Fig 17) be the centre of the circle, T the point of contact 
of t, P' =pi Then P'P, P'T bemg tangents to a circle, the angle 
P'CT =^PGT =a,ngh at the circumference POT 

Therefore by placing 0 on C and OT on C2' the pencils 0[P], 
C[P'] are superposable Hence they are directly equal Hence by 
Art 24 


0[P]7rqP'], 

0{PQRS} =C{P'Q’R’S’} =^{P’Q'R'S'}=t{pqrs} 
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37 Pencils obtained by joining a vani^le point of a 
to two fixed points If O' be any other fixed point on tiie 
we have by Chasles’ Theorem 

0'[P]7rC[P']7^0[P] 

Hence the joins of a variable point P on a circle to two fixed pointe 
0, 0' on the circle sweep out projective pencils ^ i 

In the case of the circle these pencils are clearly ivtedSy 
for the angle TOP = angle TO'P (Pig 17), by the weh-known 
property of angles in the same segment 



38 Ranges obtained by intersections of a variable tangent 
to a circle with two fixed tangents Let t' (Pig 17) be any other 
fixed tangent Let ft' =P'' Then by Chasles’ Theorem 

0[P"]a0[P]^0[P'] 

Cuttmg the projective pencils 0[P'], 0[P'''] by t' 

or the intersections of a variable tangent p to a circle with two 
fixed tangents t, t' describe two projective ranges 

39 Corresponding properties for the conic Since cross- 
ratios are not altered by projection and projective ranges 
and pencils project into projective ranges and pencils respec- 
tively, the properties stated m Arts 36 — 38 hold for the come, 
except that now the pencils will no longer be equals for equal 


not, m general, projected mto eqnal angles. But the 

piopertees 

0{PQR8}=tijpgrs} ( 1 ) 

0[P]7,(y[P] (2) 

(3) 

hold equally if for the word '' circle m the last three articles we 
read '' come ” 

From the property (2) it follows that every come may be obtamed 
m the locus of meets of c orro-pondmg rays of two projectn e pencils 
From the property (3) it follows that every conic can be obtamed 
as the envelope of joins of correspondmg points of two projective 
ranges. 

If m Fig 17 P approaches (7, OP approaches 00', O'P approaches 
the tangent at O' Hence to 00' considered as a ray of the pencil 
(} P' { (>. r» '■[)^*T, "'h the tangent at 0' Similarly to O'O considered 
m a ray of the pencil 0'[P] corresponds the tangent at 0 The 
cross-centre (Art 30) of the two pencils through 0^ 0' is therefore 
the pomt of mtersection of the tangents at 0, 0' 

Agam, if p approaches t, P' approaches T and P" approaches 
the mtersection U of the two tangents t, t' Hence to tt' con- 
sidered as a pomt of range t'[p\ corresponds the point of contact T 
of t Similarly to W' considered as a pomt of range corresponds 
the pomt of contact T of t' The cross-axis of the two ranges is 
therefore the chord of contact TT' (Art 30) 

In the above reasonmg it is immaterial whether the curve of 
Fig 17 he a circle or a come 

Examples 

1 Show that with four points A, B, (7, JO on a conic may be associated a 
definite cross ratio and also that with four tangents a, c, d may be 
associated a definite cross ratio , and show that the cross ratio of four such 
tangents is the cross ratio of their four points of contact 

2 A vanable tangent LL' meets two fixed parallel tangents to a conic 
at jCr, U , A, B are the points of contact of the fixed tangents prove that 
AL BU is constant 

3 A vanable tangent meets the asymptotes of a hy])oiboli at P, P' 
If C be the mtersection of the asymptotes, prove that CP (P — c onstant 

40 Property of tangents to a parabola The property (3) of 
the last article takes a particularly simple form when the conic 
IS a parabola For then the line at mfimty is a tangent to the curve 
by Art 34 Hence the points at infinity of the ranges t, t' corre- 
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spend, and by Art 24 the ranges are similar But T, P', V corre- 
spond to ?7, T' hence 

TP' P'U^VP" P"T', 

or the intercepts made by a variable tangent to a parabola on 
two fixed tangents are mversely proportional This fumishee an 
easy graphical method of drawmg a parabola as an envelope, two 
tangents VT, TJT' and their pomts of contact P, T bemg ^ven 

n bemg a large mteger, take lengths ^ XJT and ~ TJT and lay ihem 

off m succession any number of times upon TJT, TV respectivefy, 
starfcmg from U along UT' and from T along TV Join corre- 
spondmg pomts of division , each of these is a tangent to the 
parabola 

Exaicplb 

OTy OV are tangents to a parabola whose points of contact are T 
and 7 Show that the tangent to the parabola parallel to PF bisects 
OP, OF 

41 The product of any two projective pencils is a conic. 

We shall call the locus of meets of corresponding rays of two pencils 
the product of the pencils and the envelope of joins of corresponding 
pomts of two ranges the product of the ranges 
We have seen that every come can be obtamed as the product 
of two projective pencils But these pencils might be projective 
pencils of a special type (as in the case of the circle, where they 
are equal) We will now show that any two projective pencils 
whatever lead to a come locus 

Let 0[P] (Fig 18) be the two pencils and let OP be the 
ray of the pencil 0 correspondmg to SO of the pencil S Draw any 
circle touchmg OT at 0 Let this circle meet OP at P', 08 at S' 
By Art 37 

0[P']a;S'[P'] 

But 0[P']=0 [P]a;S[P], 

S[P]a^'[P'] 

Also S'O of pencil /S'[P'] corresponds in the pencil 0[P'] to the tan- 
gent OT at 0, and this in turn corresponds to SO Hence m pencils 
S[P], >S'[P'] the ray SS' is self-correspondmg Therefore by Art 26 
>S[P], >S'[P'] are perspective, therefore correspondmg rays SP 
S'P' meet at Z on a fixed line x P is therefore constructed from P 
by the construction for two figures in plane perspective, 0 being the 



pote 3 tite axis <rf parsp^few, S and /S' a given pair of 
corresponding points For PF passes tkrougli 0 and /SP, S'P' 
meet on 3 

Tke bens of P is tlins m plane perspective witli the circle which 
IS the locns of P', that is, it may be looked upon as the rabatted 
projection of this circle npon another plane It is therefore a conic 
by definition Note tibtat the conic and circle tonch at 0, of 
they mtcrsect again at T, Z, tiben F, Z must be self-corresponding 
points and tiie axis of perspective x passes through th^m. 



42 The product of any two projective ranges is a conic 

Let [P], [Pq] (Fig 19) be the ranges, t, x their bases, p=PpQ 
Let T be the pomt of range x corresponding to the intersection V of 
t, X Draw any circle touching 3 at P and from U, Pq draw tangents 
t\ p' to this circle Let p't' =P' Then [P']^[Po]'^[P] Also V 
of range [P'] corresponds to T of range [Pq] and T of range [Pq] 
corresponds to TJ of range [P] Hence the ranges [P], [P'] have a self- 
corresponding point U They are therefore perspective ranges by 
Art 26 Hence PP' passes through a fixed point 0 The lines 
p', p are obtamed from one another by the construction for figures 
m plane perspective, 0 bemg the pole, x the axis, t, t' a pair of given 
correspondmg Imes For p, p' meet on x and (pt, p't') passes through 
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0 Hence tlie envelope of is m plane perspective witii tfee envelope 
of p' and, as m tLe last article, must be a conm 

The conic and circle both, touch oj at T If they have ofhej^ leal 
common tangents y, z, these must be self-oorre^ondn^ hues md 
m pass through 0 

43 Deductions from the above In the poofs of Arts 411 
42 the circle may clearly be replaced by any come For the only 
properties of the circle made use of m the proofs are also, by Art 
properties of the come 

It follows that two comes in contact can be brought mto plane 

j 



0 


Eta 10 

perspective in two ways, viz (1) by taking tbe point of contact 
to be the pole of perspective the axis of perspective is then a line 
passing through the remaining two intersections of the two conics , 
(2) by taking the common tangent at the pomt of contact to be the 
a-iriH of perspcttive the pole of perspective is then a point through 
which pass the k mammg common tangents of the two comes 
These, however, aie not the only ways in which such comes 
can he brought into plane perspective (c/ Exs IIIa 11, 13) 

Note also that the product of two projective pencils passes through 
the vertices of the pencils 



nWtwa tib® ;^o<iuct oi two projective pencils of parallel rays is a 
hypeffedia wSose points at mfinily and therefore the directions 
ttfwhose asymptotes are given by the directions of the two pencils 

gmifcily the product of two projective ranges touches the 
bases of the ranges Thus the product of a range on an accessible 
h ftHft laid a projective range on the hne at infinit y is a parabola 
' Ijf therefore through a fixed point 0 a ray OP be drawn meeting 
a hae u at P, and PQ°° be drawn through P making a fixed 
aj^glA a with OP, PQ^ touches a fixed parabola For draw OQ^ 
parallel to PQ°°, the pencils 0{P], 0[Q“] are superposable by means 
of a rotation a about 0 They are therefore equal and projective 
Hence the ranges [P], [C°°] are projective The latter being on the 
Imft at mfimty, the result stated follows 

It will also follow from Art 41, smce projective pencils project 
into projective pencils, that the projection of a come is a come 

Examples 

1 On tiie tangent at 0 to a conic any point P is taken and FT is drawn 
to tonch the conic at P If /S' be any other fixed point on the conic, show 
that the locus of the intersection of OP, SF is another conic, which touches 
the onginal conic at 0 and S 

2 0, 0' are two fixed points on a conic 5 , Z is a fixed straight line P is 
any point on s , OP, O'P are jomed, meeting I at P, P' respectively , OP', 
O'P meet at Q Show that the locus of Q is another come 

3 0, /S are fixed pomts, a, 6 fixed straight Imes A hne through 0 meets 
a at P, & at 0 Through Q is drawn a parallel to SP Show that this 
parallel touches a fixed parabola 

4 Two comes touch one another at 0 Erom a pomt on the common 
tangent at 0 hues are drawn to touch the comes at P, P' Show that PP' 
passes through a fixed pomt, through which passes any other common tangent 
to the two comes 

5 Two comes touch one another at 0 A Imc through 0 meets the conics 
at P, P' Show that the tangents at P, P' meet on a fixed line, which is that 
common chord of the comes which does not pass through O, if such a common 
chord exists 

6 If, m Ex 6 the comes are circles, prove that the tangents at P, P' aro 
parallel 

7 OPP, OSQ and PQ are fixed straight lines, and A, B aic two fixed points 
Straight hues M are drawn parallel to PQ Piove tliat and meet 
on a come which passes through A, B^O 

Show how to deteimme the tangents it 1 and B to this ( onu 

44 Line-pair and point-pair If the two piojictivo pencils of 
Art 41 are perspective their product breaks up into two str uglit 
lines, namely the axis of perspective and the self-corresponding ray, 
smce the latter may be regarded as intersecting itself at any one of 
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its points, and therefore must figure in the locus of mtersecfcion of 
corresponding rays 

A line-pair is therefore a special case of a conic locus 
If the two projective ranges of Art 42 are perspective, th^ 
product breaks up into two sets of lines, one passing thiou^ the 
vertex of perspective, the other passing throng the sdf-corre- 
sponding point, since any ray through the latte may be looked 
upon as the join of the point to itself The envelope then reduces 
to these two pomts, so that 
A point-pair is a special case of a come envelope-* 

The Ime-pair and pomt-pair present certam anomahes whiA 
should be noticed 

Let the components of a Ime-paur be a, h and their meet CL 
Then a Ime through a pomt P of the plane meets the line-pair 
m two distmct pomts, unless the hne passes throng G when 
the mtersections comcide Thus from any pomt one 
and one only, can be drawn to a hne-paor We may, to keep the 
properties of comes perfectly general, look upon this as two co- 
mcident tangents, but it is then no longer true that a pomt, the two 
tangents from which to a come are comcident, is itself on the conic 
On the other hand, let the components of a pomt-pair be A, B 
and then jom c From a pomt P two distmct tangents PA, PB 
can be drawn to the pomt-pair, except if P be on c when they comcide 
The pomts of c may therefore be looked upon as belongmg to the 
pomt-pair conic Any straight hue then meets the pomt-pair m one 
pomt, and one only If we look upon this pomt as two comcident 
pomts, to preserve the property that a straight Ime meets a come m 
two points, it will appear that a straight Ime can meet a come m 
two coincident pomts, without bemg a tangent to it, for Imes not 
through A and B are not tangents to the pomt-pair 
The true significance of the line-pair and pomt-pair will be more 
apparent later on when we come to study the central and focal 
properties of the conics 

It is mteresting to note the manner m which the Ime-paic and 
pomt-pair appear as projections of a circle To obtam the Ime- 
pair, project the circle fioni a vertex V outside its plane and cut the 
cone so formed by a plane through V, % e take the veitex i7i the 
plane of piojeetioii Thus all the points of the circle project into V 
(which IS then the intersection of the lines of the pair), except the 
two points where the circle meets the plane of projection, which 
points project into any point of the correspondmg hne of the pair 




lo tike 1^© F m tiie plane of tihe c^jpole, bxrt 

outside tie circle, and project on to any otlier plane In tte case, 
all the tangents to the circle project anto the hue joamng tike points 
of the pan, with the exception of the two tangents throngh F, 
winch project into the points of Ihe pair 
Itdfe^d be noticed that, if we try to reverse these projections, the 
process iK^nidetemonate Thus the pomts of a hne-pair, other than 
the dboMe pomt F, project from F on to any plane into two definite 
points, but F itself may project mto any pomt of the plane 
Similarly the tangents to a pomt-pur A, £, other than those passing 
tferoisgh F, project upon the plane YAB mto any ime of that plane, 
but those through F project mto two defimte strai^t hues VA^ 
TB We etannot therefore obtam the circle from the Ime-pair or 
pcmt-pair by projection 

iSote also that, in tih^ eaa^, tiie hne-pair, or pomt-pair, cannot 
be brought into plane perspective with a circle. 

45i A eome ts ieterimii^ by five points or by five tangents 
For let 0, O', A, B, 0 he five pomts on a come, P any sixth pomt, 
then the pencils 

0{ABGP), (y{ABCP) 

are projective But 0, O', A, B, C determme completely the 
corresponding triads 0(ABC)i 0\ABC)^ and these in turn determme 
completely the relation between the pencils Hence OP being 
given, O'P is known, that is, P is determmed Every pomt on the 
come is therefore fixed when five pomts are fixed It follows that 
two distmct comes cannot have more than four points of mtersection 
The points A, 0 (and also the pomts P, O') may coincide without 
makmg the constructions mdetermmate, provided we interpret 
0-4, O'P as the tangents at 0, 0' Accordingly being given a 
pomt on the come and the tangent at this pomt is equivalent to being 
given two pomts 

Similarly if t, a, h, c be five tangents to a come, p any sixth 
tangent, pt, pt' are corresponding points of the projective ranges 
defined by the triads t (abc), f {abc) Therefore when pt is known, 
pf IS known, and p is determined Thus every tangent is deter- 
mmate when five are given It follows that two distmct conics 
cannot have more than four common tangents 
As before a, t (and also 6, t') may coincide without mikmg 
the constructions mdetermmate, provided we interpri t r//, bt' as 
the points of contact of t, t' Thus being given <i tangt nt <ind its 
pomt of contact is equivalent to being given two tangents 
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From the above we obtam a eoiiPtoiotioB for the come pasang 
through five given pomts For take two of the given poinfes for 
vertices of two projective pencils and obtain corresponding trsads 
by joining to the three remaining pgmts Constriaot pairs' of eoire- 
spondmg rays by the method of Art 26, or any other 
sections of correspondmg rays are points on the ooruc ’ ^ 

A precisely similar method can be apphed to obtasn a come as aai 
envelope when five tangents are given ’ * 

X 

Example 

i -S 

Gwen three pomts on a hyperbda and the directions of its asymptotes gjow 
how to construct the pencik of parallel rays which generate tke hypesboja 
and deduce a construction for the asymptotes 

4f6 Gomes having three-point or four-point eontaet The 

constructions of Art 43 lead to important particular oa-ses 
In the first place it is clear that, if we take a pomt 0 of aoonjc ${ 
as pole of perspective, and any line x, meetmg Si at‘Z, F, as stx^oi 
perspective, we obtam as the curve oorre''ponding to $i a conic 
passmg through 0, X, Y Smee hnes through 0 are self-eoixo- 
spondmg, Si, $2 have a common tangent at 0, so that they can 
have no other mtersections 

If we now make X approach 0, x ultimately passes through 
0, and Si, ^2 have three comcident mtersections at 0 , they are then 
said to have three-point contact at 0 Thus two comes havmg 
three-point contact at 0 can be brought mto plane persnective bv 
takmg 0 and the common chord as pole and axis of ^ 

Since five pomts determme a come, it is m general possible to 
construct a conic §2 havmg three-pomt contact with at 0, and 
passmg through two given pomts ■^23 Q 2 of the plane To do this, 
jom OP 2 , OQ 2 , these must meet at the correspondmg pomts 
Pi, Qi The chords PiQi, P 2 Q 2 ^ 

spective Smee this must pass through 0, it is OX, and is deter- 
mmed S 2 can then be constructed by the methods of Art 16 
If, however, S 2 is a circle havmg three-pomt contact with Sj at 0, 
only one such circle exists, since a circle is entirely determmed by 
three pomts S 2 is then said to be the circle of curvature at 0 
Its centre and radius are termed the centre and radius of 
curvature at 0 

Eeturnmg to the more general case of two conics, let now Y 
also approach 0, then x approaches the tangent at 0, and the four 
mtersections of the two conics comcide at 0 If, therefore, we 
6 



truaisfecm a come by a plase perspectave, using a point 0 of si 
as pole and the tangent a? at 0 to as axis of perspective, we obtain 
a come ^2 which has fauT-pomt ec^taict with $i at 0 

We can always constmct one come having four-point contact 
wilh a given eomo si at 0 and jmssing throng a given pomt Pg 
of the plane For if OP^ meets $i at Pi, we have the pole 0 of 
p€£rspeetive, the axis of perspeciave, namely tibie tangent at 0, and a 
pair of corresponding points Pi, P^ Unless 0 is a special pomt on 
the conic, it is m general impossible to select P 2 so that ^2 is a 
circle 

There exists one parabola Sg, however, which has four-pomt 
contact with at a given pomt 0 For clearly, m the perspective 
transfoimation from ^l to ^ 2 ? smee the Ime at infinity touches ^ 2 > 
the vanriimg hne &i must touch $i Because the ^ aniJfiing hne is 
parallel to the axis of perspectave, rt must m this case be the tangent 
to paraBel to the tangent at 0 This defines completely the 
pe^pedave relation, since we now have one vanishing Ime together 
with the pole and axis of perspective We can therefore cond^ruet 
^ 2 . In parteular the pomt at infinity on the parabola is on the Ime 
jommg 0 to the pomt of contact of the tangent to Si parallel 
to the tangent at 0 

Smee a come is determined by five points, it is impossible to have 
higher than four-pomt contact between two distmct conics 

A curve which has with another contact of the highest possible 
order is said to osculate it Thus the circle of curvature is some- 
times spoken of as the osculatmg circle , the parabola having four 
pomt contact with a come as the osculatmg parabola, and so on 



47 Comes having three-hne or four-lme contact If, m a 

similar manner, we take as axis of perspective the tangent c at C 
to a come Si, and as pole of perspective a pomt 0 outside the 
tangents from 0 to Si bemg x, y, we obtain, since x, y, c, C are self- 
correspondmg, a come ^2 touchmg c at C and touching x, y The 
comes ^ 1 , ^2 have thus two common tangents coincident with c, 
and two other common tangents 2 c, y, so that they c xn have no other 
common tangents 

If now X comcides with c, we have three common tangents 
comcident with c, and the conics arc sud to h<iv( three-line 
contact at C The pole 0 of perspective is tlu n th< int(rs(ction 
of c with the single remaining common tang< nt y 
If, further, y now approaches c, 0 approa( h( s and w( h<ive m 
the limit two conics having four-lme contact <it C, and these are 
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in plane perspective, the common tangent c at 0 being the axis of 
perspective, and C itself the pole of perspective 
We will now show that, if two eom^ ]ia\r 6 tluree^line 
contact at C, they also have three-point contact ^ € 

As m Art 41 , draw through 0 any jBxed line CA1A2 and a 
variable line CP1P23 meetmg Si, ^2 at Ai, A2 and Pi, P2 Tespeciarelf 
Thai Ai\P{\ 7 \C\P{\^G\P^' 7 :Aff^ and if OP1P2 is drawn ah>j^ 
the tangent at C, Pi and P2 comcide at C, and m the projedave 
pencils - 4 i[Pi], A^P^, AiG contends to A^ so that GA1A2 
IS a self-corresponding ray The pencils are accordingly perspective, 
and corresponding rays meet on a Ime u If now u, G are taken as 
axis and pole of perspective, Ai and A2 as a pair of corresponding 
pomts. Si will transform mto ^2 by the usual construction (Art 16 ) 
But we have seen that Si and ^2 also correspond in a second 
perspective, m which c is the axis and 0 is the pole Let the axes 
u, c of the first and second perspective meet at X 
Now if from any pomt on an axis of perspective tangents are 
drawn to two corresponding comes, these tangents must neceiasanly 
correspond m pairs, smee corresponding tangents meet on the axis 
In the given case, if ^i, ^2 the tangents from X to and S2 
(other than the common tangent c), c is self-correspondmg m both 
perspectives (smee it passes through both poles) and therefore ti, t2 
are correspondmg Imes m both perspectives Hence their pomts of 
contact Ti, T2 are correspondmg pomts m both perspectives, so that 
T1T2 passes through both 0 and G Thus Ti, T2 he on c, and 
therefore must comcide with G , and X must then also comcide 
with G 

Hence the axis u of the first perspective passes through G But, 
by Art 46 , this is the condition that the comes Sj, ^2 shall have three- 
pomt contact This proves the theorem Thus no distmction 
need be made between three-lme and three-pomt contact 

In the case of comes havmg four-lme contact, it will be noticed 
that the plane perspective relation connectmg them is of the same 
form as that connectmg two conics havmg four-pomt contact 
Here agam, then, four-hne contact implies four-pomt contact and 
conversely 

Exampi es 

1 Prove that, it two conics hive thiec point contact at they also have 
three line contact at 0 

2 Prove that one conic can be constiucted having three point (or three line) 
contact with a given conic at C, and touching two given straight hues in the 
plane 



Z m to plane pers.peoti\e ration be^iween a mijabola and ^ 

circle of eiarvatnre at P, m wjnelbi to common tangent at P is to axis of 
p^pective, to tangent to to circle parallel to to tangent at P, treated 
a to to parabola figure, ^irresponds to to paialM diameter of to 
circle, m to carcje 3|gro?e ^ 

4^ IJie asrjlEiiptotes of a bypetbc^ meet at 0^ If 0 is to pdb of to pkne 
pei^iectoa wjnch transforms the hyperbola into its circle of cnrvatnre at P, 
the tangeiw at P being the axis of perspective, and the diameter of to circle 
P meets the vaanshmg hne of to circle at J, prove that 01 is paraM 

tOrOP. 

ISi m Sx. 4, the tangent at P meets an asjnnptote at Z), and ON is to 
perpesdicnlar from G on the tangent at P, prove that 
PJ^2PP2/ \ ON^) 


EXAMPLES IIlA 

L OyO', P, 0^ JD mx pomts on a conic If (OA, 0'P)=;P, (OP^O'G) 
=0, {00, 0'D)=M, {Qt>, 0'A)=S, prove that if P, Q, P, S, 0, 0' lie on a 
come the rays OB, OD are harmomcally conjugate with regard to OA, OC 

2 A, P*, (?, D, Z7, 1^ are SIX pomts on a come , prove that (27-4, VC), 
(UB, TD), {TJG, VA), (UD, VB) he on a conic passing through U and V 

3 The tangents to a conic 5 at pomts A and B meet at T, and a vanable 
tangent meets TA, TB at X, Y respectively If the parallelogram TXYZ 
IS completed, show that the locus of JZ? is the hyperbola through A and B 
whose asymptotes are the tangents to s parallel to TA and TB 

4 The arms OA, OB of an angle of fixed magnitude a and of fixed vertex 0, 
meet a fixed straight line at A and B, and through A and B respectively lines 
AP, BP are drawn parallel to fixed directions Show that the locus of P is a 
hyperbola and find its asymptotes 

6 Two oppositely equal pencils have two different vertices Show that 
tViPir product IS a rectangular hyperbola {i e one whose asymptotes are at 

/ angles) [Fmd when corresponding rays of the two pencils arc parallel ] 

b Through two fixed pomts A, B pairs of parallel lines -4P, BQ are drawn 
to meet two fixed mtersectmg Imes c, ddX P,Q respective ly U cd is not in 
Ime with A and B, show that PQ touches a fixed conic to which r and d arc 
tangents , and find the pomts of contact of c and d How is this result 
modified if A, P and cd are oolhnear ? 

7 A tangent to a conic at P meets a fixed tangent at Q and Qli is drawn 
through Q parallel to OP where 0 is a fixed point on the conic Show that 
QB touches a parabola 

8 The sides of a polygon pass through fixed points and all the v( rtu t s but 
one he on fixed lines What is the locus of the last rc maining ve rtex 

9 The vertices of a polygon he on fixed lines and all th( sides but one 
pass through fixed pomts What is the cnvekipc of tlie last remaining 
side ’ 

10 AX, BY are drawn perpendicular to a given lint 17^ I wo points 
P and Q trace out ranges in perspective on A-X and BY respt ctive ly l*rovo 
that the locus of intersections of AQ and BP is a hyperbola anel fintl the 
directions of its asymptotes 
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11 Show that any two oomos ^ ^ p!bz^ cam be uoiD a j^ane 

perspective relation by taking one ci tl^ Gommm ohcar^ ax^ of pesf- 
spective [I^t XT be the ccarunon chord, 4 g a common tangent tonchogig 

at Ai, at Xg , Z a, pomt on XT let A^Z meet at A^Z meet a* 
at jBg, T^e tben the peo^pective relatMm defined 

pole Oy axis XT and pair. of corresponding points A^y A^, tranafoanns into 
a oonxo through the pouJts X^ T,.^^, and touching 04^ at 

mtOSg] , V i 

12w Trom any pomt on one of th^ common chords ^uog^its are drapvn 
to two comes, tonchmg the com< s at P, Q Show that PQ pas^ :Sferan^ on^ 
of two fixed pomts 

13 Show that any two comes Sg pi a plane can be bron^t into a j^feane 
perspective relation by taking the meet of two cf their common tangents as 
pole of perspective 

14 Throngh the meet 0 of two eommem tangents to two ©omes a fae is 
drawn meeting one come at P and the other at Q Show that the tai^ente al 
Py Q meet on one of two fixed hnes 

16 Ay B are two fixed pconts on any circle Show a point O and a 
straight hne c exist m the plane of the circle, such tiiat> if P be my pomt of 
the circle, and AB, BR meet c at P, Qy the angk POQ m equal to a given 
angle 

[0 IS the pole of perspective and e the vanishing !me wh^ the cirole on 
AB, containing the given angle, is brought mto plane perspective with the 
given circle, with AB as axis of perspective ] 

16 Prove that the envelope of the harmomo polars {see Exs. ILi, 23), with 
regard to a triangle ABC, of the pomts of a hne u, not passmg through A, 
By or (7, IS a come which touches BO, QA, AB at pomts P, Q, R such that 
4P, BQ, CR concur at the pomt U whose harmomo polar with respect to the 
triangle is u 

17 Prove that if ABC, A'B'G' be two triangles inscribed m a come, their 
SIX sides touch another come 

[For B {ACA'C')7kB\AGA'C') , cut these pencils by A'G ' m {DEA'C') 
and by AC m {ACFG) respectively , then {DEA'G')7\{ACFG) and by Art 42, 
AD—AB, CE=BC, A'F^A'B', C'G=B'G' touch a come which touches the 
bases AG, A'G' of the ranges ] 

18 Prove that if ahe, a'b'c' be two triangles circumscribed to a come, 
their SIX vertices he on a conic 

19 Deduce from Exs 17, 18 Poncelet’s Theorem that if there exist one 
triangle inscribed in one conic and circumscribed to another, there exist an 
infinity of such triangles 


EXAMPLES IIlB 

[The axes of co ordinates are rectangular except where otherwise stated ] 

1 There are two projective pencils of rays whose centres are at the points 
(1, 2) and (4, 6) The rays 

y-2 — 0 2x-y = 0y x-y-\-l=^0 
of the first pencil correspond to the rays 

a:-2/ + 2 = 0, 2a;-3i/4-10=0, a-4 = 0 
respectively of the second pencil 

Construct the ray of the second pencil corresponding to the rav 



of the first Oc» 0 astraet aJso the at the points 

(ij’a) aaid (4, 6) to the como winch ^ the pirodnct of the p^aoils. ^ 

2^ Two jgrojeotive pencafe of rays hare their centres at (0, 0) and (I, 0) 
fesp&cikv^ The rays y-x-0, %-2it;=0 of the first penei 

eorrespond to the rays £5-1=0, %-4£5+4=0, 4y-3«;+3=0 respective^ 
Ctes^dt I3je ray of the second p^od ecOTespoaading to the ray 
^the fisE^ p^cal and suflca^t pcnnts to exhibit the shape of the conic which 


^ rm 


are two hues indhned at 60° AB=2 '^ , 

te parabola which tonohes AB, AC at B and C 


Constmct 


4 Two projective penctb of parallel rays are given by the triads £5=0, 
3, y=0, -2, 1, the axes bemg indhned at 60° Draw the locus of inter 
sectons of ccffrespondmg rays of the pencils and oonstmot its asymptotes 

Draw two cirdbs in contact Verify that if tangents be drawn 
t 9 the cxTcfes from any pcmat on their common tangent, the }om of the pomts 
of contact passes throu^ a fixed pomt 

cardes of radn 1 and 2 mohes respectively, whose centres are 
4?neh6s apart, constmct a pcmat 0, a straight hne £5 and a pair of pomts Ay A' 
thati. m the pkne perspective rekticm defined by 0 as pole of per 
specfeLve, £5 as axis of collmeatioa and J, as a pair of oorrespondmg pomts, 
the two grv^ circles are cmxeg^ondmg curves 


7 Tlie axes of co-ordinates being molmed at 46°, two projective ranges 
(m these axes have the pomts (6, 0) and (0, 4) for vanishing pomts and the 
pc^mis (Sy 0), (0, 3) for a pair of corresponding pomts Clonstruct by tangents 
^ product erf these ranges 


8 Draw the come which passes through the pomts 


(0,0), (4, 0), (2, 2), (3,2), (0, -2) 

9 A hyperbola has one asymptote parallel to the axis of £5, touches the 
hne £5+2/= 4 at the pomt (2, 2), and passes through the points (2, 4) and (3 26, 
1 5) Draw the curve 

10 Two parabolas have the circle x^i-y^=2 for circle of curvature at the 
pomt (1, 1) and cut this circle again at the point (1, - 1) Construct their 
tangents at (1, - 1) Tmd also the directions of the points at infinity on the 
two parabolas and construct the tangents perpendicular to these directions 
and their pomts of contact [The tangents to the circle parallel to the common 
chord of curvature give two possible vamshing hnes ] 

11 An equilateral tnangle ABC is inscribed in a circle of ladiiis 2 inches, 
and B is the middle pomt of AD Fmd the pomts m wliicli BC meets the 
come through D which has four point contact at A with the c irc k 1 BC 


CHAPTER IV 

Ivy 

POLE AND POLAR 

48 Polar of a pmnt witb r^ard to a eome. Let O be a 
fixed point in the plane of a given conic, and QABy OPQ (Pig 20) 
two chords meeting the conic at A, B and P, Q respectively 
If we consider the come as the product of projective p^cils 
through A and By then APy BP and AQy BQ are corresponding 
pairs m the pencils 

If {AQy BP) = Uy and (APy RQ) = F, then UV passes through 
the cross-centre K of the two peacils, whidb. is also the mtersect^n 
of the tangents at A and B (Art 39) 

But, by the harmomc property of the complete quadrangle 
ABPQy VOy VTJ are harmomcally conjugate with regard to VAy 
VB 

Therefore, if OAB, OPQ meet UV at 0, R respectively, C is 
harmomcally conjugate to 0 with respect to Ay B , and R is 
harmomcally conjugate to 0 with respect to P, Q 
Now let the chord OPQ turn round 0, so that P, R, Q vary 
Smee 0, Ay B are fixed, K and C are fixed, hence KC (z e UV) is 
a fixed hne I Thus R describes a fixed straight hue, which is 
termed the polar of 0 with respect to the come 

Smee there can be, on a given chord OPQ, only one pomt R 
harmomcally conjugate to 0 with respect to P, Q, the polar of 0 
IS umquely deterinined 

As OPQ IS any chord through 0, any such chord is harmomcally 
divided by 0 and by its polar If P and Q coincide, R comcides 
with them , hence the polar of 0 passes through the pomts of 
contact T, S of tangents from 0 to the conic, when real tangents 
can be drawn, that is, when 0 is outside the come 
Note also that OAB is an arbitrary chord through 0, and the 
tangents at A and B meet at K on the polar of 0 By symmetry 
the tangents at P and Q also meet at N on the polar of 0 
Further, since {0ACB}= -1, K{0AGB}= -1, or if 0 is har- 
momcally conjugate to KO with regard to the two tangents KA, 
KB to the conic from K 


69 



It toU he noticed that the deBnition of the polar, as the locos 
f p ^ harmonically conjugate to 0 with regard 

to P, e, eea^ to he operatiTe for the points of the polar on W 
^ngh 0 which do not meet the conic m real points Such a^ 
thro^ 0 must he mitir^ oirtside the conic, so that a nomt JT 
at which It meets the polar of 0, lies outside the conic, '^d real 



Fiq 20 


tangents at the extremitips nf ^ ” ^tajned is the int( rs( < tions 

immJ the’ same i£*o' "B""” 

^ all the points on the pol< 
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ape outside the come There is here no distinction between points 
of type R and points of type K 

Smee the chord of contact of tangents to the come from 
pomt on I of type K passes through 0, it is evident that 0 is uniquely 
determmed by the intersection of such chords, when I is give:et. 
The pomt 0 is termed the pole of I with respect to the come, and 
any Ime I which is not a tangent to the come is the polar of a defimie 
pomt not lymg on I 

An important case occurs when 0 is on the come In this c^e, 
if OPQ be drawn to cut the come, one of P, Q comcides with 0, 
so that R comcides with 0 But if OPQ be drawn to touch tihe 
come, both P and Q comcide with 0, and R may be any pomt on 
OPQ Thus the locus of R is the tangent at 0 Tim is afeo 
otherwise seen if we remember that the pokr of 0 is the chord of 
contact TS of the tangents from 0 , if 0 approaches the come, 
the tangents OP, OS and the chord TS ultimately com^de with 
the tangent at 0 

Conversely, if ? is a tangent to the come, touching ihe curve 
at 0, and K is any other pomt on Z, the chord of contact of tangents 
from K passes through 0, which is thus the pole of I 

Thus the polar of a pomt on the come is the tangent at that 
pomt, and the pole of a tangent to the come is its pomt of 
contact 

The relation of pole and polar is therefore a umque one , any 
pomt 0 has a unique polar Z, and any Ime I has a umque pole 0 
If 0 hes on Z, then 0 is on the come and I is the tangent at 0 

Examples 

1 Show that the cross centre of two projective pencils is the pole with 
regard to their product of the join of their vertices 

2 Show that the cross axis of two projective ranges is the polar with 
regard to their product of the meet of their bases 

3 Given a pomt and its polar with regard to a conic and a point on the 
curve find another point on the curve 

4 Given a point and its polar with regard to a conic and a tangent to the 
curve find another tangent to the curve 

49 Conjugate points and lines Let OC (Fig 20) be a Ime 

through 0 meeting the conic in real points A, B, and the polar of 
0 at C Then 0, C are harmonically conjugate with respect to 
A, B But this also expresses the condition that 0 is a pomt on 
the polar of C Hence if C is on the polar of 0, 0 is on the polar 
of C 



I^im let OiT be a Ime throng 0 which, does not meet tbe com^ 
but meets the polax of 0 at Then Pig 20 shows tibat, if 
jtB are the tangents from j& to the oomc, AB pai^es thiou^ 0 
Blit AB is the polar of K Hence again, if is on the polar of 
O, O lies on the polar of K 

Two points which have the iroperty that either lies on 
pdbr of the other are said to be conjugate points with respect to 
the conic 

it is olmous that two conjugate pomts are harmonically con- 
jugate with regard to the two mtersectaons of their join with the 
come, when the join in question meets the como 

Let / be the polar of a point P, g the polar of a pomt Q We 
hawe seen that if / passes through G, g passes through F Two 
hnes /, g, which are such that either passes through the pole of 
tile ot^, are said to be conjugate lines with respect to the come 

Obviously, in the above, P, G satisfy the condition for conjugate 
pomts Hence the poles of conjugate lines are conjugate points 
and conversely, the polars of conjugate points are conjugate 
hues 

In Fig 20, K being any pomt on the polar of 0 outside the 
©omc, KO and the polar of 0 are conjugate Imes, and we have 
seen that they are harmomcally conjugate with regard to the 
tangents KA, KB from K 

TTpnr*p two conjugate lines are harmonically conjugate with 
o the two tangents from their meet to the conic, when 
^oct in question is outside the conic 

50 Inscnbed quadrangle and circumscribed quadrilateral 
Self-polar triangle If we refer again to Fig 20, it will be 
noticed that 0, U, V are the three diagonal points of the complete 
quadrangle ABPQ mscribed in the conic We have proved that 
VV IS the polar of 0 But clearly, we might equally well have 
started by drawing chords AVQ, BUP through U, or chords VPA, 
VQB through V We should then have proved thit OV is the 
polar of Vf or that OV is the polar of V 

The tnangle OVV is therefore such that any two of its virtues, 
or any two of its sides, are conjugate with resjiect to the conic, 
and each side is the polar of the opposite v< rtf x Siu li <i tnangle 
is said to be self-polar with respect to the conic 

Consider now the tangents a, b, p, q at A, B, P, Q Th( se form 
a complete quadrilateral, of which the six v( rtic ( s <ire /, /, K, L, 
Mj N (Fig 20) Clearly, by what has lufii ])rov( d in Art 48, 
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the diagonal KN coincides with the side VV of the 
of the complete qu,idr<inglo ABPQ 

But, here agam, this particular diagonal has no special reiaiaiHi 
to the figure, and the corresponding result must hold good of *flie 
other two diagonals \.ccordmgl} LM hes along OU and IJ 
along OV 

Thus the complete quadrilateral formed hj four fewg»y>4y 
to a come and the complete quadrangle formed hy tiiair fmar 
pomts of contact have the same diagonal Mimgle, which Is 
self-polar for the come 

Examples 

1 Given a tnangle self polar for a conic and a point on the conic, 
how to determine three other pomts on the come 

2 Given a tnangle self polar for a come and a tangent to Ihe ocanc, show 
how to detemune three other tangents 

3 Given two pomts A, B on & come and the pole G of AB^ comtami^ 
tangent to the come at any given pomt P 

4 Given two tangents a, 6 to a come and the polar c of ab, construct the 
pomt of contact of any given tangent p 

5 Prove that, of the three sides of a tnangle self polar with regard to a 
como, two meet the curve m real pomts and one does not 

51 Graphical constructions for pole and polar The results 
of the last Article enable us to obtain graphical constructions for 
pole and polar 

To find the polar of 0, draw any two chords through 0 meetmg 
the conic at real points A, B, P, Q (Fig 20) Construct the other 
diagonal points 27, V of the complete quadrangle ABPQ UV is 
the required polar 

To find the pole of a straight hne CR (Fig 20), take on CR 
any two pomts K, N lying outside the conic Draw from K and 
N pairs of tangents to the come a, b and p, q respectively Construct 
the other diagonals LM, IJ of the complete quadrilateral abpq 
The mtersection of LM, IJ is the required pole 

52 Conjugate ranges and pencils Let U (Fig 21) be any 
point on a given line c, whose pole is C Then by Art 49 the 
polar u of 27 passes thiough C Hence the polars of the range 
[27] form a pencil [u\ Conversely the poles of a pencil [u] form a 
range [27] 

Let now u meet any other fixed straight line d at a pomt V 
Then [w] determines on d x range [V] Also since the polar of V 
passes through V, (27, V) are conjugate points with regard to the 



o^^oe 1116011 IT K baowB, F is niiKjtiely determined and conviesself 
tte ran^ [!7] [F] are termed eonjQgate I’auges wth re^aeefe 
totlie 

Tlie above construction clearly fials rf the Ime d passes through 
G, m -whitii case c, d are conjugate lines, and the pole D of d 1^ 
on c It IS therefore impossible to have conjugate ranges «» 
fO^i^ale ttiies, for onepomt uS eadi hne is then conjugate to ev«ery 
pemt ^‘the other hne 

* Snuflady, if the poiftb U be joined to any other fixed pomt M 
fey a hne w,'U> passes through the pole of u, so that w, u are conjugate 



hues with regard to the conic The pencils fw>], [m] are said to be 
conjugate pencils with respect to the conic 
As m the case of ranges, if the vertices 0, E of the pencils fw], 
[lo] are conjugate pomts, no conjugate pencils can be obtained 
with 0, E SiS vertices For the polar c of C then passes through E 
This polar is conjugate to every Ime u, and conversely the polar of 
E, which passes through 0, is conjugate to every line u< 

We will now prove (1) that a range is equi-anharmonic with its 
polar pencil, (2) that conjugate ranges are projective , (3) that 
conjugate pencils are projective 

In Fig 21, let A be any fixed point on the conic Tom AC, 
meetmg the conic again at B Join UA, meeting the conic again 
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at P, and CP, meeting the come agam at Q Then, by Art 60, 
smoe ABPQ is a < , < . msenbed m tbe come, the meet, of 

AP, BQ hes on the polar c of 0 Therefore BQ passes fiero^ 
the meet U oi o and AP Also the meet T of AQ, BP hes on 
c and CT is the side of the diagonal tnangle opposite to U and is 
thus the polar u otV 

But, by Art 39, A, B being fixed points, P,, Q, U, T vanafele 
pomts, ’ i ( 

that IS AiTYKj^V}, 

whence 

and therefore [17] is eqm-anharmomc with the pencil (7[T], « e [«J, 
smee this pencil is incident with the range [T] This proves 
first proposition 

Agam, the range [F] is mcident with [w] Therefore [F] is egm- 
anharmomc with [m], and therefore with [17] 

Hence [F]^[17] 

This proves the second proposition 

Fmally, [w] =E[U] is equi-anharmomc with [Z7] and therefore 
with [m] Hence 

[m)]7\[w] 

This proves the third proposition 

Conjugate ranges or pencils may be cobasal, eg m Fig 21 
[[/] and [T] are clearly conjugate ranges on c and C[17], [m] are 
conjugate pencils with vertex 0 If c meet the come at X, Y, 
then, if TJ comcide with X, its polar u comcides with the tangent 
X aA X and meets c at a point T coincident with X Hence X is 
a self-corresponding point of the conjugate ranges on c Similarly 
Y IS a self-correspondmg point of these ranges 

Agam, if X, y are the tangents from C to the come, when u 
comcides with x, U comcides with the point of contact X of x, 
and CU also coincides with x Similarly for y Hence x, y are 
self-corresponding rays of the conjugate pencils through C 

Thus conjugate ranges on a given straight hne have for 
self-corresponding points the intersections of the hne with the 
conic, and conjugate pencils through a given point have 
for self-corresponding rays the tangents from the point to 
the conic 



Bsaieects 

1 If tbrough two points A and B (whacli are not tliemselres oonjngate 
points) conjugate pencils fee drawn witfe. regard to a oomo, the product of 
these eonjn^t© pencils is m general a conic passing through the pcnnts of 
contact of the tangents from Bio the original conic 

2* If on two hnes a, I (which are not themselves conjugate Imes), conjugate 
ranges be taken with r^ard to a come, the product of these conjugate ranges 
IS m general a come teaching the isiigents to the original come at the pemts 
where the latter is met hy a, h 

S, ^1^ IcK^ of the mterseotions of the polars with regard to two fixed 
comes ^ a pamt P lying m a given straight Ime is a conic 

4 If AB IS a chord of a come through a pomt C, T and U conjugate pomts 
on the polar of G, prove that (AT, BU) and (AU, BT) are points on the 
come. 

^ A^ B are two fixed peunts on a oomc, P a variable pomt. Prove that 
BF meet any Ime conjugate to AB m conjugate pomts 

5S. Pdifi and palar properties are projective Since poles and 
polars involve only properties of incidence, and the harmonic 
relation, both of which are unaltered by projection, and since 
a conic projects mto another come, all the properties and construc- 
tions discussed m Arts 48-52 are projective 

Thus pole and polar project mto pole and polar, conjugate points 
and Imes mto conjugate pomts and hnes, self-polar triangles mto 
self-polar triangles, conjugate pencils and ranges into conjugate 
pencils and ranges, etc 

Eesults, however, which mvolve the line at infinity, or measure- 
ments of angles or lengths (other than cross-ratios) do not generally 
persist m projection 

54 Pole and polar with respect to a circle Since the circle 
IS a particular case of a come, all the preceding theorems on pole 
and polar hold also for the circle 

Let 0 (Fig 22) be the centre of a circle, P any point of the ])l<in( 
From the symmetry of the circle, the pomts on the jiolai of P, 
which he on chords through P equally inclined to CI\ irc them- 
selves symmetrical with regard to PC Hence the jiol ir p of P 
must be perpendicular to PC 

Let it meet CP at P', and ht A, B bo the (xtnmitus of the 
diameter PC Then, since P, P' <iit harmoiiK illy (<)njugit( 
with regard to A, B, and G is the middh ])oint of AB, W( li iv( , 
by Art 28 

CPCF^CA^ 

Also, smee chords through C are bisected at C the harmonic 
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W 

conjugates of C -witli regard to the extremities of such chords he 
at infinity, so that the polar of (7 is the line at infinity c“ 

Denote CP byr Then its pole P=c°°p and is the point- 
at infinity on All chords through are parallel to aJad 
therefore perpendicular to r and axe bisected by r But they are 
clearly conjugate to r, since they pass throng its pole 
In particular the diameter conjugate to r is perpendicular to *r 
Hence the circle has the property that every diameter k 
perpendicular to its conjugate diameter 
If any other pomt Q is taken on f, its polar j passes throng P 
and 18 perpendicular to CQ Hence the rays erf the 
formed by joinmg the pomts of a range to the centre of ihc 



curcle are perpendicular to the correspondmg rays of the pencil 
of polars 

Examples 

1 liPyQ bo any two pomts conjugate A\itli respect to a circle, prove that 
the circle on PQ as diameter is orthogonal to a given circle 

2 Show that the product of two pencils conjugate with regard to a circle, 
the vertex of one of which is the centre, is a circle 

3 Prove that if two circles arc orthogonal, every diameter of either which 
meets the other m rt al points is hirmomcally divided by that other 

4 If P and Q be points on the ladieal axis of two ciicles and P Q hQ 
conjugate points for oik < uck they are ilso (onjugate for the other 

|The ladieal i\is ol two (iiths (see Art 1J2) is the locus of pomts the 
tangents fiom whuh to flu two (inks ut iquil It is the common chord 
if the circles cut in n il points J 

5 If on a fixed line // pomts P,P' are taken which arc conjugate with regard 



It a ^ ?7 js lb© loot of |)^:pmdKruJar from the omkm ^ 

c^ole tipcm % p:ove ^lat UF U'P'^^ccmktant 

6 M Sm- ^ if 40 B 0 t iEpeet oiroJe in ml poiats, $how th?it tii^e 
coiistaiit= -square ta^osgeut 17 to the circle 

55v Tole and pete vhih mpeet to a line-pair and a p^l^ 
pair If the come be a Ime-ptir whose components are a, h, 
meetm^ at O, the polar of any point P is the ray p through 0 
httimonically conjttgate to CP tnti regard to a, 6 For every hne 
through P meets CP, p and a, bm pairs of harmomc • . - 

Conversely oon^der the pole of any Ime Let P, Q be two 
pomtS on that hne The polar of P is a Ime p through 0 and the 
polar of © IS a Ime q through C Hence the pole of PQ is 0 Thus 
every Ime not through C has C for its pole and every pomt not G 
has its polar passing through 0 

If the conic be a pomt-pair whose components are A, ot 
which c IS the jom, the pole of a Ime p is the fixed pomt through 
which pass the harmomc conjugates to p with regard to the two 
tangents from points of p to the come If Q be any pomt of p, 
QA, QB are the two tangents from Q to the pomt-pair If the 
harmonic conjugate to p with regard to QA, QB be drawn, it meets 
c at a fixed pomt P, which is the harmomc conjugate of pc with 
regard to A and B Hence the poles of every Ime other than c 
he on c 

Also the polar of any point not on c is clearly c For AB is the 
chord of contact of tangents from every such pomt 

56 Reciprocal polars It appears from the previous theory 
that a conic s estabhshes a reciprocal correspondence between the 
elements of its plane, thus to a pomt P corresponds its polar p, 
to a Ime q corresponds its pole Q To any figure in the pLinc, made 
up of pomts and Imes, will correspond another figure, mido up 
of hues and pomts, which are the polars and poles respeetively 
of the pomts and Imes of the first figure with regard to the come 6, 
which IS called the base-comc 

It will also be seen that properties of incidence are preserved in 
this reciprocal correspondence, for if P lies on q, p passes through 
Q , and to the meet of two lines pq corresponds the join of their 
poles PQ Also from Art 52 it follows that eross-ratio properties 
are unaltered Accordmgly two projective ringes will reciprocate 
mto two projective pencils, self-corresponding peiints will reciprocate 
mto self-correspondmg rays, m particular perspective ranges will 
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reciprocate into perspective pencils, four harmonic pomts ivill 
reciprocate into four harmonic rays , and conversely 
Two jS.gxires <f>i, <l>2 m plane perspective reciprocate into two 
figures (f>i\ <j>2 m plane perspective For mnce collinear points 
reciprocate mto concurrent straight lines, and conversely, there- 
fore, if PjPs passes throu^ a fcsnd pomt Z 7 , the remprocal hues 
p2 mtersect on the fixed hne u' which is the reciprocal of V 
Similarly, if ji, q2 meet on a fixed hne x, they reciprocate mto pomts 
Qi\ Q2 such that Q1Q2 passes through the fixed point X' Heiice 
the figures ^i, (f>2 are m plane perspective, the p(de and aM 
of perspective being the reciprocals of the axis and pole of per- 
spective, respectively, m the ongmal figures ^2 
To a curve given as a locus of pomts will correspond a curve 
given as an envelope of tangents the degree of one curve — ^that is, 
the number of pomts m which it is met by a straight hne — ^becomes 
the class of the corresponding curve, that is, the number of tangents 
which can be drawn to it from any pomt The jom of two coinci- 
dent pomts at P on the first curve, % e the tangent at P, reciprocate 
mto the meet of two comcident tangents jp' of the second curve, 
that IS, the pomt of contact of p' 

Consider a come obtamed as the product of two projective pencils 
The two projective pencils reciprocate mto two projective range 
and mtersections of correspondmg rays mto joins of correspondmg 
pomts The product of two projective pencils therefore reciprocates 

mto the product of two projective ranges, that is, mto a come 
Thus the reciprocal of a come is a come 
Let Pi be the pole of pi with regard to a come ^i, whose reciprocal 
with respect to a come A is a come S2 From any pomt Qi of pi, 
external to Si, two tangents ^i, Ui are drawn to ^i , let PiQi be 
denoted by qi Then by Art 49 {pi^i?iWi}== -1 Now if 
P2, T2, Q2, XJ2 are the poles of pi, ^i, ji, Ui with respect to h, then, 
smee pi, ti, qi, Ui are concurrent at Qi, the pomts Po, T2, Q2? ^2 
he on the polar q2 of Qi with respect to k, and {P2P2^2^2}== “1 
But T2, V 2 pomts of S2, smee Ui are tangents to Si Hence 

Q2 hes on the polar of P2 with respect to $2 But smee qi passes 
through Pi, Q2 lies on p2 Thus p2 and the polar of P2 ith respect 
to ^2 both comcide with the locus of Q2 and so are identical Hence 
P2 IS the polar of P2 with respect to 52, or pole and polar reciprocate 
into polar and pole It follows immediately the conjugate 
points reciprocate mto conjugate lines, and con\ersely, also 
conjugate ranges reciprocate mto conjugate pencils, and con\eiscly 
7 



57, PriBCiple of Ife JoHoto horn the txaiisformatioai 

by reciprocal potee that owy ibeoiwi conoerniiig a figore 
made up pomte aud there oorrespoiwie anotheor theoreapa 
eoastoermog; a correepondiDg Igure luade up of lines and points 
respeofavely ^ so that geoxnetnical theorems appear in pairs Several 
mstaneee ^ tbis prmoiple of dnahty have already been met w& 
and it wdl be an u^tructive exercise for the student to trace su(dk 
dual thecwcems as have already been given As examples of such 
theorems we may quote the following, corresponding theorems 
appeal^ side by side 


^ If nt (x^responcbiig figures 
wets of eorresponduag hms be on 
a fixed Ime* joins cf cc^respondmg 
points pass tbrongh a fixed point 
Tbe harmcMQic property of the 
quadrangle 

Tb& meets of cross joins any 
two pairs of corresponding points 
of two projective ranges be on a fixed 

harmonic conjugates of a 
fixed point with regard to the two 
points at which any line through it 
meets a fixed oomc he on a fixed 
hne 


If m two corresponding figures 
joins of corresponding points pass 
through a fix^ point, meets of 
corresponding lines he on a fixed hne 
The harmomo property of the 
complete quadrilateral 
The joins of cross-meets of 
two pairs of corresponding rays of two 
projective pencils pass through a fixed 
pomt 

The harmomo conjugates of a 
fixed hne with regard to the two 
hnes which can be drawn from any 
point on it to touch a fixed come pass 
through a fixed pomt 


Eeciprocal theorems are obtained at once one from the other 
by simply translatmg the language, the following being the 
terms interchanged 


straight Ime 
jom 

tangent to a curve 
pomt of contact of a tangent 
he on 
range 
colhnear 
degree 
locus 


pomt 

meet 

point on a curve 
tangent at a point on the curve 
pass through 
pencil 
concurrent 
class 
envelope 


It should be noticed, however, that theorems true of special 
curves reciprocate into theorems true only of the curves which 
are the reciprocals of these special curves Also that properties 
of length and angular magnitude (which aie termed metrical 
properties) do not generally reciprocate into like properties It 
will be found that the properties to which the principle of duality 
can be applied successfully are the projective properties 

58 Centre and diameters of a conic The pole of the line 
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at infintty with regard to a come is calfed the eenire of the come 
The centre of the come ewesponds, in the plane of the oiigmri 
circle, not to the centre of the circle, but to the pole of the vanishing 
Ime 

Lmes through the centre of a conic are called its 
Since the centre and the point at infinity divide a diameter har- 
momcally, a diameter is bisected at the centre 

Conjugate diameters are conjugate lmes throi^h the centre. 
Hence the pole of either is the point at infinity on tit© other Th^ce^ 
fore the tangents at the extr^mties of a diameter are parallel to ite 
conjugate 

By the pole and polar property ehords {^raJM to a diameter 
are divided harmonically by the pomt at infinity on the chords 
and by the conjugate diameter, that is, they are biseeted by the 
conjugate diameter 

If 0 be the centre of a come, P any pomt, the polar p otP with 
regard to the come is ( orijiigr< to the diameter GP and ther^ore 
is a chord bisected by it For if be the hne at infinity, clearly 
that IS, the pomt at mfimty on p, is the pc^ of PC 
All diameters of an ellipse meet the curve m real pomts For 
the vamshmg Ime being outside the circle, its pole is mside Every 
Ime through this pole therefore cuts the circle m real pomts, and 
the same holds good after projection 

On the other hand, of two conjugate diameters of a hyperbola, 
one and one only meets the curve m real pomts For consider 
the origmal circle The vanishing Ime c cuts the circle m real 
pomts Z, J (Fig 23a) The tangents at Z, J meet at G, which 
is the pole of the vamshmg Ime and is outside the circle Of the 
rays through 0, those which he inside the angle ICJ meet the 
circle, the others do not Now by Art 49 any two conjugate 
hues through C are harmomcally conjugate with regard to Cl, 
CJ If they meet IJ at P, P', P and P' are harmonically conjugate 
with regard to Z and J Hence if P' be mside IJ, P is outside and 
conversely, smee P, P' divide IJ internally and externally in the 
same ratio (Art 28) , if CP' cuts the circle in real points, CP 
does not, and conversely Projectmg IJ to infinity the property 
stated follows for diameters of a hyperbola 
Also note that m the hyperbola the property that CP, CP^ are 
harmonically conjugate with regard to the tangents from C becomes 
Two conjugate diameters of a hyperbola are harmonically 
conjugate with regard to the asymptotes 



ttte ease of the parabok the vanishing line c touchy tibi 
^girraJ circle at € (Fig 23b), and every hne OP is oonjngate to 0 
!Eke oeniare of the parabola is tharefore at infinit y, and ite direction 
gives the point of contact of the line at infinity -with the curve 
All ditoneters of a parabok are parallel to this fixed direction, and 
are to be looked upon as conjugate to the line at infinity Th® 
bne at infinity has no definite direction, but it may be shown 
tet to ^h diameter tibere is a definite conjugate dvreotum Pat 
1^ £ (Fig 23b) be the pole of OP, chords through L are conjugate 
to CP Project c to infimty the circle becomes a parabok, OP 




Fig 23 


a diameter, the chords through L a system of parallel chords 
bisected by that diameter, FL the tangent at its extremity, which 
tangent is parallel to the chords Hence a diameter of a parabola 
biseets chords parallel to the tangent at its extremity 

Because the ellipse and hyperbola have an accessible centre, 
they are termed central conies 

59 Supplemental chords of a central conic are parallel to 
conjugate diameters Let AB be a dianutd of 1 (ouk, F my 
point on the curve Then AF, BF m ttrnud supplemental 
chords of the conic 

Let C be the centre , thus C is the middle point of AB Join 
FC meeting the conic again at Q Then C is the middle point ol 
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PQ Since AB, PQ bisect one another at 0, ABPQ form a parallelo- 
gram The opposite sides AP, BQ meet at Uie pomt at infinity, 
7^ on AP, and the opposite sides AQ^ BP meet at the pomt at 
infimty, on BP 

CT^U^ IS therefore the diagonal triangle of the quadrangle 
ABPQ mscnbed m the come, and so is self-polar for the conic 
(Art 60) Thus OU^ mre conjugate Imes through the 

centre, that is, conjugate diameters , and they are paralfel to title 
supplemental chords BP, AP respectively 
Conversely it is easily shown that if through the extremities 
A, B of any diameter, rays AP, BP are drawn paralM to 
a pair of conjugate diameters, their mterseetion P lies on the 
come 

We can now show tib.at the circle is the only come which has 
more than one pair of perpendicular conjugate diameters 
For, if possible, let there be two such parrs (a?i, yi) and {x^, 

Let AB be any diameter of the come which does not comcide with 
any of the four hues Xi, yi, x^^ y^ 

By what has just been proved, if we draw, throu^ A, APi 
parallel to Xi and, through B, BPi parallel to yi. Pi is a point on 
the come Similarly, if APi is parallel to yi and BPi to Xi, 
Pi IS a pomt on the come In like manner, by drawmg 
parallels to X2, y^, we obtam two other pomts P 2 , P4 on the 
come, which therefore passes through the six pomts A, B, Pi, 

P/, P 2 , P 2 

But smee Xi, yi are rectangular, the angles APiB, APi'B are 
right angles Hence the circle on AB as diameter passes through 
Pi and Pi, and similarly also passes through P 2 and P^ The 
come and circle have therefore six pomts m common and must 
comcide altogether 

The property, that conjugate Imes through the centre are at 
right angles, is therefore characteristic of the circle 

60 Axes of a conic An axis of a conic is a diameter per- 
pendicular to its conjugate 

Note that a come is symmetrical with regard to each axis 
For if P be a pomt on the curve the chord through P perpendicular 
to an axis is bisected by that axis and therefore meets the curve 
agam at the symmetrical pomt P' 

Also the axes are harmonically conjugate with regard to the 
as 3 niLptotes, and therefore (being perpendicular) they bisect the 
angles between the asymptotes by Art 28 



A cseaitol coHio, other than a circle, caimot haTe more than om 
pair of axes, by the second prop<OTtion of the Imt Article 

find Ae pcmtion of the axes of any cenlaral conic Let G 
(Fig 24) be the centre Draw any diameter ACB Then, U 
this diameter is perpmdicnlar to the tangenl^ at A and B, it is 
perpendicular to li^ conjugate (Art 58) and these give the required 
axes 

If ACB IS not perpendienlar to tangents at A and B, desOTbe 
the cnrole on AB as diameter If we describe this circle in a ppe- 
scribed sense (shown by the arrows in the figure) we must cr<^s the 
c^mc at d (from the outside to the mside m Fig 24) By the 
symmetry of both curves about their common centre, we must 

likewise cross from out- 
side to inside at B 
Hence, at some point B 
between A and B, we 
must again pass from the 
mside of the conic to 
the outside , at this pomt 
the circle and conic again 
intersect 

AE, J5B arc then perpen- 
dicular, by the property 
of the angle in a semi- 
circle , and, since they 
are bupplomcntal chords 
of the conic, the diameters 
parallel to them are perpendicular conjugate diameters of the 
come, and therefore are the required axes 

It IS easily verified that the conic and circle intorsc ct at a fourth 
point F, which is diametrically opposite to E, so th it ihBF is a 
rectangle inscribed in the conic 

Thus for any central conic theic exists oik pnr ol i\( s, wliidi 
are always real 

Both axes of an ellipse meet tlic eurve m k il points tin Iong( r 
and shorter axes are called the major iiid minor i\( s of tin ( lli[)S( 
respectively 

By Art 58, one axis of a hyperbol i nu < ts tin (iuv< in re <d points 
This is called the transverse axis The axis whieh docs not meet 
the curve in real pomts is called the conjugate axis 

In the parabola an axis i& a diameter winch bisects chords 
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perpendicular to itself Since all diametes are paralM, we have 
to take that one which bisects chords perpendicular to all diameters 
Hence a parabola has only <me 

The points where an axis meets a come are called of 

the curve A parabola has only one accessible vertex 

61 Graphical constmehan ot an ellipse when two conjugate 
diameters are given m posatlcm and leiigtibL Let AOB^ GOB 
be the two conjugate diameters {Fig 25) Complete the paraBeio- 
gram EFGH, of which they are median hnes Bmw any 
QRQ^ parallel to the diagonal EG of this parallelogram and meet^^ 
EE, CD, GH at Q, R, O' respectively Jom AR, BQ meeting at 
P Then P IS a pomt on the ellipse SmceQPisparalfeltoafixed 
Ime, the ranges [Q], [P] are simibo: and therefor© pxijecfeve. B^noe 



A[R]~^B[Q] The locus of P is therefore a come This come 
passes through A and B, these bemg vertices of the two pencils 
Also if QR IS along EG, Q is at E, R is at 0, hence AB corresponds 
to BE if QR be at infinity, Q is at infinity on FE, ^ e on BA, 
R IS at mfinity on DC, %e on AF , hence BA corresponds to 
AF The conic locus of P touches EH at B, FG at A And 
it passes through C, as is obvious by taking QR through C, when 
Q, R, P coincide at C It has therefore five points common with 
the required elhpse, viz two coincident points at A, two at B 
and one at 0 Hence it is the required ellipse 
By takmg Imes QR between CA and BD the half of the ellipse 
inside GEHD can be drawn m this way To avoid takmg distant 
parallels QR and to keep the construction compact, the other half 





fte imj be drawn by joining BR^ AQ' meeting at F 
oan be shown to be a point on the elbpse by reasoning snmlai 
that used above, and the same set of parallels can be employed 
oon^lete the ellipse 

EXAMPLES TV A 

I Without using the |K)lar pmpert j, prove directly that if p he any jEbs:ed 
Sue m the plane of a ccnnc, P any point on p outside the oomo, t, t' the two 
tangents &om P to the conic, ^e line p' harmonically conjugate to p with 

to t, t' passes through a fixed point 

% P^ve that if ^ he the product of conjugate pencils with regard to a 
come > vhich havo Al, P for vertices, then AB has the same pole with 
reg irrl lo s and t 

i bhow that, if f be the product of conjugate ranges wuth regard to a 
coB^ ^ on two strai^t hues a, 6, then the point U where a, h meet has the 
same p<dar with regard to s and t 

4 Two TOges of conjugate pomts witih regard to a como he on straight 

^ ' Imes a, s' Show that emss axis of the ranges passes through the poles 

B' of the hues 

5 ABO IS any tnangle A' is the pole of BO with regard to a come, S' 
m the pofe of OA, O' is the pole of AB Show that the triangles ABO, 
A'BV' are m plane perspective 

[Use Ex 4 notmg that B, 0' and B', 0 are pairs of conjugate points ] 

fi Prove that the diagonals of a complete quadnlateral circumscribed 
about a come are divided harmonically by the diagonal points of the complete 
quadrangle formed by their four points of contact 

7 Prove that the locus of a point which is such that its polars with regard 
to two given comes are perpendicular, is a conic 

8 If A, B, 0, D, P are five pomts on a conic and P{ iBGJj}^ - 1, show 
that BD and AO are conjugate lines for the conic 

9 By reciprocation of Ex 8 or otherwise provt that, if a, h r, d, t are 
five tangents to a come and t{ahcd}= — 1, then hd and (u are conjugate points 
for the come 

10 The tangents to a conic at A and B meet it and those at J) and B 
meet at F , AB, DE meet outside the conic at () Show that f 7^’ meets the 
come at two real pomts X, Y, and that the diameter through 0 bisects XY 

II Erom pomts on a given straight line perpondic ulars an diaw n tf) the ir 
polars with respect to a conic Show that these jk ip( ndu ulats (uvcIojk 
a parabola which touches the given Imc 

12 Prove the following eonstruction ioi a jku ibola givin i point A, 
the tangent a at A, a parallel x to the axis and anollu i point li on tin < ur\t 
Construct a paiallelogiam ACBD with \B as diagonal and BJ) Ii(^ paialh I 
to a, X respectively Draw LM paiilkl to tlu diagonal ('!) to iik ( t B(^ 
at L, BD at M The meet of AL and a parallel to i tluough 71/ is i point 
on the curve 

13 A, B are two fixed points in the plane of a come s P is a point such 
that the two tangents from P to 5 are harmonically (onjugaii with rtgard 

PA, PB Show that the locus of P IS a conic 
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14 State and prove the theorem obtamed j&om Ex 13 by reciprocaiaon. 

15 If ^ be any pomt, G the centre of a conic, N ^ pcant where the 
polar of T meete the diameter through A & point where this dxametea: 
meets the come, prove that ON CT=CA^ 

16 If a diameter of a parabola meet the curve at P aaid a eonji^te chord 
at F, show that if P be the pole of that chord, T hes on the diameter and 
TP==FV 

17 Show that if a parallelogram be careumsenbed to or inscribed m a 
come its diagonals mterseot at the centre of the conic 

18 Show that a come is complete^ determined if two pcants aad ^bEear 
polars and a point on the curve be given. 

19 Show that a come is completely determmed if two pomts and Ihecf 
polars and a tangent to the curve be given. 

20 A straight hne is divided harmomcally by a fixed come $ and a pair 
of fixed straight Imes OA, OB Prove that the mivelope ci ^ hne is a comp 
s'y which touches OA, OB at the points where they meet tha polar of O wi^ 
respect to s 

21 In Ex 20provetliatthemters6ctionsofsanda'heontwolmes-Qirough 
0, which are harmomc conjugates, with respect to OA and OB, of the tangents 
from 0 to a 

22 Prove the following construction for a conic, given a diameter AB, 
a pomt P on the curve and the direction conjugate to AB Complete the 
parallelogram ADPE on AP as diagonal and whose sides AD, DP are alcmg 
and conjugate to AB respectively Let a parallel to DE meet PD at Q, 
PE at B The rays AB, BQ meet on the come 

23 Two fixed tangents OT, OT' are drawn to a come, and the tangent at 
a variable pomt P meets them at Q, Q' and the chord of contact TT' at U 
Show that {PQUQ'}= -1 What special forms does this theorem take 

(1) when the fixed tangents are the asymptotes of a hyperbola, (u) when the 
come is a parabola and one of the fixed tangents is the hne at infimty ’ 

24 A pair of conjugate diameters of a given come meet a given straight 
Ime at A and B , on AB is described a triangle APB similar to a given 
triangle Prove that the locus of P is a hyperbola and find its asymptotes 

25 A given conic s touches two hnes OA OB at A, B respectively , and 
0 is a fixed point m the plane, not belonging to s 0 A or OB A variable 
line through 0 meets AB at X., and Y is the pomt of OX conjugate to X 
with respect to s Prove that the locus of F is a come t passmg through 
0,0, A, B and the points of contact of the tangents to s from 0 

vShow also that the polo of 00 with respect to t is the intei'bection of iB 
ind the polar of 0 with respect to s 

26 Through a hxed point 0 a straight line is diaw n to meet a fi\t d straight 
line Z at P and intei sects the polar of P with respect to a fixed conic at 
bhow that as P dcsciibes the straight hne I, Q describes a conic passing through 
three fixed points independent of the line I chosen 

Show that (1) inversion is a particular case of this constiuction and that 

(2) when 0 hes on s the conics corresponding to two lines I of the plane 
have simple contact with s at 0, hut three point contact w ith each other 

[P, P' are said to be inierse pomts with regard to 0 if P P' being 
colhnear) OP 0P'= const ] 



EXABIELES IVb 

p[%e aaees of oo-ordteito me rectangular tlirougibout ] 

1 T^o conjugate diameters of an ellipse are respectively 8"^ and 6*4^ 
m length and the angle between them is 110° , draw the elhi^, and measure 
the lengths of its jamoipal axes 

2 TTsmg the ruler only oonstruot the polars of the pomts (1, 1) and ^ 

with regard to the circle In any manner construct the pokrs of 

the point i% 0) and of the pomts at infinity on aj= 0 and ^=sa; with r^ard to 
the same cncle 

S A come passes through the five pomts (0, 0) (1, 1), (2, 1) (2 5, 0 8) (1, -2) , 
usmg the ruler only, construct the polar of the pomt (15, 15) with r^ard 
to this eom^ 

4. Draw an isosceles right angled tnangle AGO on a hypotenuse AO of 
length 4 mches, and mark the middle pomt B of AC With the aid of the 
ruler only, construct the ray throu^ 0 which is conjugate to GO for every 
come touchmg GA at A and GB at B 

'Fmd also the pair of perpendicular conjugate rays through G 

5 Construct a Ime passmg through the pomt (3, 0) and conjugate to 
With regard to the circle (a;- 3)®-h (^+2)^= 1 

6 Construct the envelope of the polar of a pomt P on the circle 
with regard to the circle 

7 Draw the como through the five pomts (0, 3) (0, 5) (1, 0) (4, 0) (2, 2) 
and construct its axes 

8 If the pole of perspective be (1, -2), the axis of perspective x= -2, 
construct the axis of the parabola in plane perspective with the circle 
x^-hy^-Sx=0, the vamshmg Ime for the circle being x=0 

9 A, B are the pomts ( - 4, 0), (3, 0) respectively If AB be any ray 
through A, P the pole of AB with regard to the circle a;2 + ?/8=4, and \i BP 
meet AB at Q, construct the locus of Q 

10 A nght circular cone of vertical angle 90° stands on a circular base 
k of radius 2 mches, and is cut by a plane passing through a tangent x to 
the circle k and makmg an angle of 30° with the plane of I 

Make a drawmg showing, m rabatment (i) the four vt rtut s of the section, 
(u) the pomt P of the section which projects into an extremity of the diameter 
of k parallel to a?, (m) the tangent at P, and (iv) the extremities of the 
diameter of the section parallel to this tangent 
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NON-FOCAL PROPERTIES m THE CONIC 

62.. Paseal’s Theorem. K AWQA'Bd (|^ 26) l>e a 
msoribed m a conic, the uaeet^ of oppc^sifee sidee 

{AB^, A'B), {B(T, B'O), {OA', (TA) 

are coUinear 

Let P^iAB', A'B), Q^{B(T, BO}, R={CA\ CA), 
{AC\BA^), M^{BG\GA^) 



Project the four points A\ B\ C", B from C Tve Lave by the 
property of the conic 


A(4'B'a'B)-KC(A'B'C'B) 

Cutting the Lrst pencil by A'B, the second by BC\ 
{ATLB)y:(MQC'B) 

These two projective ranges have a self-corresponding point B^ 

* The hexagon considered here is not generally, and in graphical examples 
not conveniently a con i ex figure A similar remark applies to poh gons in 
general, except wheie the contrary is distinctly stated 

89 


tiiey ar^ perspective and the joins of corresponding points are 
oonoTirrent, 

A'M, PQ, CL are concurrent, 

{A'M, C'L) hes on PQ, R lies on PQ 

Bnanelian^s Theorem If ah'ca'hc' be a hexagon circuia- 
scxibed to a conic, the joins of opposite vertices 

2 )^(ah\ a'b), q = (bc\ Vc), T = {ca\ c'a) 

are concmtent 

This theorem is obtamed immediately from Pascal’s Theorem 
by reoipocation The student will find it instructive to construct 
a proof of Brianchon’s Theorem from the proof given above of 
Pascal’s Theorem, reciprocating each step 

Pascal’s and Bnanchon’s Theorems are convemently expressed 
by the f pHowmg numencal rule 

Pascal If 1, 2, 3, 4, 5, 6 be the sides of a hexagon mscribed 
m a come taken m order, then 14, 25, 36 are colhnear 

The line on which they he is called the Pascal line of the mscribed 
hexagon 

Bnanehon If 1, 2, 3, 4, 5, 6 be the vertices of a hexagon 
circumscribed to a conic taken m order, then 14, 25, 36 are con- 
current 

The point through which they pass is called the Bnanchon point 
of the circumscribed hexagon 

Examples 

1 Show that, by altering the order of six points on a c oiuc sixty different 
hexagons may he formed, with sixty correspondmg Pascal lines 

Show that these sixty hexagons have their Pascal lines concurrent in fours 
namely when they have a pair of opposite sides common 

2 Show that, m the notation of the present article for Pasc al’s Theorem, 
the hnes (13, 46), (35, 62), (51, 24) are concurrent 

3 Show that (13, 46) (35, 62) (51, 24) arc possible PiH<al lines for the 
SIX points 

4 State and prove the icsults coinsponding to thos( oi \s I 2 J loi 
Brianchon’s Theorem 

64 Construction of conic through five points Hy nu ms of 

Pascal’s Theorem we can construct the conic through five points 

Take the points in any convenient order, h tt( r them in this order 
AB'CA'B Number the stdes AB'^1, B'C^l T 1'- VB^i 
Then P = 14 m Pascal s Theorem is known Dr iw my Pascal line 
PQR meeting 2 at Q and 3 it li Join Q to the fr(( md of 4, viz 
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B, and R to the free end of 1> viz A The mtersectaon of AR^ BQ 
IS a point G' on the conic 

By taking various Pascal lines through P we caji construct any 
number of pomts on the come 

65* Construetion of eonie tonehmg five lines Similarly let 
five tangents to a conic be given Letter them m ord^ ab'm% 
Number the vertices ¥c^2, ea' a'h^i Then p^l4 

IS a fixed Ime On p take any Bnanchon pomt B Let q be the 
jom of S to 2, r the jom of S to 8 q meets h the open side throu^ 
4 at the vertex 5, r meets a the open side through 1 at the vertex 6 
56 IS the tangent c' to the conic _ 

By takmg different Bnanchon pomts on p, we can construct the 
come by tangents as an envelope 

66 Comeident elements Important particular cases of 
Pascal’s and Brianchon’s Theorems occur when two elements coin- 
cide In this case it is important to bear m mmd that if the 
comcident elements are pomts, these pomts have to be taken as 
consecutive vertices of the Pascal hexagon and the side of the 
hexagon joinmg them is to be mterpreted as the corresponding 
tangent If the comcident elements are tangents, these are con- 
secutive sides of a Bnanchon hexagon, and the vertex of the hexagon 
common to them is mterpreted as the correspondmg pomt of 
contact 

In all cases we shall write repeated elements twice over when 
considermg Pascal and Bnanchon hexagons, thus 

AABCDD 

will be considered a hexagon, and its sides taken in order are 
A A (tangent at ^4), 

AB, 

BO, 

CD, 

DD (tangent it D), 

DA 


Evampils 

1 Given five points B C D, E on \ conic constiuct the t indent to tlic 
conic at any one of the ni 

2 Given five tangents a h c, d, c to a conic coiibtiuct the point of contact 
of any one of them 



‘ m. Asym^tate popertifis of Uie liyforbola. Let 0 (Pig 2 Ti i 
be tbe centre of a hyperbola, A<=°, the points at infinity on the *' 
two asymptotes, P, Q tw® pomts on the cnrye Consider the 1 
Pascal hexagon A^Jf^PB^B^Q , its sides taken in order are m 

foUoTO =l=the asymptote C^,J«’P« 2 =the parallel PX i 

to 04 , PP® =3 =fh 6 paralel PMioCB, poopw ,4 ,^ 3 ^ . . \ 

OB, P®^=5 =*the parallel OL to CP, e^® = 6 =the paraUel QM ’ 
M04 •- J 

B^ioe 14=CJ, 26— X, 36=Jf and 0, X, M are collinear, that 
if OH PQ as diagonal a t <u,i 1 lo^n.itii be described whose sides ^ 


A‘^ 



are parallel to the asymptotes the other diagonal pissos tlirough 
the centre x b 

PA^CW', QhVh\ Ik mg made 
up ot LKCN and of the complements LPN'A', A QLN n six ctivi ly 

** through a point P on a hyperbola 

fomed^K^f 1 ° asymptotes, the parallelogram thus 
lormed is of constant area 

r parallel to PQ, for the par dh logiams ONLK', 
XgMP are clearly similar and similarly j.ln,,! H.nce if PQ 
meet the asymptotes at P, PR^NK'^QH (opposite sides of 
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paiaUelograms) Hence the distsuie^ interested en luo; stea^t 
line between the eurre and Uie asymj^et^ are ^palL 

This last property fnnue^ee an ea^ method for drevn^ a 
hyperbola when tihe asymptotes and one pomt P c® the cmrse are 
given. Draw a variable ray throi^ P meeiang the asympteies 
at R and S On this ray -^e a pomt Q sudh that iSQ=PP. Q 
desonbes the hyp^bola 

Care must be taken that m all cases PQ and SS f&all have the 
seme mid-pomt Thus m Ihg wh^ ^e lay is ^w® as PR'S', 
Q must be taken at outede S'R and nd at Q* Made^ 

If the pomts P, Q comcide the property last proved becomes 
the intercept of a tangent to a hyp^hola hetwe^ the 
asymptotes is bisected at the pdnt of contact 

If TU (Fig 27) be drawn throu^ P parallel to NN', TP=NN ' = 
PU Hence TV is the tangent at P 

Also the triangle TCV =twiee parallelogram PNCN' 

= const by property proved above 
Hence a vanable tangent to a hyperbola ents off l^om the 
asymptotes a triangle of constant area 

Examples 

1 Deduce the results of the above Article from the property that a pair 
of conjugate diameters of a hyperbola are harmonically conjugate with regard 
to the asymptotes, without usmg Pascal’s Theorem 

2 Ohtam the theorem that a vanable tangent to a hyperbola cuts off from 
the asymptotes a triangle of constant area by applying Bnanchon’s Theorem 
to the hexagon aapblq, a, h bemg the asymptotes, q>, q any two tangents 

68 Construction of a hyperbola, given three points and the 
direction of both asymptotes We first of all proceed to 
construct the centre 

If -B, C be the three given points, construct the parallelograms 
on AB, BC as diagonals whose sides are parallel to the asymptotes 
The centre is then the mtersection of the other two diagonals (Art 
67) The asymptotes are now known m position and the hyperbola 
may be constructed by the method of Art 67 

69 Given four points on a hyperbola and the direction of 
one asymptote, to construct the direction of the other 
asymptote Let A, B, C, D he the four pomts , let be the 
direction of the given asymptote, that of the required asymptote 
Then, considermg the hexagon ABCDE^F^, the pomts Pointer- 
section of AB, DE^, = mtersection of BC and Ime at infinity, 
Po mtersection of CD, F^A are collmear Hence if the parallel 



ih^ongii P io BO meet CD at R, AR gires the direotioii required 
We can now use the method of Art 68 to oonsferuot the asymptotes 
m poteen and hence to draw the hyperbola , or, confiJidenng the 
hexagou ABCDE^E^, the points Pi^{AB, DE^), Qi=mter- 
seotion of BO and the asymptote through E^, Ri^{OD, E^A) 
sre ooflmear Hence Pi^i, which is known, meets BO at Qi and 
the line QiE^ is one asymptote The asymptote through is 
similarly eonstracfced 

70. Parabola from four tangents Smce the Ime at mfinity 
IS a tangent to the parabola, four tangents a, 6, c, d define the 



Fia 28 


curve Let t be any required tangent Consider the Brianchon 
hexagon i^dbcdt (Fig 28) Let 1, 2, 3, 4, 5, G be the vertices 
ab, he, cd, dt, m order p or 14 is then the parallel through cd to 
a On this take any Brianchon pomt B Join 2B meeting d at 5 
the parallel through 5 to 3S is the tangent required 

By this method we can draw a tangent to i ]> ir ibol i ])ai illc 1 to 
any required direction For draw through 3 i pirxlkl r to this 
direction to meet p at B , B is the corn sponding Bn uu lion pomt 
Also we can construct at once the dircc tion of the axis Foi 
we have to find the point of contact of the hue it infinity To 
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(Jo this consider the Brianchon hexagon cihcd%^%^ We have (ai, 
(be, {cd, are concurrent Hence if the parallels 

through to a and through oh to d meet at E and be is F, BF goes 
through the point of contact of that is, it is parallel to the axis 
The tangent perpendicular to the axis is then constarucrfced 
The pomt of contact of a tangent t is readily found when we 
know two other tangents and the direckon of the axis Far 
consider the hexagon , {tt, {ta^ bi^) U) are con- 

current Hence through the meets of the tangent t wilh each 



Fig 29 


of the given tangents draw a parallel to the other tangent The 
line drawn parallel to the axis through the intersection of these 
parallels meets the tangent t at its point of contact 

Constiuct thcicfore the point of contact of the tingont per- 
pendiciilai to tlu i\is This is the vertex of the paribola The 
line through the \ ( ite\ in the direction of the i\is is the ixis 
71 Parabola from three points and direction of axis Let 
thice points hi given and the pomt on the i\i^, i e the 

direction ot the axis A\( tiist coiistiuct i point D on the lino 
thiough A pcrpcndicuhi to the ixis (Fig 29) ( on^nhimg the 

8 



Pascal hexagon ABI^I^CD we ha\ e {AB, {BI^, 02>), 

BA) collmear Bitt m iJie tangent at 7^ to the parabok 
and IS tiberefore tite Ime at infinity Thiis if P le the meet of AB 
and the parallel to fte axis throng 0, Q the meet of OD and the 
parallel to the axis through B, the point at mfimty on DAy 
then P, Qf are collmear or PQ is parallel to DA Now P is 
fixed, A^ By 0 bemg given , PQ being perpendicnlar to the axis, 
Q IS found and CQ meets the perpendicular to the axis -through A 
at the pomt D required The hue bisectmg AD at nght angles is 
therefore the axis of the parabola 



fo/^ 


Fia 30 

Let V be the vertex Consider the Pascal hexagon 
ABI^I^VC 

Then {AB, VI^), (BI^, VC), {I^I^, CA) 

are collmear Let AB meet the axis at E, CA meet tlu line at 
in fini ty at G^, VC meet the parallel to the axis through B a>t F 
Then F lies on the parallel to CA through E ind K Iks on FC 
Thus V is known 

72 Parabola from a tangent and its point of contact, another 
point and the direction of the axis Let a, A rc jin sent the t xng( nt 
and its pomt of contact (Fig 30), B the other point, the pomt 
at mfimty on the axis, M any other pomt on the curve 
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Two constnictions may be used, aocordn]^ as we pi^erto desonbe 
the curve by rays through A or by rays throu^ B 
In the first construction draw hnes QR parallel to the tangent at 
A to meet the parallel to* the axis through B and AB at Q, R 
respectively Then AQ meets the pacalid to the axis through R at 
a point JH on the curve The result follows by considering the 
hexagon AAMl^l'^B , 14 is P*, the pomt at infinity on the 
tangent at A P^QR is then the Pascal line 
In the second oonstructKi®. dmw a parallel to AB to meet AU$ 
at P^°°, the tangent at ^ at O' and the parallel to the ama throng 
A at R' Join BR' meebi^ the parallel to the ama throng ^ 
at a pomt M Then M is on the parabola For P'^Q'R' is th? 
Pascal Ime of the hexagon BAAl^I^M 

’FlYATfPT.-g. 

Prove that, m Pig 30, MQ' is propodaoiial to {AQTf' 

73 Inscribed and encnmsmbed Le# ABO be a 

triangle inscribed m a come 
Prom the Pascal hexagon AABBCO we find 

{AA, BO), {AB, 00), {BB, OA) 

are collmear, or the sides of an mscribed triangle meet the tangents 
at the opposite vertices at collmear pomts 

If ahe be a triangle circumscribed about a conic, it follows m like 
manner from the Bnanchon hexagon aabbcc that the joins of the 
vertices to the points of contact of the opposite sides are concurrent 


Example 

The sides BC, CA, AB of a triangle touch a conic at the points P Q B 
respectively Show that 

BP CQ AR^PC QA RB 


74 Carnot’s Theorem If the sides BC, CA, AB of a triangle 
ABC meet a conic at P, P' , Q,Q' , J?, E' respectively, then 


BP BP' CQCQ' ARAB' 
OPCF AQAQ' BR BR' ~ ^ 


Since every conic is obtained from a circle by projection {\it 33) 

, , , BP CQ AR ^ BP' CQ' 4R' , ^ 

and the triangle ratios ^ ^ and ^p, pp, ire unaltered 

by projection (Art 31), it will be sufficient to pro\e the ibo\e 
theorem for a circle 



But since the product of segments of chords of a circle through 
a given point is constant, we have m this case 

AQ AQ' =AR AR , BR BR' =^BP BP' , 
CPCP'=CQCQ’, 

whence the result required follows immediately 

Ezauples 

1 Prove the converse of Carnot’s Theorem, namely that if on the sides 
SC, GA, AS respectively of a tnangle ABO, pomts P, P' , Q, Q', R, R' 
are taken, such, that 

BP BP' GQGQ' ABAB' 

CP CP' AQAQ' BBBB'-^’ 
then the six pomts he on a come 

2 ABC IS a tnangle A come s meets BC at P^, Pg, CA at Q^, AB at 
Pi, Pa Pi', Pa' are harmomcaUy conjugate to Pj, Pg with respect to B and O , 
Qi', Qa' are harmomcaUy conjugate to Qi, with respect to 0 and A , P^', B^' 
are hamomcaUy conjugate to Pj, Pa with respect to A and B I^ove that 
Pi> Cl', Pi', P 2 ' li® on a come 

3 If jfrom two pomts A, B pairs of tangents {AP, AP'), {BQ, BQ') be drawn 
to a circle centre 0, prove that 

am PAP sm BAP' _0B^ 
smABQ am ABQ' OA^ 

4 Using the result of Ex 3, prove that, if AP, AP' , BQ, BQ ' , CB, CB' 
be tangents to a come from three pomts A, P, C, 

am BAP s m PAP' sm CBQ sm GBQ' am AGB sm ACB' 
amCAPamCAP' am ABQ am ABQ' ’^mlSCBmiBCB'^^* 

and, conversely, that if the above relation is satisfied, the six lines touch a 
come 

5 ABC IS a trianvle From A, P, G pairs of tangents p^ , q^, 

s p^', ^a'^are harmomcaUy conjugate to p^, p^ with 
h a similar notation foi q-^', q ^' , r-^', Piove that 
2 > , q%i ^ 1 ^ ^ 2 ^ touch a conic 

*ow ton’s Theorem on the product of segments of chords 
jnic If PP , QQ' (Fig 31) be two chords of a conic, mter- 

mg at 0, and PP', SS' be two other chords intersecting at V 
ana paraUel to PP', QQ' respectively, then 

OP OF FPFP' 

OQOq^VSYS' 

Let 88 and PP' meet at U and let be the meet of QQ' and 

88 ' 

Applying Carnot’s Theorem to the triangle Of/J®, we hav( 

OP OP ' VS US' J^QJ«>Q' 

UP VP' J«^SJ^S' ^^OQ' 
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But, since Q, Q', S, S', are accessible points, 

J^Q /®/S'=l and J<=^-S' = 1 


OP OP' UP UP' 
OQOQ'~USUS' 


Considering suiularly the triangle formed by PP', RR', SS', we 
find 

UP UP' YR7R’ 

USUS'~VSYS' 



Fig 31 

Combmmg the last two results, we obtam the theorem origmally 
stated Thus the ratio of products of segments of chords drawn 
from a point 0 in given directions is independent of the position 
ofO 

If we take Y at the centre C the parallel chords are bisected at the 
centre 

Hence the ratio of products of segments of chords of a 
conic through any point is eQ[ual to the ratio of the squares of 
the parallel semi-diameters 


If Q'^Q, P'=P we have two tangents to a COUIC uuiu duy 
point are in the ratio of the parallel semi-diameters 

76 Obhque ordinate and abscissa referred to conjugate 
diameters If the chord PP' (Fig 31) coincide with the diameter 
AA' conjugate to the chord QQ' the property of the last article takes 
the form 

NQNQ' ^ CB2 
NANA’~^^'^ ~CA^’ 

CB bemg the semi-diameter conjugate to OA , or smce 
NQ'=-NQ, 

QN^ CB^ 

ANNA''^^'^^^ ~CA2 

In Fig 31 the conic is an ellipse, and the diameter BOB' meets 
the curve m real pomts Therefore CB^ is positive and AN N A' 
IS positive, so that N hes between A and A' 

But if the come be a hyperbola we know that if ACA' meet 
the curve in real pomts, its conjugate BCB' does not meet the 
curve Hence there is no real semi-diameter OB 
Nevertheless the theorem of Art 75 holds good and 

QN^ 

constant, 

but N is outside AA' and the constant is negative If we then 
o lonorHi CBi such that 

Qm 

GA^ "ANNA'" 

"■ along the diameter conjugate to AA', may be 
the absolute length, or simply the length, ot the 
conjugate to GA* But it should be carclully 
lat Pj IS not a pomt on the hyperbola 
jiuiug ro the relation 

AN N A' ^CA^ 


D/i length will also be used m tho cisc of a rml 

rQ, to denote |PQ|, or the numerical length without regard to sign 


sogiiK nt 



iOX tJLLt; CAlXJ^o^, 


r V/ jjLcv 


Qm {AC+CN){NC + CA') 

CB^~ OA^ 

-{CN-CA){CA+CN) 

OA^ 

GA^-Cm 

OA^ ’ 

cm Qm 

or CA^'''CB^~^ 

For the hyperbola 

Qm _ CA^-Cm 

CBi^ CA^ ’ 

cm Qm 

‘ CA^ GB^^~^ 

In tLe case of the parabola A' is at infinity 

Take two chords QiQi, Q2> Q2 con]ugate to the same diameter, 

ANi NiA^'^AN^N^^'" 

QiNi^ Q^N^^ N^A' 

ANi AN^ N2A' ' 

now smce A' is at infinity NiA' N2A' = l 

QlNi^ Q 2 N 2 ^ 

AN I ~ AN 2 ’ 

QN^ . ^ 

-T— = constant 
AN 

This constant is known as the parameter of the chords conjugate 
to the given diameter 

The above relations lead to the well-known analyi^ical equations 
of the ellipse, hyperbola and parabola referred to conjugate 
directions 

77 Intersections of a conic and a circle Let a circle meet 
a conic at four points P, Q, R, S, and let PQ meet RS ab 0 


Hence 

or 
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If Q'=Q, P'=P we have two tangents to a come from any 
point are in the ratio of the parallel semi-diameters 

76 Oblique ordinate and abscissa referred to conjugate 
diameters If the chord PF (Fig 31) coincide with the diameter 
AA' conjugate to the chord QQ' the property of the last article takes 
the form 

NQNQ' ^ OB^ 
iOTZ' -const 

CB bemg the semi-diameter conjugate to CA , or smce 
NQ'=-NQ, 

Qm CB^ 

ANNA''^"^^^ ~CA^ 

In Fig 31 the conic is an ellipse, and the diameter BOB' meets 
the curve m real pomts Therefore OB^ is positive and AN NA' 
IS positive, so that N hes between A and A' 

But if the come be a hyperbola we know that if ACA' meet 
the curve in real pomts, its conjugate BOB' does not meet the 
curve Hence there is no real semi-diameter CB 
Nevertheless the theorem of Art 75 holds good and 

Qm 

AN NA ’ 

the constant is negative It we then 
„«oh that 

C'5i^ Qm 
~ CA^ ~AN NA’ ’ 

lu lay it off along the diameter conjugate to AA', (JB^ may be 
loken of as the absolute length, or sunply the length, ot the 
semi-diameter conjugate to OA* But it should be carefully 
remembered that Bi is not a pomt on the hyperbola 
Eetuimng to the relation 

QN2 CB^ 

AN N A' ~CA^ 


* 'I'll® tsun absolute length wiU also be used, in the case of a real segment 
PQ to denote |PQ|, or the numerical length without regard to sign 
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for tiie ellipse, we have 

Qm {AC+GN)(NC+CA') 

CB^~ GA^ 

-{GN -GA){CA+GN) 

GA^ 

GA^-Gm 
~ GA^ ’ 

cm Qm_ 

For the hyperbola 

QN^ _ GA^-Gm 
GBi^ GA^ ’ 

Gm Qm 

or * ’ • ' ■ = 1 

CA^ GBi^ 

In the case of the parabola A' is at infinity 

Take two chords QiQi, conjugate to the same diameter, 

QiNi^ Q2N2^ 

ANi NiA''~AN^N^A'' 

ANi ANy^ N^A' ’ 

now smce A' is at infinity N 2 A' = 1 

QiN,^Q,N2^ 

AN^ AN 2 ' 

QN^ , , 

-—= constant 
AN 

This constant is known as the parameter of the chords conjugate 
to the given diameter 

The above relations lead to the well-known analytical equations 
of the ellipse, hyperbola and parabola referred to conjugate 
directions 

77 Intersections of a come and a circle Let a circle meet 
a conic at four points P, Q, R, S, and let PQ meet RS at 0 


Hence 

or 
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PROJECTIVE 


Then if CL, CM are the semi-diameters of the conic parallel to 


PQ, RS we have 


CL^ OP OQ 

m^^OROS 


by the property of segments of chords of a circle 
Hence the semi-diameters CL, CM are equal Now the extremis 
ties of all equal semi-diameters he on a circle concentric with the 
conic Thus there can be only four of them and, by the symmetry 
of the conic with regard to the axes, they he pair and pair on two 
diameters equally mclmed to the axes Thus CL, CM aie equally 
mchned to the axes, and the common chords PQ, RS of the come and 
circle are equally mchned to the axes 
The same holds of the other pairs of opposite common chords, 
VIZ PS, RQ , PR, QS 

In particular, if a cncle and come have three comcident mter- 
sections P, Q, R, the common chord PS and the common tangent 
at P are equally mclmed to the axes 
This property enables us to construct graphically the circle of 
curvature at P to a given come 

If P approaches the extremity of an axis, the common tangent 
at P becomes parallel to the other axis, and PS approaches the 
tangent at P Thus S approaches P and the circle and come 
have four comcident mtersections at P Accordmgly the circle of 
curvature at the extremity of an axis has four-pomt contact with 
the come 


Examples 


1 Show how to jSnd graphically the directions of the axes of any given 
conic without first finding the centre 

2 Show that, if a circle touch a conic at A and cut it again at B and C, the 
common chord BC and the common tangent at A are equally mchned to the 
axes 

3 If a circle and come have double contact, the common chord of contact 
IS parallel to an axis 


78 Every eUipse can be derived from a circle by an orthogonal 
projection For consider the orthogonal projection oi i ciiclc 
upon any plane through a diameter x A line pcrpcndi( ul ir to this 
axis of perspective x is still perpendicular to x alter projection and 
rabatment about x mto the origmal plane, and il P be any point 
of the original figure, PX the perpendicular from P on x, P' the 
corresponding pomt of the rabatted projection, P' lies on PX and 
P X PX = cosme of dihedral angle 6 between the two planes 
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Ttus the pole of perspective is at infinity in the direction per- 
pendicular to X The perspective relation between the circle 
and elhpse figures is equivalent to a stretch (cf Art 13), the stretch- 
ratio being cos 6 

Also because the projection is cylindrical the lines at infinity 
correspond therefore their poles, that is, the centres, correspond 
It follows that conjugate diameters of the circle project mto 
conjugate diameters of the elhpse m particular x and the per- 
pendicular diameter of the circle, bemg conjugate diameters, project 
mto perpendicular conjugate diameters of the elhpse^ smce a per- 
pendicular to X remains perpendicular to x These give the axes of 
the elhpse If a be the radius of the circle, a and a cos Q are the 
major and m i n or semi-axes of the elhpse 

Conversely an ellipse of semi-axes a and h [a >1) can be obtamed 
m this manner by projectmg a circle of radius a orthogonally upon 
a plane makmg with the plane of the circle an angle 

6 = cos“^ 

An elhpse bemg completely given by its prmcipal axes {see 
Art 61), it follows that every elhpse can be obtamed m this way 
from a cncle on its major axis as diameter 

The circle on the major axis of an elhpse as diameter is called 

its auxiliary circle Thus the ellipse and its auxiliary circle are 
derivable one from the other by a stretch parallel to the minor 
axis 

Examples 

1 Show that, if P, P' be points where a perpendicular to the major axis 
of an elhpse meets the curve and the auxihary circle respectively, the tangents 
at P, P' meet on the major axis 

2 Prove that an elhpse can be obtamed from the circle on its min or a.-nfl as 
diameter by a stretch parallel to the major axis 

79 The conjugate parallelogram A conjugate parallelogram 

IS one whose sides are the tangents at the extremities of tvo 
conjugate diameters Clearly no real conjugate parallelogram can 
exist, except m the case of the ellipse 

Consider the ellipse as defined by the strekh of its aiixiliaiv 
circle Since by Art 78 conjugate diameters correspond to con- 
jugate diameters and parallel lines to parallel lines (because the 
vanishing lines are at infimty) it follows that a conjugate parallelo- 
gram for the ellipse corresponds to a conjugate parallelogram for the 
circle 




104 
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But a conjugate parallelogram for a circle is a circumscribed 
square, because conjugate diameters of a circle are at ngbt angles 
Now, m any stretch, corresponding areas are to one another m 
the stretch ratio For consider an elementary parallelogram 
PQRS (Fig 32) of which the sides PQ, RS are parallel to the 
stretch axis and the sides PS, QR are parallel to the direction of 
stretch Let these meet the stretch axis at X, Y respectirelv 
PQRS transforms mto a parallelogram P'Q'R'S ' m which P'Q' 
P'S' are parallel to the stretch axis For if A be the stretch ratio ’ 
P'Z=APZ=A QY=Q'Y and S'Y=R'Y=X SZ 
Hence P'S' ^\{XS-XP)=X PS 


and parallelogram parallelogram P$P/S=,S'P' SP=X 

Breaking up any area mto such elementary parallelograms and 
y jff addmg we see that A =ratio of 

r V two corresponding areas 

\ \ ^ Hence area of any conjugate 

P \ \Q parallelogram of the elhpse 

J 

\ \ xarea of corresponding 

p\- ciroumscnbed square 

\ \ of the auxihary circle 

\ \ 6 

V \ =- 4a2=4a6 

—y ® 

Thus the conjugate paral- 
lelogram of an ellipse is of 

*a Calling p the perpendicular from the centre on 
angent, d the length of the semi-diametor parallel to 
the area of the conjugate parallelogram of which the 
tangent is a side is clearly ipd, for 2d is the base of the 
' ’ 1 . ( gr. ' and 2p is the height ipd=iab, , e pd= ab 


to to Ihctovc 

3 Show that the area of the elhpse is irah 

C “ cowfc “™-ii‘anietere Let 

.iltSeS OP CO r tie 

y ircle, CP, CQ the correspondmg diameters of the ellipse 
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Then CP, CQ are conjugate Also P'PM, Q'QN are perpendicular 
to the major axis 

Then from the stretch property, if ^ be the angle AOP\ 
h b 

PM = ~P'M = - a sin i =& sm (i , 
a a ^ 

b b 

QN = - Q'N = -a cos c4 = & cos S 
a, a ^ ^ 

CM —a cos ^ , CN —a sin ^ , 

CP2 + 0^2 = + PM2 + gAr2 + cm 

= a2 cos2 <f>+b^ sm2 ^ + &2 cos^ sm^ 

= a2 + 6^ 

Hence the sum of the squares of two conjugate diameters of an 
elhpse is constant 


~ C MA 

Pig 33 

81 Pseudo-conjugate parallelogram Let AGA' (Fig 34) 
be a diameter of a hyperbola meeting the curve at real pomts A, A' 
Let the tangent at A meet the asymptotes at D, E and the tangent 
at A' meet them at P, G Then, because the tangents at A, A' 
are parallel, DEFG is a parallelogram of which the asymptotes are 
diagonals 

If P be a point on the curve and PN the chord through P conjugate 
to AC A meeting AGA' at N, 

pm GBi^ 

AN NA' ^ " ~GA^' 




GBi being the absolute length {see irt 76) of the dixmettr conjugxte 
to AGA' 


But 


PA2 /^iVN/pyy 
AN A A' ^ " VIwAlAy 


If P moves off to infinity on the hyperbola in the direction of 
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the asymptote GD, AP becomes parallel to CD The triangles 


\caJ ’ 


Hence 


/PNy , 
VAN ) 


CAD, ANP become similar, and 
AN 

also approaches umty 

GBi^ AD^ 

^~CA^' 

or CPi —AD 

Thus the mtercept of a tangent between the asymptotes measures 



tne absolute length of the parallel diameter The parallelogram 
DEFG IS therefore a pseildo-conjugate parallelogram Its median 
hues are > jr diameters, but only one pair of sides touches 
the cun’’e 

M e hai e seen (Art 67) that the area of the triangle ECD c iit oft 
fiom the asymptotes by any tangent to the curve is constant The 
area of the pseudo-conjugate parallelogram DEFG is fom tunes 
the area of the triangle ECD and is therefore also constant 

If p=perpeudicular from C on tangent at A, d = CBi =absolutc 
len^h of diameter conjugate to GA, DE = 2d, and area of triangle 
£CD -ij) 2d~pd Hence in the hyperbola as m the ellipse vd = 
constant Takmg the case where the sides of the pseudo-conjugate 
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2 ji«‘l lo^i iTM are parallel to the axes, the constant =a6 where a 
IS the semi-transverse axis and 6 is the absolute length of the 
con]ugate senu-axis 

Further, in Fig 34, the area of the triangle GGB is equal to that 
of the triangle CDE, and therefore constant Hence GD touches 
at its middle point a second hyperbola havmg the same asymp- 
totes This second hyperbola, which is also the locus of Bi, is 
termed the conjugate hyperbola of the first one , the transverse 
and conjugate axes are mterchanged, m position and absolute 
length, when we pass from a hyperbola to its conjugate hyperbola 



82 Difference of squares of absolute lengths of conjugate 
semi-diameters of a hyperbola From the triangle CED (Fig 35) 

we have, since C 4 is the median, 

ID^) 

by a well known relation 

Also DE^ ~ CE^+CD^-2(E CD cos ECD 

that IS 4 [D^^IC i^+lAD^~lCE CD cos ECD, 

or CA^ - iD^ - CE CD cos ECD 
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But GE OB IS constant since the area of the triangle EGB is 
constant Hence, the angle EGB being likewise constant, 

-^jD 2 = constant 

The constant is easily seen to be by taking GA, AB 

parallel to the transverse and conjugate axes 

83 Rectangular hyperbola If the angle between the asymp- 
totes is a right angle the curve is called a rectangular hyperbola 

Conjugate diameters of a rectangular hyperbola are equal in 
absolute length For if BE (Fig 35) be the tangent at A to such a 
hyperbola, meeting the asymptotes at B and E , since the angle at 
C IS a right angle, the circle on BE as diameter passes through G 
Hence AC=AB Also GA, AB, le GA, GBi are then equally 
mchned to the asymptotes {GB^ having the same meaning as in 
Art 81) 

In particular the transverse and conjugate semi-axes are equal 
for a rectangular hyperbola 

Agam consider the semi-diameter OH perpendicular to GBi 
Because OE, OH are perpendicular to GB, GBi respectively, 
the angle angle D(7Si= angle AGB GA, GH are thus 

equally mclmed to the axes GX, GY and GH is therefore real 
and equal to GA, that is to OBi Thus the absolute lengths of 
nprnPTiHirnlflT <^pTm-(liflTnpfers of a rectangular hyperbola are 

ugate to OH makes the angle GiGE== 
L\yjj It IS therefore perpendicular to GA 
uf four diameters equal m absolute length 
IS does not mvalidate the result mentioned m 
u only one diameter exists equal to a given diameter , 
mat this diameter is equally mclmed to the axes with the 
given diameter For the lengths OBi, OGi are not semi-diameters 
at all, but merely the analogues of semi-diameters they are only 
called such by a convention, Bi, Gi not being points on the curve 

84 Radius of curvature at a point on a conic Since a conic 
and its circle of curvature at P may be regarded as having three- 
Ime contact along the tangent at P, they may be brought into plan^ 
perspective by takmg this tangent as the axis x of perspective, ind 
a certam pomt 0 on as pole of perspective (Art 47) 

Denote the pomts belongmg to the circle figure by the suffix 1 , 
and those b^ loiiji'Lg to the conic figure by the suffix 2 

Let Ki (Fig 36) be the centre of the circle, the other extremity 
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of the diameter of the circle through P, Ri an extremity of the 
perpendicxdar diameter of the circle 

Smce chords of the circle parallel to x transform mto chords of 
the conic parallel to and conjugate hues mto conjugate hues, and 
smce PQi is conjugate to all chords of the circle parallel to x, PQ^ 
IS conjugate to chords of the conic parallel to x It is accordmgly a 
diameter of the come, and the centre hes on it 
Further, lies on PQ^ and parallel to KiRi Also 

OK1K2, 0QiQ2> OR1R2 are straight hues 
Agam 62-^25 Qi^i> bemg correspondmg hnes, meet at a pomt 
S of X, and, smce RiKi is parallel to SP, the triangles SPQi, RiKiQi 
are similar and /SP RiKi=PQi KiQi ^2 1, so that/SP =2 



Fig 36 


Let C2N, K2M be the perpendiculars from C2, K2 on x We 
now have, by similar triangles ^PQ2 

R2K2 Q2K2==SP Q2P-R1K, C2P ( 1 ) 

since SP = 2 RiKi and C2 is the middle point of the diameter 
Q2P of the conic 

Further, the triangles RiKiP, clearly m perspective 

from 0, and since two pairs of correspondmg sides are parallel, 
the third pair by Art 11 are also parallel and the tiiangles are 
similar Hence, sinc( RiKi =KiP, we hive also 

^2^2= ^2^ 

Now, from similar triangles C2NP, K^MP 

K 2 M K2P=-C2N C 2 P, 


(^) 
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tliat IS, in Virtue of (2) 

igjJTa O2P 

Multiplying together (1) and (3) 

O2N 


(3) 


(4) 


Q2K2K2P C^P^ 

If the come is a central conic, then, by Art 76, since BjZj is 
the oblique ordinate conjugate to the diameter Q^P, 


;= ± 


0,P2’ 


Q^K^K^P' 

the positive or negative sign being taken accordmg as the come 
IS an elhpse or hyperbola, d being the absolute length of the senu- 
diameter conjugate to C^P 
Substitutmg mto (4), we have 

R^Ki C2N = ±d^ 

or RiKi = radius of curvature = ±d^/p, 

where p is the perpendicular C^N from the centre of the come 
on the tangent at P The interpretation of the minus sign m 
the case of the hyperbola is that C 2 N is drawn in the sense opposite 
to that shown in Fig 36, and p is to be reckoned negative The 
centres of the circle and come are then on opposite sides of the 
tangent 

If P IS at a vertex of the conic, the circle of curvatiiie has four-hne 
contact with the conic , 0, M, N then comtidc with P, and K^, Q 2 
he on PQi The proof of equation (1) still holds good, further, 
we obtain at once, from the similxi tiiangles R^IvtP, RiKyP, that 
R^Ki KJP—RiKy KiP ^i—C^N (J^P, whidi is identical with 
(3), and leads to the same formula 
The result (4) can also be used to constiuot the t iicic ot curvature 
in the case of the parabola Foi wc may writ* (4) m tbe form 

A 2 P ^Q,P CJ>’ 
smee QiP=2 RiKi, Q^P =2 CP 

If now PQ 2 nieet the cirtl( igiin it F (not shown m Fig 56), 
then, smee the angle PVQi is i light uigh , IIk Ininglis ]‘VQi, 
CiNP are similar, and C^N C \P = P F y 1 P so 1 Ini 

P 2 A 2 " Qzhi 


/>!/ 
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(6) holds good for any conic , if, however, the conic is a parabola, 

Q 2 IS at infinity, and we may write = 1 Thus PV == 

Q2P 

parameter (Art 76) of the chords parallel to the tangent at P 


EXAMPLES Va 

1 Two hyperbolas, and s^, touch one another at A and have parallel 
asymptotes Show that the line joimng their centre passes through A 

If any line through A meets agam at and again at Pgj^prove that 
the tangents at P^, Pg are parallel 

2 The tangents at pomts P, Q of a circle meet at P, and A is any other 
pomt of the circle Prove that AB, and the tangent at A are harmomcally 
conjugate with respect to AP, AQ 

Deduce that, if the tangents at pomts P, Q of a hyperbola meet one of the 
asymptotes at L, My then PQ meets that asymptote at the middle pomt of 
LM 

3 PyQyB are three pomts on a parabola A Ime through P parallel to the 
axis meets QB at L, and a Ime through B parallel to the axis meets PQ at if 
Show that LM is parallel to the tangent at Q 

4 If Z IS any given hne m the plane of a parabola, and a variable diameter 
meets I at L and the curve at Qy and if P is the mid pomt of LQy prove that 
the locus of P IS a parabola 

6 Show that the tnangle formed by three tangents to a come is m plane 
perspective with the tnangle formed by their three pomts of contact 

6 The tangents to a hyperbola at P and Q meet an asymptote at P, S 
respectively If (PP, 8Q)^ U, (SP, BQ)—V, show that IIV zs parallel to 
this asymptote 

7 If a straight hne meet a hyperbola at P and the asymptotes at Qy By 
prove that PQ PP= square of parallel semi diameter 

8 Show that any chord of a rectangular hyperbola subtends equal or 
supplementary angles at the extremities of any diameter 

9 Obtam the following construction for a parabola by tangents given 
four tangents a, h, c, d On (c/6, cd) take any point B Draw through B a 
parallel to a meeting c at P, and a parallel to d meetmg 6 at Q PQ is a 
tangent to the parabola 

10 Show how to construct a parabola by tangents given three tangents 
and the direction of the axis Construct also the vertex and axis 

11 Prove that all circles touching a come at the same pomt 0 have their 
common chords with the conic, not passmg thiough 0, parallel to a fixed 
direction 

12 If the tangent at U meet a j)air of conjugate diameteih at P, P', show 
that PU VP'—CD^ wlioio CD is the semi diametei paiallel to the tangent 
at U 

13 If PP', DD Ik eonjugitt cliuneteis of a h^pcibola in absolute length 
and position and Q any point on the eui ve, show that QP^ + QP' differs from 
QB^ + QD'^ by a constant quantity 

14 The extremities 1 1' of a diameter of a leetangulai hyperbolx are 

joined to a point P on the cui ve vShow that ^IP, 4'P dcscube two oppositely 

9 
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equal pencils Show also that this is not true unless A, A' are extremities of a 

diameter ^ -o xi. i 

15 A A! are fixed pomts on a plane, and a point F m the plane moves 
80 that the bisectors of the angle AJ?A' are paraUel to fixed directions Find 
the locus of P and show how to construct its asymptotes 

16 Fmd the locus of the vertices of the conjugate parallelograms of an 
elhpse 

17 From a pomt P on a hyperbola FB is drawn perpendicular to the 
transverse axis and from a hne is drawn to touch the auxihary circle at 
T Prove that TB Pj?^- ratio of semi transverse to semi conjugate axis 

18 AA* is a diameter of a come, P is a pomt on the tangent at xl, P is the 
pomt of contact of the second tangent from P, FB is the chord through P 
wnjugate to AA' meetmg AA' at B, and TA' meets FB at Q Prove that 
PQ^QB 

19 Show that the six pomts, m which the three esenbed circles of a 
triangle touch the sides of the tnangle when produced, he on a come 

20 What are the characteristic properties of a geometrical figure which 
IS xmaltered by orthogonal projection ? 

ACA't BCB' are a pair of conjugate diameters of an ellipse and P is a 
pomt on the curve , AP, A'P meet BB' at Q and Q' Show that a similar 
and similarly situated elhpse can be drawn through the pomts Q, P, Q ' , 
and that BP, B'F pass tlmough the extremities of its diameter parallel to 
AA' 

21 Prove that two coplanar comes which touch at a pomt P correspond 
m a plane perspective havmg for axis the common tangent ^ at P , and 
show that the two comes have three hne contact at P if, and only if, the pole 
of perspective hes on t 

Show how to find, by a geometneal construction, the direction of the axis 
of the parabola which hs^s three hne contact with a circle c at a given pomt P, 
and also touches a given hne u 

22 Show that the central chord of curvature of a come at P=2 CD^/GP, 
CD bemg the semi diameter conjugate to CP 

23 Show that any pomt of a rectangular hyperbola is a pomt of trisection 
of the mtercept of the normal at the pomt between the centre of curvature 
and the pomt where the normal meets the curve agam 

24 Prove that through any pomt P of a come, three circles of curvature 
of the come pass other than the circle of curvature at P 

[Let PQ, PQ be chords equally mchned to axes, CB the diameter conjugate 
to PQ' meetmg PQ at S P[Q]7\P[Q'] (oppositely equal) , P[Q']7\C[B'\ 
(conjugate) , P[Q]'?\C[B] The three pomts other than P where the come 

locus of S meets the ongmal come have their circles of curvature passing 
through P, for at such pomts Q, B, S comcide and the tangent at G is equally 
mchned to the axes with PQ ] 


EXAMPLES Vb 


[The axes of co ordmates are rectangular, except where otherwise stated ] 

1 Given that the angle between the axes of co ordmates is 75°, draw the 
hyperbola havmg the axes for asymptotes and passmg through the pomt 
(2 Oo) 


Draw the conic through the points (1, 1 5), (4, 0 6), (6 8, 4 3), (6, 2), 
(3 4 4) bj the Pascal Ime method 
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3 Find graphically four additional points on the conic which passes through 
the five points (0, 0), (0, 4), (2, 2), (1 41, 3 41), ( - 1 41, 0 59), and then make a 
rough sketch of the curve 

4 A come passes through the pomts whose co ordinates are (2, 0), (f, 1), 
(4, 2), and touches the hne 4ty=^l{x+ 1) at the pomt (5, 3) Draw the come 

5 Draw the parabola which touches four sides of a regular pentagon 
inscribed m a circle of 2" radius 

6 A hyperbola passes through the pomts (1, 0), (1, 3), (6, 0), (6, 4), and 
has one asymptote parallel to y=2x Construct both asymptotes m position 

7 A hyperbola passes through the pomts (1, 0), (1, 1), (0, ~ 1), and has the 
Ime x+y=0 for an asymptote Draw the tangents at the three given 
pomts, and find one other pomt on each branch of the curve 

8 A hyperbola has the axis of y for one asymptote and touches the 

X y ^ y 

hues ?/= 4, ” + 2 = 1, g + g= - 1 Construct it by tangents 

9 ABG IS an equilateral tnangle of side 4 mches, and D is the middle pomt 
of BG A hyperbola passes tluough A, B and D, and has its asymptotes 
parallel and perpendicular to AG Construct geometrically (i) the centre, 
(u) the asymptotes, (m) the second pomt m which the hyperbola meets the 
hne through B parallel to AD 

10 A parabola touches the hne y=a, at the ongm and its axis is parallel to 
Ox If it passes through the pomt (4, - 3), draw the curve 

11 Construct the vertex and axis of the parabola through the three 
pomts (2, — 1), (3, 2), (6, 4) whose axis is parallel to the hne 14a;+3y=21 

12 A parabola touches the axes of co ordmates and also the hues 2y — a?= 1, 
x-y=2 Construct its axis, the tangent at its vertex, and the pomts of 
contact of the four given tangents 

13 A parabola touches the hne ?/ = 2a; + 2 at the pomt (1,4) and also touches 
the axes of co ordmates Construct (i) the pomts of contact of the co ordmate 
axes, (ii) the tangent at the vertex, (m) the axis of the parabola 

14 A parabola touches the hne a; = 2 / at the ongm, has its axis parallel to 
the axis of x, and passes through the pomt P( - 1, - 4) Construct (i) the 
tangent at P, (n) the second pomt where the axis of y meets the curve, (m) the 
axis of the parabola 

15 Draw the parabola which touches three sides AB BO OD of a regular 
pentagon ABODE of side V' and whose axis is parallel to the hne ]ommg 0 
to the middle pomt of AB Construct its axis and vertex 

16 ABO IS an equilateial triangle of 4 side P is a pomt on AB between 
A and P, distant 1 ' fiom ^1 Q is a pomt on AC between -.4 and (?, distant 
2 5 ' from A 

Construct by tingents the conic which touches AB at P 4C at Q and also 
touches BO 

17 A paiallclogi xni 1 BCD has sides AB~ DC = 1 inch BO— 4 D = 3 mches 
and the angle B AD is 60^ , E is the pomt on BG such that the angle ADE is 
75° An ellipse touches AB DC it A D lespectivel) and passes thiough 
E Construct the tangent at E to this ellipse and the second pomt in which 
the ellipse meets BO 

is \L 1 il/ IS i simple convex cjuadiilitcril such that 1 1 =4 1X=2^' 

AM~l\ , 1 A— 4 '3/ =3 An ellipse litS i and 4' foi the extremities of 
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its major axis and passes thiougli L Construct (i) the tangent at L, (u) the 
second pomt P m which the ellipse is met by LM, (m) the fourth pomt in which 
the elhpse is met by the circle A%P 

19 Draw two straight lines OX, 07 mchned at 60° , on OX mark OA^ 
AB=2\ and on 07 mark 0G=CD=DjE=:V A come is drawn to touch 
OX, 07, AE, BD , and G is the pomt of contact of 07 Pmd the points of 
contact of OX, AE and BD 

20 A hyperbola has the pomts (±2, 0) for the extremities of its transverse 
axis and passes through the pomt (6, 7) Construct its asymptotes geo 
metncally and find the absolute length of its conjugate axis 
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FOEMS OF THE SECOND OEDEE AND SELF- 
COEEESPONDING ELEMENTS 

85 Projective ranges and pencils of the second order The 

points of a conic, like the points of a straight hne, may be spoken 
of as forming a range, but such a range is said to be of the second 
order, the Imear range being considered of the first order 

Similarly the tangents to a come are said to form a pencil of the 
second order 

These are termed forms of the second order, and the conic to 
which they belong is called their base 

Eanges and pencils of the second order wiU be denoted by 
wntmg 2 as an mdex outside the bracket fuclo'sjng the typical 
element thus [P]^, 

Now a range of the second order [PJ^ determines, at an arbitrary 
pomt A of its come base, a flat pencil ^[PJ If we vary the position 
of A on the come, all the pencils A\P{\ are projective with one 
another by Art 37 

Similarly another range of the second order determines, at 
an arbitrary pomt B of its own base, a flat pencil P[P 2 ], and the 
various pencils B\P^, obtained by varymg B, are projective with 
one another 

If now any one pencil ^[Pi] is projective with any one pencil 
B\P^, then this is true of all such pencils, independently of the 
choice of A and B on the comes, provided the points P^, P 2 remam 
unaltered The condition m question is therefore one which 
mvolves only the relation between the ranges [PJ^, [P 2 ]^ them- 
selves, and, when it is satisfied, these ranges are said to be pro- 
jective It will be shown in Art 166 that they can actually be 
projected into one another 

Thus two ranges of the second order are projective if the pencils 
which they determine at any points of their respective bases are 
projective 

Similarly two pencils of the second order are said to be pro- 
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]€ctive if the ranges wkcli they determine on any tangents to their 
respective bases are projective 

From the known properties of projective pencils and ranges of 
the first order given in Chapter II it follows that two corresponding 
triads entirely determme the relation between two projective forms 
of the second order Also if we define the cross-ratio of four points 
on a come as the cross-ratio of the pencil which they determme at 
any point of the conic and the cross-ratio of four tangents to a come 
as the cross-ratio of the range which they determme on any tangent 
to the come, then projective forms of the second order are equi- 
anharmonic and conversely 

Agam, as m Chapter II, two cobasal forms of the second order 
cannot have more than two self-correspondmg elements without 
bemg entirely comcident 

Smee four elements of a range or pencil of the second order 
have a cross-ratio, they may form a harmomc set, when this cross- 
ratio IS equal to -1 The condition that two such elements shall 
be harmomcally conjugate with respect to another two is easily 
obtamed 

Thus, let A, 5, C, D be four pomts on a come , let AT be the 
tangent at A meetmg BD at T, and jom AB, AC, AD If 0 be 
any pomt on the come, then {A, C) are harmomcally conjugate 
with respect to (5, D) if 0{AB0D} = - 1 If we make 0 comcide 
with A, the above condition becomes A{TBOD} = - 1 If AC meet 
BD at B, then, cuttmg the pencil A (T^OD) by BD, we have {TBED} 
- 1, or F IS a pomt on the polar of T But the pomt of contact A 
of a tangent from T is also on the polar of T Thus the polax of T 
IS AE, that is, AG Hence the pole of AC lies on BD, and the joins 
of harmome conjugates are conjugate hnes for the conic 

Conversely, if ^40 is conjugate to BD, let the tangent at A meet 
BD at T The pole of AC hes on the tangent at A, and also (by 
the property of conjugate hnes) on BD Hence it must be T, 
and if AC meet BD at E, (T, E) are harmomcally conjugate with 
respect to [B, D), and A{TBED]== -1, that is, A{TBCD}^ -1 
But this last IS the cross-ratio of the four pomts A, B, C, D on the 

come, so that [A, C) are harmonically conjugate to {B, D) on the 
come 

In a similar manner, usmg the principle of duality, we can 
show that the necessary and sufficient condition for two tangents 
(a, c) to be harmomcally conjugate to two other tangents (b, d) 
m the pencil of the second order formed by the tangents to a conic. 
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IS that ao and hd are conjugate points mth respect to the conic 

Thus pairs of tangents from conjugate points are harmonies 
conjugate with respect to one another 

86 Cross-axis and cross-centre of cohasal projective forms 
of second order Let P, P' (Fig 37) be two corresponding 
points of two projective ranges [Pp, [P']® lying on the same come s 
Let A, A’ be any given correqionding pomts of these ranges 
Project the range [P']^ from A as vertex, [P]2 from A' as vertex 
The pencils ^[P'] and ^'[P] are projective and they have a self- 
correspondmg ray A' A Hence they are perspective and rays AP', 
A'P meet at H on a fixed axis x 



Fig 37 


This axis X IS independent of the choice of the pomts A, A' 
For let B, B' be any other pair of corresponding pomts Then 
by the previous result AB' , A'B meet at 7 on ai Now consider 
the Pascal hexagon AB'PA'BP' We have {A'B, AB') {AF, A'P) 
(PB', P'B) are collmear x is therefore the Pascal Ime and PB', 
P'B meet at F on a: The same hue x is therefore reached if we 
start from A and A', or if we start from B and B' 

There is thus a fixed Ime x on which meet the cross-joms AB', 
A'B of any two correspondmg pairs This we shall call, as m the 
case of linear ranges, the crosS-axiS 

By reciprocation, or by proceedmg m a manner similar to the 
above and using Brianchon’s Theorem, we reach the result that two 
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projective pencils of tangents to the same come have a cross- 
centre, through which pass the joms of cross-meets {ah\ a'b) of two 
correspondmg pairs 

Examples 

1 Directly equal ranges on a circle may be defined as ranges m which two 
directly equal pencils whose vertices are on the circle meet the circle Show 
tiiat the cross axis of two such ranges is at infinity 

2 Oppositely equal ranges on a circle may be defined as ranges m which 
two oppositely equal penefis whose vertices are on the circle meet the circle 
Show that the cross axis of two such ranges passes through the centre 

87 Self-corresponding elements of cobasal projective 
forms of second order As mentioned already m Art 86, two 
cobasal projective forms of the second order cannot have more 
than two self-correspondmg elements , for if they have three, say 
A, JS, C and if P, P' he any other pair of correspondmg elements, 
{ABOP} ^{ABCP'} and as m Art 25 P' =P 

These self-correspondmg elements may be constructed as follows 
If the cross-axis of two projective ranges of the second order 
[P]^, [P']2 lymg on the same come s meet s at pomts /S, T (Pig 37) 
the pomts S, T are self-correspondmg pomts of the ranges [P]^, 

Por hy the property of the cross-axis AT, A^T meet s again at a 
pair of correspondmg pomts But they both meet s again at T 
Hence a pair of correspondmg points comcide at T, or T is self- 
correspondmg Similarly 8 is self-correspondmg 

If the cross-axis x is itself a tangent to $, the self-correspondmg 
pomts 8, T comcide If x do not meet the conic at real points, 
there are no real self-correspondmg pomts 

Eeciprocatmg, we have the theorem the self-corresponding 
Imes of two projective pencils of the second order belongmg to the 
same conic are the tangents from the cross-centre There are 
two real self-correspondmg Imes if the cross-centre is outside the 
come these coincide if the cross-centre is on the conic If the 
cross-centre be inside the come there are no real self-corresponding 
hnes 

88 Two corresponding elements of two cobasal projective 
forms determine with the self-corresponding elements a constant 
cross-ratio It will be sufficient to prove this for two projective 
ranges on the same come, smee all other cases can clearly be made 
to depend upon this Now from Pig 37, if AF, AT be two chords 
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meeting on ST, then A\ P' are correspondmg pomts of the ranges 
determmed by the triads S,T, A , S, T, P Hence, on this conic, 
the cross-ratio of the four pomts STAA' is equal to the cross-ratio 
of the four pomts STPP', which proves the theorem 

89 Construction of self-corresponding pomts The results 
of Art 87 provide us with a construction for determinmg the self- 
correspondmg elements of two cobasal projective forms of the first 
order 

Thus let there be two projective pencils havmg a common vertex 
0 let aihiCi , be two correspondmg triads 

Describe any come (m practice a circle will be a convement come 
to use) passmg through 0, and meetmg ai, hi, Ci, a^, h^, at Ai, 
Bi, Cl, A 2 , C 2 respectively Construct the cross-axis of the 
ranges of the second order on this come defined by AiBiCi, A^B^O^ 
This cross-axis is obtamed from any two pairs of cross-joins {AiB^, 
AJSi) and {AiC^, A^Ci) 

The pomts S, T where this cross-axis meets the come are self- 
correspondmg pomts of the ranges of second order The rays 08, 
OT are then self-oorrespondmg rays of the given pencils of first order, 
smee correspondmg rays of these pencils pass through correspondmg 
pomts of the ranges of second order 

On the other hand let there be two projective ranges on the same 
straight Ime u, defined by correspondmg triads AiBiCi, A^B^O^ 

Describe any come (here agam m practice a circle) touchmg u 
From Ai, Bi, Cj, A 2 , B 2 , draw tangents ai, hi, Ci, h<i, to 
this conic Construct the meet of the joms a^i) and {aic^, 
a 2 Ci) This is the cross-centre The two tangents from the cross- 
centre meet u at the self-correspondmg pomts of the given ranges 

Otherwise thus the two ranges may be projected from any 
vertex and the self-correspondmg rays of the concentric projective 
pencils so formed may be found by the construction given at the 
beginnmg of this article They meet u at the self-correspondmg 
pomts of the ranges 

90 Intersections of a straight line with a conic given by 
five points Let 0, O', A, B,C be the live pomts on the conic, u any 
straight Ime 

The conic is the product of the two projective pencils defined by 
0{ABC), 0'(ABC) 

If OA, OB, 00 meet ii at Ai, Bi, Ci and O' A, O'B, O'C meet u 
at A 2 B 2 C 2 , the pencils 0(AB0), 0'(ABC) determine upon two 
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projective ranges of whict AiBiGi, are corresponding 

triads 

Find the seK-corresponding points of these ranges on u by 
either of the methods given m the last article Let these be 
S, T Then 08, O' 8 are corresponding rays of the pencils OlABG) 
0'[ABG) 

Therefore 8 is & point on the conic 

Similarly T is a pomt on the come 

Hence 8, T are the mtersections of u with the conic 

91 Directions of asymptotes of a come given by five points 

K m the construction of the preceding Article the hne u be the hne 
at infimty AiB-fii, AJB^G^ are at mfimty Let now P be any 
pomt of the come, and let OP, O'P meet at Pg*® respectively 
Smee 0[P]/vO'[P], therefore [Pi«']7r[P2«>] The pomts S°°, T°°, 
m which the come meets m®, are then the self-correspon ding pomts 
of the projective ranges [Pj®], [Pa®] Hence 08’^, OT«> are the self- 
correspondmg rays of the projective pencils 0[Pi®], 0 [P 2 ®], 
that 18 , 0[P], [p'j, where f' is the hne through 0 parallel to OP 
Now OA, OB, OG of the pencil 0[P] correspond respectively to 
OAa®, OPj", OCa® of the pencil [p'] Fmd by the method of 
Art 89 the self-correspondmg rays of the projective pencils through 
0 defined by these triads , these self correspondmg rays pass through 
S®, T®, and therefore give the directions of the asymptotes The 
asymptotes are then constructed m position by the method of 


T struclion of the parabolas through four given points 

Let 0, O', A, B be the four given pomts (Fig 38) Through 0 

J parallels through 

0 to 0 A, O'B St As, B 2 

Then dP IS any pomt on the parabola and Pj, Pa are the pomts 
^ere OP and the paraUel through 0 to O'P meet the circle, [PJ^ 
IP 2 ]- are two projective ranges on the circle whose self-corresponding 
pomts are the pomts correspondmg to the pomts at infinity on the 
curve, smee when P is at infimty OP, O'P are parallel 

beeaiiS"+r®i I’”*'*® coincident 

^ curve Hence the self- 

SrZTa^frT 1*^' coincident and 

Vie cross-axis touclies the circle (Art 87) 

wh^relp^mir^i^R^^ cross-axis, namely the point U 

1 2 meets ^a^i The cross axis is therefore either of the 
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two tangents from V to tlie curcle The ]om of 0 and the point of 
contact of the cross-axis with the cn-cle gives the direction of the 
point at infinity on the parabola, or the direction of the axis 
Having the direction of the axis and four pomts on the curve we 
may construct the parabola by the method of Art 71, or more 
(firectly as follows Take any point Q on the cross-a^ Jom 
QBz meeting the circle at Pj, QBy meetmg the circle at Pg The 
parallel through O' to OPg meets OP^ at a pomt P on the parabola 
Smce two tangents can be drawn to a circle from JJ, the problem 
IS m general capable of two solutions These solutions are com- 
cident if 17 be on the circle In this case either Aj and B^ (or and 


O' 



B 2 ) coincide, that is, throe of the given points are collinear and the 
conic then deguieiatcs into two parallel straight Imes, which is a 
special case of a p ir ibola , or else and A 2 (or Pj and B 2 ) comcide 
A (or B) IS then at infinity, so that three pomts and the direction of 
the axis are given and the parabola can be drawn by Pascal’s 
Theorem If U be within the circle theie are no real solutions to the 
problem 

93 Rectangular hyperbola through four pomts Case of 
failure The same piincipk will enable us to construct the 
rectangular hypirboh through four given points 0, O', A, B 
Draw a circle thioiigh 0 ind find the points Ai, B^, Ag, B 2 and the 
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point U on the cross-axis by the same construction as before Now 
smce m the rectangular hyperbola the asymptotes are to be at 
right angles the self-corresponding rays of the pencils 0[Pi], 0 [P 2 ] 
are at right angles, that is, they meet the circle at the extremities 
of a diameter , or the cross-axis of [PJ^, [Pg]^ is a diameter 
Hence ]om ?7 to the centre of the circle, and we have the cross-axis 
required The joins of 0 to its mtersections with the circle give 
the directions of the asymptotes Havmg these and four pomts on 
the curve we can construct the curve by Art 68 or directly from the 
present construction as explamed m the last article 
If TJ be at the centre of the circle, any diameter may be taken as 
the cross-axis and an mfimte number of rectangular hyperbolas 
may be drawn through the four pomts In this case A^Bi, AiB^ 
bemg diameters, OA, OB are perpendicular to OP 25 0^2? "that is, to 
O'jB, O'A, or 0 is the orthocentre of the triangle O'AB It is 
easy to prove that when this is so any one of the four given pomts 
IS the orthocentre of the triangle formed by the other three 

94 Tangents from any point to a come given by five tangents 

Let a, 6, c be five tangents to a come 
Let Ay By C be the pomts where t meets a, 6, c, 

A'yB'yO' yy yy yy f yy 6, C 

Let 0 be any pomt m the plane 

If p be any tangent to the come meetmg t P and t' at P', 
the ranges [P], [P'] are projective hence the pencils 0[P], 0[P'] 
are projective 

If p passes through 0, OP and OP' are comcident 
Therefore the tangents to the come through 0 are the self- 
correspondmg rays of the pencils 0[P], 0[P'] 

Determine these seK-correspondmg rays from the triads 0{ABC), 
0{A'B'C') by the method of Art 89 , then these give the tangents 
required 


EXAMPLES VIA. 

1 A conic passes through, five pomts 0, O', A, P, C Show how to construct 
graphically its mtersections with any circle through 0, 0' without drawing the 
come Prove that the common chord not passmg through 00' is always 
real even when the circle does not meet the come agam m real pomts 

2 A come IS given by five pomts Without drawmg the curve find a test 
to determme whether it is an ellipse, hyperbola or parabola 

3 Prove that two comes can be drawn through four given pomts such 
that their as 5 rmptotes make an angle a with one another and show how to 
construct them 

rin the construction of Art Q9 tliP pmQC! {jYia Tr» Q-1- + r\-ff o /^/-\na+Qnf 
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arc from the circle through 0 and therefore touches a circle concentnc with this 
circle ] 

4 Investigate the nature of the simple quadrilateral formed by four 
pomts if it IS impossible to draw a real parabola through them 

5 The hnes joining a variable pomt P of a given come L to two fixed 

pomts A and JB meet k again at Q, R respectively Prove that if ^ 

any two positions of the hne QR, then QiR^i meet at a pomt of the hne 
AB, and show that [Q]®7r[P]2 

6 In Ex 5 prove that QR passes always through a third fixed pomt G 
if, and only if, the triangle ABC is self polar for I 

7 Given five pomts on a come draw the tangents to it from any pomt m the 
plane 

[Fmd where two rays through the pomt cut the come Hence construct 
the polar ] 

8 Given five tangents to a come, find its mtersections with any given 
straight hne m its pkne 

9 A-^B-i, AJB^ are two correspondmg pairs of pomts of two coUmear 
projective ranges Given that the self correspondmg pomts of the two ranges 
are comcident, find the possible positions of the pomt at which they comcide 

10 Prove that the projective relation which transforms three real pomts 
Af P, (7 of a hne Z mto B, G, A respectively, associates the pomts of Z m 
triads P, Q, R permuted cychcally by the projective relation , and that the 
projective ranges so defined have no real self correspondmg pomt 

If U, V are fixed pomts coplanar with Z and the projective pencils defined 
by U{ABC) and V{BCA) have the come I for then pr^uct, prove that rays 
U{PQR) [or ^(PQP)] meet h agam at pomts P'Q'R' such that P'Q'R' corre 
spend to Q'R'P' respectively m two projective ranges on I, havmg Z for 
then cross axis 

11 Two comes have three pomt contact at 0 A ray through 0 meets the 
comes agam at Pj, P^ and the tangents at P^, Pg meet the tangent at O 
at Qi, ^2 Show that the ranges [QJ are projective, and have no self 
correspondmg pomt other than 0 

EXAIVIPLES YIb 

[The axes ot to oidmatcs are rectangular, except where othei\v3se stated ] 

1 A, B, Gf D a>ie four pomts on a straight Ime at umt distance apart 
in order ABC, DC A define two projective ranges Construct the self 
correspondmg pomts of these ranges 

2 Draw an mdefimtely long hne Ox, and on it take A, B C such that 
AB=3, BC=2 Take also on Ox three pomts 4', B' C' such that CC'=6 
OP' =10, CA =12 It IS required to find the position of a pomt F on Ox 
such that the cioss latios {4POP} and {A'P'O'P} shall be the same ^ erif\ 
j'Our construction by algebiaic calLulatioii 

3 0, O' aie two points 4" apait tliiougli 0 \k diawn tliite la^ & 04 OB 

OC making with 00' angles of 90*^, 30° (countei clockwise) and thiougb 

0' are diawn thice ia}b 0-4, OP, 0 0 making with 0 O angles of 30 , lo" 
75° (clockwise) 

Without drawing the cuive constiuct the asymptotes of the locus of inter 
sections of corresponding rays of the projective pencils defined by the tiiadb 
0( 4P0), 0'{ABC) 
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4 Pmd the directions of the axes of the parabolas which can be drawn 
through the four points whose co ordinates are 

(-05, -15), (4,0),(--09, -04), (7 5, -15) 

5 Construct the rectangular hyperbola through the four points (0, 0), 
(0,2), (1, 0), (1, 3) 

6 The angle between the axes of a?, y being 45° a conic touches the lines 

2 a;+ 2 /= 2 , 3a;+ 102 /= 30, Without drawing the curve, 

construct the two tangents to it firom the point (4, — 3) 

7 The following points ar^ given 0(0, 0), 0'(3, 0), ^(-1, 4), 5(2, 2), 

0(6, 5) 0{ABC), 0'{ABC) define two projective pencils Construct the 

rays of the first pencil which are parallel to the corresponding rays of the second 
pencil 

S M,N are the middle points of the sides AB, AD of a square ABGD, of side 
2 mches Construct the two pomts m which the diagonal BD is met by the 
come which touches AB, AD at if, N respectively, and passes through G 

9 A hyperbola passes through the pomts (0, 0), (4, 0), (4, 8), (3, 3), ( - 1, - 5) 
Construct its asymptotes, the tangent at (0, 0), and the vertices 
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INVOLUTION 

95 Involution Let P, P' be two distinct corresponding 
elements (denoted by italic capitals, but here not restricted to mean 
pomts) of two cobasal projective forms (f>, <j> 

Then m general if P be considered as an element of <f> the element 
of ^ wbict then corresponds to P is not P', but some other point 
It may, however, happen that P' corresponds to P, whether 
P be considered as belongmg to <f> or as belongmg to <f>' P and 
P' are then said to correspond doubly 
In this case every other pair of corresponding elements Q, Q' 
also correspond doubly For smce by Art 21 a cross-ratio is not 
altered if we mterchange two of its elements, provided the other 
two be also mterchanged, 

{PP'QQ'}^{P'PQ'Q} 

But by hypothesis PP'Q, P'PQ' are correspondmg triads of 
respectively Hence the above equation expresses the fact 
that to Q' of </> corresponds Q oi<j>^ oi Q, Q' correspond doubly 
Two cobasal projectn e forms, m vhich every element corresponds 
doubly, are said to be m involution, or to form an mvolution on 
their base The correspondmg elements are spoken of as mates m 
the mvolution 


Exa]viples 

1 Show that any line through the cross centre of two projective pencils 
meets the two pencils in an involution , find the mate of the cross centre m 
this mvolution 

2 Show that if 0 is any point on the cross axis of two piojective ranges 
[Pj] [Pgl the pencilfc. 0[Pi] 0[P ] foim an olution and find the mate of 
the cross axis m this involution 

3 If (P P ) aie inatefe in an involution lange on a stiaight line show that 
if 0 IS a point outside the line OP, OP' aie mates in an m\ olution pencil 

4 If mates in an involution pencil \eite\ 0 meet a come through 0 in 
points P P' and 2^ the tangents to the conic at P P' show that 
(P P ) arc mates in an involution range on the conic, and (p ) arc mate^ 
in an involution pencil of the second oider 

1 
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5 Prove that an involution projects into an mvolntion 

6 Prom the result of Ex 1 above prove that the three pairs of opposite 
sides of a complete quadrangle meet any straight hne in three pairs of mates 
of an mvolution 

7 Prom the result of Ex 2 above prove that the Imes joining a given 
pomt to the three pairs of opposite vertices of a complete quadrilateral 
form three pairs of mates of an mvolution pencil 

8 If two rays through a fixed pomt 0 are equally mclmed to a fixed direc 
tion, show that they are mates m an mvolution pencil 

9 If {A, A% {B, B% {0, G') be three pans of mates of an mvolution, and 
A, A' are harmonically conjugate with regard to B and (7, prove that they 
are also harmomcally conjugate with reganl to B' and O' 


96 Two pairs of mates determine an involution Let 

(P, P'), (Q, Q') be tbe two pairs of mates Tben the triads PP'Q, 
P'PQ' define two projective forms which are m mvolution smce 
one pair of elements, namely P, P', correspond doubly The 
involution is therefore determined 
Note that one pair of mates is msuflficient , for two pairs of 
correspondmg pomts (P, P'), (F, P) are not enough to determme 
two projective forms 

97 Double elements Smce two cobasal projective forms have 
two self-correspondmg elements, an mvolution will have two seK- 
correspondmg elements, each of which is its own mate These may 
or may not be real 

They are called the double elements of the involution Smce 
a double element is eqmvalent to a parr of mates, an mvolution is 
entirely given by its double elements 
There cannot be more than two double elements, smce projective 
forms with three self-corresponding elements are identical 
An mvolution with real double elements is said to be hyperbolic 
one which has no real double elements is said to be elliptic ’ 

98 Any pair of mates are harmonically conjugate with 
regard to the double elements Por let (P, P') be a pair of 
mates, A, B the double elements Then the elements APBP' 
correspond to AP'BP or 


{APBP'}={AP'BP} 

The set APBP' are therefore equi-anharmomc with themselves, 
^ and F bemg mterehanged therefore (Art 27) P ‘incl P' aie 
liarmomcally conjugate with regard %o A, B 

In the above the double elements have been assumed to be distinct 
That this must necessarily be the case can be proved as follows 
Let A be a double element of an mvolution, P and P' any non- 
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coincident pair of mates (whicli must exist if there is to be an 
mvointion at all) Then the triads A, P, P' and A, P\ P determine 
the pro]ective relation between the mates Let now B be the pomt 
harmomcally conjugate to A with respect to P, P' Then smce, 
by hypothesis, A, P and P' are all distmct, B must be distmct 
from -4 

But we have, smce {APBP'}={AP'BP} by Art 27, that B 
corresponds to itself m the above projective relation, so that it is a 
double element of the mvolution, distmct from A 

It should be noticed that, m the case where cobasal projective 
forms are Thot m mvolution, the i dirg pomts can 

comcide without mvolvmg the disappearance of the general relation 
between corresponding elements 

99 Involution on a straight line Centre of mvolution 

Consider now the case of an mvolution on a straight hne Let 0 
be the mate of the pomt 0'^ at infimty on the straight hne 0 is 
called the centre of involution If (P, P'), Q') be two pairs of 

mates, we have 

{0P0'<^Q}^{0'^PVQ'}, 

OPO'^Q O'^P'OQ' OP OQ' 

“ OQ O'^P ~ O'^Q' OP' ’ OQ~OP'" 
therefore OP OP' —OQ OQ' = constant for the mvolution 

If Q, Q' comcide with one of the double pomts A, B we have 
OPOP'^OA^=OB^ 

In a hyperbohc mvolution A, B are real, thus OA^, OB^ are positive 
and OP OP' is positive Conversely, if OP OP' is positive. A, B 
are real In an elhptic mvolution, however, OP OP' is negative and 
conversely 

Smce OA^==OB^, 0 is midway between the double pomts 

An important particular case arises when the pomt at infimty 
IS a double pomt In this case 0, the centre of m\ olution, is itself 
at infimty If A is the other double pomt, then, by Art 98, P and 
P' are harmonically conjugate with respect to A, 0^, so that A is 
the middle pomt ot PP' 

EwiklPLEb 

1 Show that, it a. be the di&tdiiceb of t\^ o matt b in in in\ olution on a 
straight line from a fixed oiigin in the hne, then 

4a i + + 

-.4, J5, 0 bemg constantb 

2 Pio\e that conjugate pomts \Mth legaid to a tiicle on a diametei foim 
an involution whose centre is the centre of the circle 
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100 Relation between the mutual distances of six points in 
mvolution Let (Ai, A2), (JSi, (Oi, C2) be three pairs of 
mates of an mvolution 

Then 

or, wTitmg out the cross-ratios, 

A1A2 BiOi A2A1 B2C2 
•^1^1 ^1^2 -^2^2 -® 2 -^l 

Cancelling out AiA2{ = -A2A1) and re-arrangmg, we have 

jBiCi C2A2 A1B2 = —B2C2 C^l-^l •^ 2 -®! 

Now smce mates m an involution have sjuninetncal properties, 
we may, m this result, interchange the suffixes 1 and 2 belongmg 
to any letter A, B or ( 7 , and the result is still true It may therefore 
he stated generally in the following form, 

{BG OA AB \2 = ~ (50 CA AB )2 1 

where (BO OA AB)i 2 mdicates any distribution of suffixes such 
that a 1 and a 2 go to each letter, and (BO CA AB)2 1 the same 
distribution with suffixes mterchanged 

101 Involution flat pencil In an mvolution pencil there is 
no special ray correspondmg to the centre of an mvolution range, 
j; „ „ or.oinnmp of the pomt at infinity 

If OA) OB are the 
double rays, (OP, OP') a 
pair of mates, then cuttmg 
the pencil by a straight 
Ime parallel to OP', which 
meets the double rays at 
A and B (Fig 39 ), AB is 
bisected at P by OP, smce 
OP, OP' are harmomc 
conjugates with regard to 
OA, OB and therefore P 
and the pomt at infini ty 
on OP' are harmonic 
. P ^ conjugates with regard to 

a ilence if the parallelogram whose sides are OA, OB be 
completed, its diagonals are parallel to a pair of mates 
If the double rays are at right angles, every such paraUelogram 
T+, M the .ides of 
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the lecTuiigle therefore if the double rays are at right angles, they 
bisect the angles between any pair of mates 

102 Relation between six rays of an involution Pro- 
ceedmg as m Art 100 , we have, if {OAi, OA2), {OBi, OB^), {OCi, 
OC2) are three pairs of mates of an mvolution pencil, 

and, usmg the expression for the cross-ratio of a pencil m terms of 
the angles made by the rays (Art 22 ), 

sm A1OA2 sm BiOOi sm A2OA1 sm B2OC2 
sm AiOCi sm B1OA2 ~ sm A2OC2 sm B2OA1 

whence 

sm BiOCi sm O2OA2 sm A1OB2 

= - sm B2OC2 sm CiOAi sm A2OB1, 
and ' ( .‘ • jf suffixes as m Art 100 we have the general result 

(sm BOO sm COA sm A 0 B)i 2 

= - (sm BOO sm COA sm A 0 B) 2 1 

where the suffixes 1 , 2 on the left-hand side indicate that a 1 and a 2 
are to be assigned to each of the three letters A, B, ( 7 , the order 
bemg arbitrary 

103 Involution of points on a come We ha^e already 
considered (Art 85 ) projec- 
tive ranges on a come Like 
other projective forms, these 
will form an mvolution if 
any one pair of corresponding 
elements correspond doubly 

Let(P,P'),(e, QO (Fig 40 ) 

be two pairs of mates m an 
mvolution of pomts on a 
come s Then m the projec- 
tive ranges of the second 
order vhich define the mvolu- 
tion, we have P, P', Q, Q' 
correspondmg to P', P, Q', Q 
respectively 

Now tvo such projective 
ranges of the second ordei 
have a cross-axis This we 
obtain from the meets of cross-joins (PQ', P'Q) =A , (PQ, P'Q')=B 
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Then, by Art 86, AB is the cross-axis and is a fixed line, 
independent of the choice of P , P', Q, Q' 

Let now PF, QQ' meet at C By Art 48, C is tLe pole of AB 
with regard to s, and is therefore a fixed point We thus obtain 
the following theorem 

The ]oms of mates m an mvolution of pomts on a come pass 
through a fixed pomt 0, which is called the centre of the involution 
on the come The line AB, which is the polar of the centre of the 
mvolution, and is also the cross-axis of the projective ranges of 
the second order which lead to the involution, is called the axis of 
the mvolution 

Clearly P and P' comcide at the point of contact of a tangent from 
G to the come This pomt of contact hes on the polar of C, that is, 
on the axis of mvolution Hence the double pomts of the mvolution 
are the pomts where the axis of mvolution meets the come There 
are clearly no real double pomts if C is inside the come 

Conversely, if through a fixed pomt C, we draw hues CPP' to 
meet a come $ at P, P', then PP' are mates m an mvolution on the 
come For, let AA\ BB' be two chords of the come through C , 
the pairs of mates {A, A'), {B, P') define an mvolution on the come 
If (P, P') be any other pair of mates m this mvolution, PP' passes 
through the mvolution centre But this is determmed by the two 
joins AA\ BB' and so must be identical with 0 Hence PP' 
passes through G, that is, rays through 0 meet the come m pairs of 
mates of this mvolution 


Examples 

1 Three chords of a circle are concurient If 0 be 

the centre of the circle, prove the relation 

sin IB^OG^ sin IC^OA^ sm lA^OB^^ - sin IB^OG^ sm IG^OA^ sm i ^^OB^ 
and similar relations 

2 If {A, B) be the double elements of an mvolution in which (P, P') 
{Qf Q') are pairs of mates, prove that (A, B) are mates m the involutions 
determmed by the mates (P, Q% (P , Q) or (P, Q\ (P', Q') 

3 A, B are two fixed pomts on a come, P a variable point Prove that 
the condition that JL[P] P[P] deterimne an involution on any line x is that 
4P and x are conjugate with regard to the conic 

4 Prove that the locus of the middle pomts of the choids of a parabola 
joining mates m an involution on the paiabola is another parabola which 
passes through the double pomts of the mvolution 

5 If be a fixed pomt on the cross axis x of two projective ranges [Pi]^> 
[Pa] on the same come I, and O^Pj meet h agam at P, prove that PPg passes 
ah^ ays through a fixed pomt 0^ of x 
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Show further that, if Oj, 0^ he conjugate with respect to I, the ranges 
[Pi]% ^ involution 

6 0 IS a point on a conic, OP, OQ axe two lines equally inchned to the 
tangent at 0, meeting the come agam at P, Q Show that PQ passes through 
a fixed pomt on the tangent at 0 

104 Involution of tangents to a conic By ^ . the 

theorems of Art 103 we obtam the results mates m an mvolution 
of tangents to a come meet on a fixed hne, which we call the 
mvolution axis Also joins of cross-meets (jpq, p'q'), {jpq\ p'q) 
pass through a fixed pomt, which we call the mvolution centre 
In this, as m other theorems on reciprocation, the reader will find 
it a useful exercise to construct the proof of the reciprocal theorem 
from that of the given theorem, by reciprocatmg each step 

The double tangents of the mvolution are clearly the tangents 
at the pomts where the mvolution axis meets the come Also, 
as m the case of the range, the centre and axis of mvolution are pole 
and polar with regard to the come 

From two pairs of mates {pp')y [qq') the centre and axis of mvolu- 
tion are at once constructed and either of these will give the double 
tangents 

'FIxampt.tir 

\ A, B are fixed pomts on a fixed tangent a to a come s P, P' are 
harmomcally conjugate with regard to A, 5 If p, p' be the tangents from 
P, P' to a, show that pp' hes on a fixed straight hne 

2 P IS a pomt on a fixed straight hne u, which meets a come a at 4, P 
The tangents from P to a meet the tangent i to a parallel to the tangent at A oi 
B at Pi, P 2 If C be any fixed pomt on t, prove that 
CPi 4- CP^= constant 

105 Construction of double elements of an involution 

The property of the centre and axis of an mvolution of pomts 
on a conic (Art 103) provides a simple construction for the double 
elements of an m\olution range on a straight Ime, or of an mvolution 
flat pencil, when two pairs of mates are given 

Let (P, P") (Q, Q') be two pairs of mates m an involution on a 
straight Ime x Join the pairs of mates m this m\ olution to a fixed 
pomt 0 outside x , we obtam an m\ olution flat pencil in which 
(OP, OP') {OQ, OQ) are pairs of mates, the double pomts A, B 
of the given mvolution correspondmg to the double rays OA, OB 
of the mvolution pencil 

Describe any conic A, which is convemently taken to be a circle, 
through 0 Then the mvolution flat pencil with vertex 0 determmes 
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an involution range on k If OP, OP', OQ, OQ' meet h agam at 
Pi, Pi', 6i, Qi respectively, then (Pj, P/) (Qi, ^i') are pairs of 
mates m the mvolution on k, and the double pomts Ai, £i of this 
last mvolution are the pomts where OA, OB meet k agam 
Construct the axis of the mvolution on k, by ]ommg PiQ^, 
P^'Qi' meeting at X, and PiQi, Pi'Qi meetmg at 7 Jom Z7, 
then, by Art 103, ZF is the axis required, and meets k at Ai, 
These bemg known, OAi and OBy meet x at the double pomts 
A, Bol the given mvolution 

If, instead of bemg given an mvolution range on a straight bne, 
we are given an mvolution flat pencil with vertex 0, and two pairs 
of mates (p, f'), (q, q') of this pencil, all we have to do is to use 
the latter part of the previous construction. Pi, P/, Qi, 
bemg the pomts at which f, p', q, q' meet any come k passmg 
through 0 Then OAy, OBi give the double rays of the mvolution 
flat pencil 

106 An mvolution is elliptic or hyperbolic according as a 
pair of mates are, or are not, separated by any other pair of 
luft tfis Consider first an mvolution on a circle k, m which (Pi, Pi') 
(Qi, Qi') (Fig 41) are pairs of mates 
If Qi and Qi he on opposite arcs bounded by Pi, Pi' (Fig 41 (a)), 
they are separated on the circle by Pi, Pi', and conversely, Pi, Pi' 
are separated by ^i, Qi In this case PiPi', QiQi meet at a pomt 
C inside the circle But 0 is the centre of the mvolution, and the 
double pomts are the pomts of contact of tangents from C Smee C 
is mside the circle, no real tangents can be drawn from 0 to the 
circle, and the mvolution on the circle has no real double pomts and 
is eUiptic 

If, on the other hand, Qi and Qi he on the same arc bounded 
by Pi, P\ (Fig 41 (6)), PiPi' and QiQi meet outside the circle 
Eeal tangents can be drawn from G to the circle and them pomts of 
contact give real double pomts, so that the mvolution is hyperbohe 
Similarly a pam of pomts Q, Q' of a straight line x are said 
to be separated by the pam P, P' (Pig 41 (a)), if one of Q, Q' lie in 
the fimte segment PP' and the other outside this segment In this 
case the pam P, P' are also separated by Q, Q' 

If 0 be any pomt not lymg on x, the lines OQ, OQ' are separated 
by the Imes OP , OP' if, and only if, the pomts Q, Q' are separated 
byP,P' 

Further, if a cmcle k through 0 be met agam by OP, OP', OQ, OQ' 
at Pj, Pi, Qi, Qi respectively, then, on the circle, Pj, Pj' are 
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separated by Qi, Qi if, and only if, in tbe pencil tbrough 0, the 
lines OP, OP' are separated by OQ, OQ' 

The involution determined on the original Ime by the pairs 
(P, P') and (Q, Q') is projected from 0 by the mvolution pencil m 
which OP, OP' and OQ, OQ' are pairs This determines on the 
circle h the mvolution range m which (Pi, Pi) and (Qi, Qi) are 
pairs of mates Any double pomt of the mvolution on the circle is 
projected from 0 by a double ray of the mvolution pencil, cutting 
the Ime a; at a double pomt of the first involution These three 
mvolutions are therefore elliptic or hyperbohc together They are 
eUiptic if, and only if, on the circle. Pi, Pi' are separated by Qi, Qi' , 
m which case OP, OP' are separated by OQ, OQ' and P, P' are 
separated by Q, Q' 



Fmally consider an mvolution on a general conic, where (P, P') 
(Q, Q') are two pairs of mates Projectmg this mvolution by an 
mvolution pencil through any pomt 0 on the conic, the m\ olution 
on the come and the mvolution pencil are elliptic and hvperbohc 
together The pomts P, P' will be said to be separated on the 
come by Q, Q', if the rays OP, OP' in the pencil are separated by 
OQ, OQ' 

In the case where the conic is a h 5 :^erbola and P, P' are pomts 
on opposite branches, it is impossible to obtam a continuous arc 
jommg P, P' In this case, it I^, are the pomts at infinity 
on the asymptotes, the two arcs from P to on one branch and 
from to P' on the other branch form together one arc PP' , 
and the two arcs from P to on the first branch and from to P' 
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on tte second brancL. form together the complementary arc PP' If 
Q, Q' are to be separated by P, P\ Q must lie on one, and Q' on the 
other, of these two arcs PP' 

107 Common mates of two cobasal involutions Consider 
two mvolution ranges on the same come the problem is to find 
their common mates, if any It is clear that every other case can 
be reduced to this one For two mvolution ranges on the same 
straight hne can be projected from any pomt 0 by two concentric 
mvolution pencils, and two such pencils meet a come through 0 m 
two mvolutions on the come Agam, two mvolutions of tangents 
to a come determine correspondmg mvolutions of their pomts of 



contact If, therefore, we find the common mates of two mvolu- 
tions of pomts on a come, these will enable us to construct the 
common mates m the other cases 

iS^ow let V and 7 (Fig 42) be the centres of the two given mvolu- 
tions of pomts on the come h Jom TJV, meeting the conic at P, P^ 
Then, smee PP' passes through both XJ and 7, P and P' are clearly 
mates m both mvolutions, and moreover, are the only points which 
satisfy the condition 

The problem has therefore a real solution if [77 meets the conic h 
m real pomts This always happens if one at least of [7 or 7 hes 
inside the come, that is, if one of the given involutions is elliptic 
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If both, the given involutions are hyperbolic, and Ai, Bi , A 2 , 
are their double points, then A{Bi, A^B^ are the polars of Z7, 7 
with respect to Ic Their intersection T is then the pole of UV 
and the common mates are the pomts of contact of tangents from 
T But these are the double pomts of the mvolution upon h defined 
by the pairs of mates (Aj, Si), (A 2 , B^ These double pomts are 
real if the last-named mvolution is hyperbolic, that is, if -4 1 , Si 
are not separated by A 2 , Sg (Art 106) If, however, Ai, Si are 
so separated, T hes mside h and there are no real common 
mates 

108 Harmonic pairs of mates If (S, S'), [Q, Q') are two pans 
of mates m an mvolution (of any kind) such that {Q, Q') are 
harmomcally conjugate with respect to (P, P'), then these two 
pairs will be said to be harmonic pairs, and either is harmomc to 
the other 

We will now show that, m every eUiptic mvolution, any given 
pair of mates has one harmomc pair and one only 

As before, it will be sufficient to prove the proposition for an 
mvolution of pomts on a come k 

In Fig 42, let 0 be the centre of an elhptic mvolution upon Tc , 
then 0 hes inside Ic Let (Ai, Bj) be any given pair of mates m this 
mvolution, and let U be the pole of AjBi, then Aj, Bi are the double 
pomts of the mvolution of which TJ is the centre Jom 027 meetmg 
h at P, P' Then P, P' are mates m the mvolution of centre 0 , 
but they are also mates m the mvolution of centre !7, and so are 
harmomcally conjugate with respect to Ai, Bi Hence they form a 
pair harmomc to [Ai, Bi) 

Also there can be no other pair harmomc to {Ai, Pj), for such a 
pair must be mates m the mvolution m which Ai, Bi are double 
pomts, and therefore must he on a hne through U , and smee they 
must also he on a hne through 0, they must he on 027 

If the given mvolution were hyperbolic, so that its centre is 
outside as r m Fig 42, then, if Ai, Bi are real, 27 must also he 
outside h Now , smee T hes on the polar of TJ, T and TJ are con- 
jugate pomts for the conic But, if the hne jommg two such 
conjugate pomts were to meet the come at real pomts Q, R, then, 
of T and 27, one must he mside and one outside QR, so that one at 
least would have to be inside the conic, which ib not the case Hence 
TU cannot meet ^ m real points and the pair (Ai, Pj) has no real 
harmonic pan 
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109 Rectangular involution Rays at right angles tkrougli 
a point 0 determine an mvolntion pencil throngh 0 For, let OP, 
OP' be two rays at right angles Clearly, if OP' be obtained 
from OP by a rotation through a right angle in a definite sense, 
the pencils 0[P], 0[P'] are equal, and therefore projective (Art 24) 

But, if we now take OP' as OQ and find the correspondmg ray 
OQ\ it will be m the same straight Ime as OP Thus the elements 
of the projective pencils 0[P], 0[P'] correspond doubly, and they 
form an mvolution pencil Such an mvolution is clearly eUiptic, 
for each double ray must be at right angles to itself, a condition 
which cannot be satisfied by any real Imes 

Because a rectangular mvolution is elliptic, it has real common 
mates with any concentric mvolution pencil (Art 107) Thus m 
every mvolution flat pencil which is not rectangular there exists 
one real pair of mates at right angles 

There can, however, be one such pair only, for if two pairs of 
mates of an mvolution are ( ci j J i the mvolution to which they 
belong is altogether rectangular, smce it is umquely determmed 
by the two pairs of mates, and the rectangular mvolution clearly 
satisfies the requirements 

An elhptic mvolution range on a straight Ime x can be projected, 
from a pomt outside its base, by a rectangular mvolution pencil 
For, let (P, P') {Q, Q') be two pairs of mates, which determine the 
mvolution x? nge Describe circles on PP', QQ' as diameters Smce 
the mvolution is elliptic, P, F are separated by Q, Q' and the circles 
mtersect at real pomts 0, P, symmetrically situated with regard 
to X The pencil obtamed by jommg G to the pairs of the mvolution 
range on cc is an mvolution pencil, m which ((7P, (7P') and {CQ, CQ') 
are pairs of mates But, from the property of the angle m a semi- 
circle, CP and CP' are perpendicular, and so also are CQ and CQ' 
Thus the mvolution pencil through C is rectangular The same 
apphes if we project from D 

If the origmal mvolution is hyperbohc, the circles on PP', QQ' 
as diameters do not mtersect m real pomts Clearly no hyperbolic 
mvolution range can be mcident with any elhptic mvolution pencil, 
and, m particular, it caimot be mcident with a rectangular mvolution 

110 The Fr4gier point An mvolution flat pencil whose 

\ ertex is on the come determmes an mvolution of points on the conic 
In particular, if the mvolution pencil be rectangular, we reach 
"Ibc theorem If 0 be any pomt on a conic, OP, OP' 

two perpendicular chords, meetmg the come at P, P' respectively, 
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PP' passes tliroTigli a fixed point P Taking P coincident witii 0, 
OP, OP' are the tangent and normal at 0 and PP' coincides mth 
the normal at 0 The fixed pomt F therefore hes on the normal 
at 0 The pomt is called the Fregier pomt from its discoverer 

If the come be a rectangular hyperbola and OP, OP' be drawn 
parallel to its as 3 miptotes, PP', and therefore the Fregier pomt, is at 
infinit y In any other position, therefore, PP' is parallel to the 
normal at 0 Thus if on any chord PP' of a rectangular hj^erbola 
as diameter, a circle be constructed meeting the curve at 0, O' 
the normals at 0, 0' are parallel to PP' 

Examples 

1 Show that m any conic if G, G' be the points where the normal at P 
meet the axes, F the Fregier point correspondmg to P, then P, F are har 
momcally conjugate with regard to G, G' 

2 Show that m a parabola the locus of the Fregier pomt is another parabola, 
equal to the given one 

3 Given two pomts A, B on b. come, find two other pomts P, Q on the 
come such that A and B shall he on a circle of which PQ is a diameter 

[P, Q are the intersections with the come of the hne joinmg the Fregier 
points corresponding to A and B ] 

111 Involutions of conjugate elements with regard to a 
come Tbe two collmear projective ranges formed by associatmg 
with each pomt of a Ime its conjugate pomt with regard to a come 
(Art 52) define an mvolution, smee, from the symmetry of the con- 
jugate relation, two correspondmg pomts correspond to each other 
doubly The double pomts of this m\ olution are the pomts where 
the straight Ime meets the conic 

Similarly conjugate hues through a pomt form an mvolution 
of which the double rays are the tangents from the pomt 

In particular conjugate diameters form an mvolution, of which 
the double rays are the asymptotes 

Smee the mvolution of conjugate diameters has one real pair 
of mates at right angles and one only, we obtam a new proof of the 
theorem of Art 60 that a conic has one, and only one, pair of axes 

Example 

Sho\^ that two concentric conics have one pair of common conjugate 
diameters and that these are alwa-v s real if one of the conics is an elhp&e 

The tangent at P to a conic meets a concentric conic at Q P Show 
how to find P so that QR shall be bisected at P 

112 Radical axis of two circles Let there be two circles in 
a plane, with centres A and B (Fig 43), and radii a, b respectueh 
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From a pomt P of the plane let any lines PQR, PST be drawn, 
meetmg the circles at Q, R and S, T respectively 

Consider the locus of P if PQ PR=PS PT 

Let PX be the perpendicular from P on AB, and let 0 be the 
middle pomt of AB 

By a well-known property of the circle 

PQ PR^AP^ ^AX^ +XP^ 

PS PT = PP2 - 62 = BX^ + ZP2 - 

so that, if PQ PR=PS PT, 

AX^-BX^=a^-l\ 

{AX-BX) {AX^BX)=^a^-h^ 
or 2ABOX^a^-b^ 

Thus OX IS constant, Z is a fixed pomt of AB, and the locus of 
P IS a fixed straight Ime, namely the perpendicular through X to 
AB 

This locus is termed the radical axis of the two circles Smce 
PQPR^PTJ^, and PSPT^PY^, where PZ7, PT are tangents 
from P to the circles, we have PTJ =P7, so that tangents to two 
circles from any pomt of their radical axis external to the circles are 
equal 

If the two circles meet at real pomts (7, 2), the tangents from C 
(or B) to both circles are zero, and therefore equal, so that (7, Z) 
are pomts on the radical axis, which is then the common chord of 
the circles 

An important limitmg case arises when one of the circles is a 
pomt-circle, that is, a circle of zero radius In this case there is 
still a radical axis If L (Fig 43) is such a pomt-circle, PL is the 
tangent to L from P, and the condition for P to be on the radical 
axis of L and the circle centre A is that PL^=PU^=^PQ PR 
Smce Pi2 IS liere essentially positive, the radical axis then lies 
entirely outside the circle centre A 

113 Coaxal circles A set of circles which are such that all 
pairs of the set have a common radical axis are termed coaxal 
circles 

The centres of such circles all he on a fixed Ime For let PX 
(Fig 43) be the given radical axis, A the centre of a given circle of 
the set Then, if B is the centre of any other circle of the set, AB 
IS perpendicular to PX and is fixed, smce A and PX are given 

If the radical axis meets one of the circles of the set at C, D, 
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then CD must be the common chord of this circle "with every other 
cncle of the set, and the coaxal circles form a system of circles 
passmg through two fixed pomts If, on the other hand, the 
radical axis does not meet any circle of the set m real pomts, then 
no circle of the set mtersects any other, and the radical axis is 
external to every circle of the set 
By Art 112 the tangents from a pomt P to every circle of a 
coaxal system are equal If, with P as centre, and radius equal to 
the tangent P27 from P to any given circle of the system (that with 
centre A m Fig 43), a circle be described, this circle passes through 
all the pomts of contact of tangents from P to the circles of the 
system and therefore cuts all these circles orthogonally Such 



circles, centre P, therefore form a system orthogonal to the gi\ en 
system of coaxal circles 

This orthogonal system of circles is itself a coaxal system For if 
A IS the centre of the circle Z-x of the origmal system, the tangent 
from A to any orthogonal circle is the radius AU oi the circle li 
All such tangents from A to circles of the * • . ' s} stem are 

equal Similarly, if B is the centre of a circle origmal 

system, the tinge nts from B to circles of the orthogonal system are 
equal to the laelius ol Aj 'Jluis iP i^ the common iidical i\ib 
of circles of the oithogonil s}btem 

Consider now the c ise wheic i circle of the origin il b}- btem itduceb 
to a pomt'Ciicle, say L Cleaily L must he on the line of centres 
Also XL IS equal to the length of the tingent from X to am circle 
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of the origmal system Hence L lies on a circle centre X, whose 
radius is equal to the length of the above tangent This circle, 
when it IS real, meets AB at two pomts i, M symmetrically situated 
with respect to X These are called the limiting points of the 
ongmal set of coaxal circles 

The liTvnting pomts are real if X is outside the circles of the 
ongmal system, that is, if these circles have no real mtersections 
In this case the ciccles of the orthogonal system all pass through 
£, Jkf, and form a set of coaxal circles with real mtersections 

If, however, the circles of the origmal system have real inter- 
sections G and D,X is the middle pomt of CD and mtemal to every 
one of these circles No real tangent from X to these circles can be 
drawn, and there are no real pomts L, M 

In the latter case the common radical axis AB of the orthogonal 
system does not meet the circles of this system m real pomts 
Further, if we take P at 0, or D, the correspondmg length of 
tangent to the circles of the origmal system (which pass through 
C and D) is zero, so that 0, D are pomt circles, that is, limitmg pomts, 
of the orthogonal system 

Thus two orthogonal sets of coaxal circles are such that 
(i) their hnes of centres are at nght angles , (u) one only has 
real intersections, which are real hmiting points of the other 

H4 Coaxal circles determine an involution on any straight 

hne Let y be the common radical axis of a system of coaxal 
circles Let x be any straight hne, meetmg y at 0 and any two 
circles of the system at P, P', Q, Q' 

Then, by the defining property of coaxal circles, since 0 is on the 
radical axis 

OPOF^OQ OQ' 

Accordmgly the product OP OP' is constant, and the points P, P' 
are mates m an mvolution range on x, whose centre is 0 (Art 99) 

If 0 IS outside the circles this product is positive, and the mvolu- 
tion IS hyperbohc , its double pomts are then the points of contact 
of the circles of the system which touch x 

If 0 is mside the circles, the product is negative and the mvolution 
IS elhptic and has no real double pomts 

Examples 

1 Prove that the radical axes of a given circle, not belonging to a given 
coaxal system, vnth the circles of this coaxal system are concurrent 

2 Tvo systems of coaxal circles have the same radical axis, and 0 -^ 
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are the limiting points of the two systems on one side of this axis A circle 
of the first system passes through Og, and a circle Cg of the second system 
passes through 0i If OjOg circles Ci, Cg agam at Qi, and the 

common radical axis at P, prove that 

PQi FQ^=^FO^PO^ 

3 If a set of circles be drawn, each passmg through a pair of mates of an 
mvolution on a straight Ime, the radical axes of these circles taken m pairs all 
pass through one fixed pomt 

4 If two straight hnes meet three circles m three pairs of pomts of an 
mvolution, the three circles have, m general, a common radical axis Discuss 
the case of exception 

5 If coaxal circles have real mtersections, prove that these mtersections 
are the pomts from which the mvolution determmed on the Ime of centres 
by the coaxal circles is rectangularly projected 

6 Prove the foUowmg construction for the centre 0 and double pomts A, B 
of an mvolution on a straight hne x, given by two pairs of mates (P, P'), 
{Qi Q') Describe any circles through P, P' and C, Q' respectively mtersectmg 
at C, H Then CD meets a; at 0 If OT is the tangent from 0 to either 
circle, then the circle centre 0 and radius OT meets x&t A, B 

7 Prove the followmg construction for the common mates of two coKmear 
hyperbohc mvolutions 

Let (Aj, Pi) be the double pomts of one mvolution, (A 2 , P 2 ) those of the 
other Let any circles passmg through Ai, Pi and A 2 , P 2 respectively 
meet at L, M Then the points of contact of the circles through P, M touch- 
mg the common base of the two mvolutions are the common mates required 

8 Prove the foUowmg construction for the common mates of two collmear 
elhptic mvolutions 

Let (7i, Pi and Cg, P 2 be the pomts (symmetrically situated with respect 
to the common base) from which the given mvolutions can be rectangularly 
projected Then a circle can be described through (7i, Pi, Cg, P 2 and this 
circle meets the common base at the required pomts 

9 Prove the followmg construction for the common mates of an elhptic 
and a hyperbohc mvolution m the same straight Ime x 

Let Ai, Pi be the double pomts of the hyperbohc mvolution, C , the 
pomts from which the elhptic mvolution can be rectangularly projected 

Describe a circle touching ir at Ai (or Pi) and passmg through G (or Po) 
Let 0 be the middle pomt of A iPi ]omOC 2 meetmg the circle at E Then the 
circle EC 2 D 2 meets x at the required pomts 


EXAMPLES VII^ 

1 Prove that, if (P, P ) are mates m an imolution and (P, P') aie mates 
in a cobasal m\olution the forms [P ] [P ] aie projective and bhow that 
their self coiresponding elementb aie the common mateb ot the tv 0 gi\ en 
mvolutions 

2 If (P, Pi) are mates in an in\olution rji (Pi P 2 ) ^le mates m another 

(cobasal) olution w > ind P3) aie mates in i thud cobasal im olution 
show that [P] IS projective with [P3] and that if 02 have a pair ot 
mates A A' in common then (P P3) are mates in a fourth imolution 
Show also that the four pairs of double points ot zUi are pairs of 

mates in a fifth involution 



PROJECTIVE GEOMETRY 


U2 


3 (j4., A') and (B, B') are pairs of mates m an mvolution m whose double 
elements axe 0, D Prove that C, D are mates (i) in the involution mi, of 
which {A, B) and {A\ B') are pairs, and (u) m the mvolution of which 
( 4, B') and {A% B) are pairs 

If P, $ are mates m mi, and Q, P are mates m mg, prove that P, R are mates 
m w 

4 A range [P] on a given hne I is projected from two difrerent vertices U, V 
mto ranges [PJ, [P 2 ] on a second straight hne V Prove that the necessary 
and sufficient condition that [PJ, [Pg] should form an mvolution is that UV 
should be harmomcally divided by I, V 

5 State, and prove mdependently, the theorem obtamed from Ex 4 above 
by reciprocation 


6 If (Ai, A 2 ), (Pi, B^, ((7i, Cg) pomts of an mvolution on a 

straight hne, show that 


CiAi 




OyB^ 


7 Prove that any elhptic mvolution pencil can be projected mto a 
rectangular mvolution by a real projection 

8 Prove that if a straight hne I meet two coplanar projective pencils of 
vertices A, P m an mvolution, I and AP must be conjugate with respect to 
the product of the pencils 

9 If (A, A') be a fixed pair of mates m an mvolution on a straight hne, 

( AP AP^ \ 

constant, and find 


the value of this constant m terms of the distances of A, A' from the centre 
of the mvolution 


10 The sides PC, CA, AP of a triangle ABC meet a straight hne at P, 
Qj R If P', (2 , B' are mates of P, Q,Rm an mvolution, prove that P'A, 
Q'P P'C are concurrent 

11 If through the vertices of one triangle hnes be drawn parallel 

to the sides of another triangle, and through the vertices of the latter triangle 
lines eioj drawn parallel to the sides of the Jfirst triangle , prove that if 

fljL, Cj are concurrent, so are a^, H 

12 Show that the tangents at the pomts of an mvolution on a come form 
an mvolution of tangents havmg the same axis and centre as the given 
mvolution of pomts 

13 The rays ‘p p' are mates m an mvolution pencil whose double rays 

are a, 6 , a come s meets p, p' at Pj, Pi , P^ respectively Show that 
each of the hnes P-^P-i', PxP^, P 2 -P 1 > meets a and h m pomts which 

are conjugate for s Hence prove that these four hnes touch a fixed como / , 
vhich IS mdependent of the choice of the particular pair of mates p, p t 
and which touches a, h, and the four tangents to .s at its mtersections with a 
andb 


14 State and prove the lecipiocal of the result of E\ 13 

15 Given tv o paii’j, of conjugate diameteis of a conic 111 position (but not in 
length) show hov to constiuct the axes of the conn 111 position 

lb bhov that if a simple quadrilateral exist vhich is nisei ibed m a conic s 
and circumscnbed to a come s , there exist an mfimte number of such simple 
quadrilaterals and the} have the same mtersection of diagonals 

[Use the result of Ex 131 
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17 0, U are conjugate points with regard to a conic Through 0 a ray 
OFQ IS drawn meeting the como at P, Q Prove that UP, UQ are mates m 
an mvolution 

18 If a chord QQ' of a parabola meet a diameter PV at 0, and QV, 
Q'V' be ordmates to this diameter, prove that PV PV'=PO^ 

19 If from a pomt T outside a parabola a tangent TP and a chord TQQ' 
be drawn, and if the diameter through P meet QQ' at K, show that TQ TQ'= 
TK^ 

20 Two coplanar elhptic mvolution pencils have difrerent vertices A, B 
Show that through any pomt P of their plane two conics can be drawn 
passmg through A and B, on either of which the two mvolution pencils 
determme the same mvolution 

By takmg P on AB prove that there are two real straight hnes, on each 
of which the given pencils determme the same mvolution [Use Art 108 ] 

21 A, B are the vertices of two coplanar mvolution pencils with real 

double rays (ui, , (6i, respectively If aJ>^=D, 

prove that the two pencils determme the same mvolution on any 
come through A, B,C,D, or through A, B, E, F 

22 Two mvolution ranges on the same come have a double pomt A m 
common If F is the pomt where the tangent at A meets the jom of their 
other double pomts, (P, P') any pair of mates m one mvolution, {Q, Q') the 
pomts where VP, VP' respectively meet the come agam, prove that Q, Q' 
are mates m the other mvolution 

Discuss the particular case of this theorem when the come is a Ime pair, 
the mvolutions lymg on different Imes of the pair 

23 A pair of mates m a rectangular mvolution of vertex 0 meets a fixed 
Ime I at P, Q, and P', Q' are mates of P, Q respectively m a given mvolution 
upon I Through P', Q' parallels are drawn to OQ, OP respectively, meetmg 
at B Show that the locus of P is a straight hue 

24 If P IS the Pr^gier pomt of P, and C the centre of the come, prove that 
CP, CF are equally mclmed to the axes 

25 If the tangent at P to a hyperbola whose centre is G meet the asymp 
totes at Q and E, prove that the Pregier pomt of P is the mtersection of the 
tangents at Q and E to the circle through C, Q and E [Use Ex 24 ] 

26 If AB, CD are two perpendicular chords through the Eregier pomt F 
of P, and the circles PAB, PCD meet the come agam at E and S respectively , 
prove that ES passes through F 


EXAMPLES VIlB 

1 A B C are three points in order on a straight hne where AB—S 
BC=2" Construct the pomt D which is the harmonic conjugate of C with 
respect to 4 and B, and the points X, I which aie the common hirniomc 
conjugates of the pairs (4 D) {B C) 

Fmd also the pomts which are the common haimonic conjugates of the 
pairs ( 4, C) (B D) 

Are there any common haimomc conjugates of the pans ( 4 B) {C D) ’ 

2 0 P Q are pomts on a straight line, OP =2 5 OQ = 4: P Q aic 
mates m an involution on the line, of which O is a double point Construct 
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3 Two circles have radii 1 6" and V respectively, and their centres are 
3 5^ apart Construct graphically (1) their radical axis , (2) the 

points of the system of coaxal circles defined by the given circles , (3) the 
circle of this system passing through the pomt on the radius of the circle of 
radius perpendicular to the Ime of centres, and at a distance of 2 5" from 
the centre of the last-named circle 

4 (OP, OP'), (OQ, GQ') are mates m an mvolution pencil The angles 
POQ, QOQ', Q'OP' (measured in the standard sense) are 45°, 30°, 60° respec 
tively Construct the double rays of the mvolution 

5 Draw two circles of radn 2 mches and 1 mch respectively, with their 
centres 4 mches apart, and mark a pomt A distant 4 mches from both centres 
Draw the circle which passes through A and cuts the first two circles ortho 
gonally 

6 The centre of a come is at the origm, and the come passes through the 
pomts (1, 0) (0, 2) and (-1, 2) Construct its axes m position, without 
drawmg the curve 

7 P, Q, Q', P' are four pomts m order on a straight hne P0=3 cm , 
QQ'^2 cm , 0'P'=5 cm Construct the common mates of the mvolutions 
defined by the pairs (P, P') (Q, Q') and (P, Q') {Q, P ) respectively 

8 Two conjugate semi diameters of an eUipse are of lengths 2" and 3" 
respectively, and make an angle of 60° with one another A hyperbola has 
these diameters for asymptotes Construct the common conjugate diameters 
of the elhpse and hyperbola m position 



CHAPTER VIII 


FOCI AND FOCAL PROPERTIES OF THE CONIC 

115 Foci of a come A focus of a conic $ is defined to be a 
point suck that conjugate lines tbjougb it are perpendicular 
Tbere can be no focus wbicb does not he on an axis of the conic 
For, let be a focus, and x the diameter through S Then, by the 
property of the focus, the hue through S conjugate to a? is perpendi- 
cular to X, so that the direction conjugate to the diameter a; is at 
right angles to x , therefore cc is an axis 
Let now 27°°, 7°° (Fig 44) be two rectangular pomts at infinity 
which are not conjugate pomts for s This requires (i) that s is 
not a circle , (u) that neither 27°° nor 7°° hes on an axis 
Consider the pencils of hnes u, u' (f*n g.r for s, through 27°°, 
7°° Then, by Art 52, 

MaM 

Thus the product of [w'] is a come h passmg through Z7°°, 7°° 
Now every focus S must he on h For, if we jom £f27°°, SY^ 
these, bemg perpendicular hnes through a focus, are conjugate for s, 
and their mtersection is therefore a pomt of k Further, every 
mtersection of k with an axis cc is a focus For the mvolution of 
conjugate hnes through S has then two pairs of rectangular mates, 
namely x and the perpendicular to x through S, and the pair ^27°°, 
/S7°° All the possible foci are therefore given by the mtersections 
of k with the axes 

If the origmal come s is a central come, the hne at infinity does 
not touch 5, so that 27°°7°° is not self-conjugate and the pencils 
[w], [w'] are not perspective , ^ is then a non-degenerate come, 
which IS clearly a rectangular hyperbola, smee it passes through 27°°, 
7°° Further the tangents to this hvperbola at , T ^ aie the 
hnes through these points conjugate to 27^ I thit is CT C'T 
where C is the centre of s C is accordingly the meet ut the 
asymptotes of i, and therefore the centre of A, as veil as of 6 If 
now X, y are the axes of s, they are perpendicuhr diameters of A 

"PTn-M/^rt Vv A -n-i- QQ no m* 7 4 - /-x 1 — ^ C# IT 
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These are the only real foci of s and are necessarily symmetrical 
with respect to 0 

The axis on which the foci he is called the focal axis, the other 
bemg the non-focal axis 

Smce the mvolution of conjugate hues through a focus, bemg 
» ( has no real double Imes, no real tangents can be drawn 
from a'focus to the come, and foci are always pomts mternal to the 
come Thus the hue joinmg them meets the come at real pomts 
A, A\ the centre C bemg the common mid-pomt of AA\ SH 



In the elhpse, the Ime at infimty does not meet the curve m real 
pomts, so that its pole C is a pomt mternal to the come The 
segment AA' is therefore mternal to the conic and S, H he between 
the vertices A, A' That the focal axis is m this case the major 
axis will be proved later (Art 119) 

In the h 3 rperbola, the hne at mfimty meets the curve in real 
pomts, and 0 is external to the conic The segment A A' is therefore 
external to the conic, and S, H he outside the vertices, A, A' The 
focal axis is here necessarily the transverse axis, smce the conjugate 
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If the conic 5 is a parabola, TJ^V^ touches s and is self-conjugate , 
it IS therefore a self-corresponding ray of the pencils [w], {u'], which 
are accordingly perspective , h therefore breaks up into the line at 
infinity and another straight line I 
But the point of contact L of the accessible tangent from Z 7 ^ 
to s, bemg the pole of this tangent, hes on the conjugate hne through 
and so is a pomt of k Similarly the pomt of contact M of the 
accessible tangent from to s is a pomt of k These two pomts, 
bemg accessible, must he on the component I of k Also i, M 
cannot he on the axis, smce the tangents at i, M are obhque 
to the axis Hence I cannot be identical with a:, and must meet it 
at some pomt S Moreover, S must be an accessible pomt For if 
S were at infinity, it must be the pomt at infinity on x , but 
IS the pomt of contact of one tangent from or namely 
the hne at infinity Also LX^ is the polar of Z 7 °°, and MX^ 
IS the polar of F°°, with respect to s If therefore i, M, X^ all 
he on Z, I must be the polar of both and F°® with respect to 5, 
or two different pomts would have the same polar with respect to a 
non-degenerate come, which is impossible 
Thus here agam the locus k meets the axis of the parabola at 
two real pomts, one at a fimte distance, which is usually referred 
to as the focus of the curve, and one at infinity 

If the come s is a circle, every pair of rectangular pomts F^ 
are conjugate, and the above argument does not apply In this 
case all conjugate diameters are perpendicular, so that the centre 
C IS a focus Also no other pomt P can be a focus For if we 
draw any hne q through P, its pole Q hes on the perpendicular n 
through C to j PQ is the hne through P ( <' » c ‘ ^ 
cannot be perpendicular to q unless Q is at infinity on 71, that is, 
q passes through G Thus the only rectangular conjugate hues 
through P are the diameter through P and its perpendicular 

EXAJyiPLES 

1 Prove that the absolute length of the semi diameter of I along the axis y 
IS CS^ and that, if the come 5 is a central come, the come h and its conjugate 
hyperbola / ' together pass through the comers of a fixed square 

2 In the case where the given come is a parabola, show that the hne 
joining the pomts of contact of two perpendicular tangents passes through 
the focus 

116 Involution of oiiho.oi' il points on an axis Let a pan 

of conjugate hnes u, u' through F^ (Fig 44) meet an axis x 
at P P' The noints P P' are m veneral distinct unless they 
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happen to coincide with a focus We shall further suppose that 
neither of them is at infinity 

The pomts P, F cannot be conjugate for 5 For, if they were, 
the polar 3 ? of P would be the Ime through F perpendicular to x 
This IS conjugate to every Ime through P, m particular to u , but, 
bemg perpendicular to an axis, it cannot pass through so that 
u' cannot pass through the pomt conjugate to P on x 
On PP' as diameter describe a circle c (Fig 44) This must pass 
through the mtersection K of u, u\ smce these are perpendicular 
hnes through P, P' respectively 

Consider now the pencils of conjugate hnes r, r' through 
P, P' respectively, then [r]7^[/] by Art 52 Hence the meet 
P of r, / describes a come t passmg through P, P' 

When r comcides with u, r' comcides with u\ and R with K 
Thus the conic t passes through K 
When r is along x, r' passes through the pole of x^ that is, through 
the pomt at infinit y on y The tangent at P' to ^ is therefore 
parallel to y Similarly the tangent at P to ^ is parallel to y 
Thus the circle c and the come t have m common three pomts 
P, K, P' and the tangents at P, P' Hence they comcide altogether 
Accordmgly all pomts R he on the circle, and all conjugate hues 
r, r' are perpendicular 

The pomts P, P' ha\e therefore the property that conjugate 
Imes through P, P' are perpendicular 
The pomts Q, Q' at which u, v! meet y can be shown in like 
manner to have the same property 
Pairs of pomts which have this property will be referred to as 
orthogonal pomts with respect to the come 
If we now take P at mfimty, and remember that V^O is the ray 
conjugate to the Ime at mfimty through 27°°, it will follow that P' 
IS at C In this case every Ime through P' is conjugate to the line 
at mfimty through P°°, but smce the hue at infinity may be regarded 
as perpendicular to every direction, it may be regarded as per- 
pendicular to all the hnes through P', which are conjugate to itself 
On the other hand, accessible Imes through P°° are parallel to x 
and so are conjugate to the other axis y through P', and perpendicular 
to it 

Thus C and the pomt at mfimty on x still possess the essential 
property of orthogonal points It should be noticed that this pair 
form an exception to the rule, that orthogonal points are not 
coni ligate for s 
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Since the ranges [P], [P'] are the mtersections of % with the 
projective pencils [u], [u'], they form projective ranges But, further, 
if we jom P'U^, P7°° these lines are perpendicular and, therefore, 
by the property of orthogonal points, conjugate Hence if we 
take u along U^P\ u' is along V^P, so that if P is at P\ then P' 
IS at P The pair P, P' therefore correspond doubly and the 
orthogonal pomts on an axis form an mvolution, of which the centre 
C of the come is the centre 

In the above, x may be either axis But the double pomts of 
these mvolutions must be an mtersection with x of the come h 
of Art 115 The double pomts on the focal axis are therefore the 



foci S, H, and the involution on this axis is hyperbohe, and we have 
CP CP'==CS^^CH^ 

On the non-focal axis there are no real mtersections with A, and 
therefore no real double pomts of the mvolution of orthogonal pomts 
on that axis, which mvolution is therefore eUiptic 
In the case of the parabola, where there is only one accessible 
axis, one double point H is at mfinity and the other is at a fimte 
distance Smee these divide PP" harmomcally, orthogonal pomts 
P, P' are symmetrically situated with respect to the focus 

117 The bisectors of the angles between the focal distances 

Let P (Fig 45) be any pomt, not a focus, PG, PT the -oct it gvhr 
mates of the mvolution of conjugate Imes through P meetmg an 
axis at G, T Then G, T are orthogonal pomts for the come 
Hence 

CG CP = constant, 

for either axis 
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If the axis m question be the focal axis, we have further 

CGOT=CS^=Cm 

Moreover, G, T are harmonic with respect to the foci S, H , hence 
PQ, PT are harmomo with respect to PS, PH, and bemg per- 
pendicular, are the bisectors of the angle SPH 
If now PL, PM are the tangents from P to the come, PG, PT, 
bemg conjugate hues, are also harmomc with respect to PL, PM 
(Art 49) and are therefore also the bisectors of the angle between 
PL, PM 

Hence two rectangular conjugate lines through P are the 
common bisectors of the angles between (i) the focal distances, 
(u) the two tangents from P to the come 
If P IS on the come at Pi, the tangent at Pj and the hne through 
P 1 perpendicular to the tangent, which is Imown as the normal 
at Pi, are clearly conjugate hues through Pi and also perpendicular 
Thus (i) if the normal and tangent meet the focal axis at 
G, T, then OGGT=GS^, and (u) the tangent and normal at 
any point on the conic bisect the angles between the focal 
distances 

If Pif IS here the tangent, then, smee a real tangent to a conic 
necessarily hes outside the curve, T lies outside AA' (and therefore 
outside SH) m the case of the ellipse, and mside AA' (and therefore 
inside SH) m the case of the hyperbola 
The mternal bisector of the angle SPiH is therefore the normal 
when the come is an elhpse, and the tangent when it is a hyperbola 
In the parabola, H is at i nfinit y on the axis Hence the tangent 
and normal bisect i’ <> ■ >r between the axis and the focal distance , 
and for a pomt P not on the parabola the two tangents from P, 
and the diameter and focal distance, have the two rectangular con- 
jugates through P as common bisectors Also, smee H is at infimty, 
S becomes the middle pomt of GT 


Exaiuples 

1 If the tangent and normal at P meet the non focal axis at T' and G\ 
prove that S, H, P, T\ G' are concychc and CG' CT'= - CS^ 

2 Show that two parabolas which have a common focus and their axes 
in opposite directions intersect at right angles 

3 PQ js a, focal chord of a parabola, and the normal at P meets the curve 

f'ttZ ^ through P parallel to the axis at V, and U 

IS the midpomt of P V, prove that UQ is the tangent at Q 

through any polat P of the plane, two conics can be drawn 
, these two. one is an elhpse, and the other 
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5 Show that two parabolas with a given focus and axis pass through a 
given point P, and that they intersect at nght angles 

6 Show that the two tangents from P to any come are equally mchned to 
the tangent and normal at P to a confocal come through P 

7 Havmg given three tangents to a come and a focus determme the other 
focus and the pomts of contact of the tangents 

118 The eccentricity The polar of a focus is called a 
directnx Since a focus lies on an axis, its directrix is per- 
pendicular to that axis Also, from the symmetry of the curve 



with regard to the centre, and since the foci are symmetrical pomts, 
the directrices are symmetrically situated with regard to the centre 

Let S (Pig 46) be a focus of a come 5, X3I the ( o 
directrix, X being the foot of the perpendicular from S on this 
directrix Construct the figure in plane perspective with s, when 
S is taken as pole of perspective, and the directrix as the \ amshing 
Ime ^ for the come, the axis of perspective J Z being any arbitrary 
line X parallel to the directrix 

The figure corresponding to s vvill be another conic s', in vhich 
the point corresponding to S and the line corresponding to i are 
pole and polar But S is self-correspondmg and 2 corresponds 

fA fhp lirifi Q-f- Tn-fi'nTl-\r 0 '^ TTatiaa 9 fhp PPUtr#^ of 9^ 
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Furfclier conjugate lanes tBiough S, wliicla are at right angles 
since /S IS a focus, transform mto conjugate diameters of s' But 
Imes through S transform mto themselves by the property of the 
pole of perspective Hence all conjugate diameters of s' are 
perpendicular, that is, every diameter of s' is an axis Thus s' 
IB a circle (Art 60) 

Let P be any pomt on s Jom XP, meetmg the axis of perspective 
at Z Then Z'°° is at mfimty on SX, and ZZ'°° corresponds to 
ZX, that IS, it IS the parallel through Z to SX Smce P hes on ZX, 
P' lies on ZX’’^ , but P' also hes on SP, and so is determmed by the 
intersection of SP and the parallel through Z to SX 
Let PM be dra-vm perpendicular to the directrix, and let P'Z 
meet the directrix at N 
Smce PM, ZN are parallel 

PM ZN=PX ZX 
Smce P'Z, SX are parallel 

PX ZX=SP SP' 

Hence PM ZN=SP SP' 

or SP PM^SP' ZN=SP' YX, 

I being the mtersection of x and SX 
Smce P' describes a circle with S as centre, SP' is constant 
Also YX IS the perpendicular distance between the axis of per- 
spective and the vanishing Ime z, and is constant as P vanes 
Thus SP' YX=a, constant ratio, which we will denote by e 
Accordmgly SP=e PM, or 

The distance of a pomt on a eomc from a focus is in a constant 
ratio to its distance from the corresponding directrix 

This ratio is called the eccentricity, and the sjrmmetry of the 
two foci and directrices shows that it is the same for either focus, 
m the case of a central come 

Let now the vamshmg hne j' of the circle meet SX at J' (Fig 46) 
Then, smce by Art 12 the distance of one vamshmg Ime from the 
axis of perspective is equal to the distance of the pole of perspective 
from the other vamshmg Ime, 

YX=J'S 

and e=^SP' J'S 

If j' meets the circle in real pomts, the conic s is a hyperbola 
(Art TIit? rpmnrpQ PQ 
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If f does not meet the circle m real pomts, the come 5 is an 
ellipse We then have SP'<J'S, so that e<l 

If f touches the circle, the come 5 is a parabola, and ST' =J'S, so 
that e=l 

The property that SP=e PM will be referred to as the focus and 
directrix property 

Examples 

1 Two points of a conic being given and also one of the directnces, show 
that the locus of the correspondmg focus is a circle 

2 jT IS any pomt on the tangent at P to a conic of which S is one 
focus, and TB, TU are the perpendiculars drawn from T to SP and to 
the directrix corresponding to S Prove that SB TU is equal to the 
eccentricity of the conic 



119 Relations between fundamental points and lengths 

Let Fig 47 represent the prmcipal pomts and hnes connected with 
the come C is the centre, S, H the foci, x and x' the directrices, 
meetmg the focal axis e^t X, X' , A, A' are the vertices on the focal 
axis, B, P' those on the non-focal axis , the latter are shovr n only in 
Fig 47 (a), as they are not real except in the case of the ellipse 
The chord LL' through a focus S at right angles to the focal axis 
is called the latus rectum 
From the focus and directrix property 

( 1 ) 


SA^eAX 

/i'Y 
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where the forimite hold good for either type of central conic, if 
signs of segments are taken into account 
From (1) and (2), by addition, 

A'A=^2eOX, 


since C IS the middle point of A' A 


Hence CA = e OX 

(3) 

By subtraction of (1) from (2) 


2C8=eA'A, 


CS=eCA 

(4) 


givmg the position of the foci 

Note that, m the elhpse, the foci are mside (qf Art 115), and the 
directrices outside. A' A These relations are reversed m the hyper- 
bola 

Smce the directrices, bemg polars of mternal points, do not 
meet the come m real pomts, it follows that, m the ellipse, the 
whole curve hes between the directrices , m the hyperbola, the two 
branches are separated by the directrices , m the parabola, the 
whole curve hes to one side of the directrix 

Agam \SL\=e\SX\ = \eSX\ 

^\e(OX-CS)\ = \OA-e^CA\=CA\l-e^\ (5) 

so that \SL\ =CA{1 -e^) m the elhpse, and CA(e^ - 1) m the hyper- 
bola, CA bemg taken as positive 

Further, by Art 76 



A'SSA~CA^ 


But 

SA^CA-CS=^CA(l-e) 

A'8=A'C+CS=CAil+e) 


Therefore GB^ 


(6) 

Note that 

A'8 8A=CB2 

(7) 

It follows that, m the elhpse, GB is real and less than GA 

Thus 


the focal axis is the major axis of the elhpse In the hyperbola GB^ 
IS negative as is to be expected (Art 76) Denoting by GBi its 
absolute length 


and 




( 8 ) 
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Note that, in either case, the square of the absolute length of 
the non-f ocal axis is 

GA SL (9) 

In the parabola, only A, X, L, U survive as accessible points, 
and we have 

SL=SX^2SA (10) 

The latus rectum LL' ^iSA , this is often called the parameter 
of the parabola 

Examples 

1 Prove that a hne pair may be looked upon as the hmitmg case of a 
hyperbola when the foci comcide with the centre 

2 Prove that a pomt pair may be looked upon as the hmitmg case of a 
very flat elhpse or hyperbola, the foci bemg comcident with the vertices 
Show that the eccentricity of a pomt pair is umty 

120 The sum and difference of the focal distances In 

Fig 47 let P be any point on the curve, and let the parallel to the 
focal ana through P meet the directrices at M, M' 

In the elhpse 

SP=ePM, 

HP=eMT 

By addition 

SP+HP=eM'M=^eX'X=2e CX=2 CA, 

or, the sum of the focal distances is equal to the major axis 

In the hyperbola, H bemg the focus inside the branch remote 
from P, 

HP^eM'P, 

SP=eMP 

By subtraction 

HP-SP=eM'M = 2CA 

or, the difference of the focal distances is equal to the transverse 
axis 

Examples 

1 The firmg of a gun at P is heard at stations A and B at times sepaiated 
by an mterval durmg vhich sound would travel a distance I (less than AB) 
Show how to construct the locus of P 

2 Fmd the locus of the focus of a parabola passing thiough two fixed 
pomts A, B and the direction of whose axis is given 

121 Tangents from an external point subtend equal or 
supplementary angles at a focus Let TP, TQ (Fig 48) be 
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tangents from T to a conic, P, Q then pomts of contact, 8 a focus 
Jom ST meetmg PQ at Z, and let QP meet the dnectrix corre- 
sponding to /S at r The pole of ST is the meet of the polar of T 
(Slat IS, PQ) and the polar of S (that is, the directrix) Hence Y 
IS the pole of ST, and Y, Z are harmomcally conjugate with regard 
to P, Q, so that 8Y, SZ are harmomcally conjugate with regard to 
SP,SQ 

Also SY, ST are conjugate hues through a focus and therefore 



perpendicular Hence (Art 28) they are the bibcctois of the angle 
PSQ 

The pomt Y hes outside PQ unless the come is a hyperbola and 
P, Q are on diSerent branches {see Fig 47) Thus ST is the 
mtemal bisector of the angle PSQ m every case except when P and 
Q are on different branches of a hyperbola 

Therefore tangents from an external pomt to a conic subtend 
equal angles at a focus unless they are tangents to different branches 
of a hyperbola, when they subtend supplementary angles at a 
focus 

An important particular case arises when P and Q comcide , 
T then comcides with them and we obtam the followmg theorem 

The intercept on a tangent between the point of contact and 
a directrix subtends a right angle at the corresponding focus 
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EXAaiPLES 

1 Prove that tangents to a conic subtend equal or supplementary angles 
at a focus by considermg a plane perspective which transforms the come 
mto a circle havmg that focus for centre 

2 Two conics with four real mtersections have a common focus Prove 
that two of their common chords pass through the mterseotion of the 
directrices correspondmg to the common focus 

3 Prove the foUowmg construction for the pole of any hne q with regard 
to a come, given the two foci S, S' and the two directrices s, s' Let q meet 
s at P, s' at P' Through S, S' draw perpendiculars to SP, S'P' respectively 
these meet at the point Q required 

4 Given a directrix and the correspondmg focus of a come and the 
direction of one tangent through a given external pomt 0, show how to draw 
the remammg tangent from 0 



122 The rays ] 0 imng a focus to the intersections of a variable 
tangent with two jaxed tangents describe directly equal pencils 

We may state the first 
theorem of Art 121 as 
follows If TP, TQ are two 
tangents to a come, of 
which ^ IS a focus, twice 
the rotation (measured posi- 
tively m a prescribed sense) 
which brmgs the Ime SP 
mto comcidence with the 
Ime ST (or ST into comci- 
dence with SQ) will brmg 
the Ime SP mto comcidence with the Ime SQ In this form 
the theorem apphes to both cases, whether the angles sub- 
tended by TP, TQ at S are equal, or supplementary We must, 
however, remember that the comcidences are here irrespective of 
the sense of segments measured positively on the hues, so that 
every rotation has an mdetermmacy of an mtegral multiple of two 
right angles It follows that we cannot divide by two and say that 
half the rotation which brings SP to SQ brmgs SP to ST 
Let now A, B (Fig 49) be two fixed points on the conic, P a 
variable pomt, and let the tangent at P meet the tangents at A 
and 5 at L and M lespectively 
Then, by what h is just been stated 

2(rotation SL to SP) = rotation SA to SP, 

2 (rotation SP to SM) = rotation SP to SB 

Adding 

2 (rotation SB to SM) = rotation SA to SB, 
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and tins must be true for any interpretation of tbe rotation SL to 
SM, and some mterpretation of the rotation SA to SB 
There must clearly be a finite range of positions of LM over which 
these mterpretations remam the same, for they cannot change 
abruptly unless one of the pomts i, M, P passes through infinity 
Throughout this range of positions we have 

rotation SL to SM =a constant a, say 
Consider now two pencils /S[i], /S[lf] of which the second is 
obtamed from the first by this rotation a The pencils are equal 
and therefore projective, hence [P]” [If] and LM touches a come s, 
the tangents to which must comcide with those of the given come 
over the above-mentioned range of variation Thus s and the 
given conic have an infinit e number of common tangents and must 
comcide Accordmgly the same two pencils give the whole of the 
tangents to the given come, and we have, for all positions of P, 
L,M 

rotation SL to SM =the same constant a, 
which proves the theorem required 
The student will find it mstructive to trace the relation of the 
rotation SL to SM to the angle ASB, (i) when the conic is an 
elhpse lymg mside the triangle formed by the tangents, (ii) when 
the come is external to the triangle and touches all three sides 
along the same branch, (m) when A and B he on different branches 
of a hyperbola, (iv) when 4, S he on one branch of a hyperbola and 
P on the other branch 

Example 

Prove the converse of the theorem of the present Article, namely that, if 
SL SM are corresponding rays of two directly equal concentric pencils 
through a fixed pomt S, meetmg two fixed straight lines at L, M, then LM 
envelops a come of v hich S is a, focus 

123 Focal chords Let PSQ (Fig 50) be a focal chord through 
a focus S, meeting the corresponding directrix at Y Since S is 
the pole of the directrix, {YQSP} = - 1 , and, by Art 28 

Jl JL _ 

YP'^ YQ~ YS 

Let PM, QK, SX be the perpendiculars from P, Q, S on the 
directrix By similar triangles 

YP YQ YS=PM QK SX 

=ePM eQK eSX 
=SP QS SL 

by Arts 118, 119, LSL' bemg the latus rectum 
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Hence 


JL -i _ A. 

SP'^QS~ SL 


( 1 ) 


or, the senu-latus rectum is a harmomc mean between the 
segments of any focal chord 

The above will be found to hold good m all cases, even when S is 
outside PQ, provided the positive sense on the focal chord is taken 
from the focus towards the nearer intersection P with the curve 



lio 50 


Another proposition on focal chords is easdv deduced Newton’s 
Theorem gives at once 

QSSP _(m 
L'S SL CB^ 

where CD is the semi-diameter parallel to PQ 
Now, from (1), multiplying up, and remembering that QS+SP = 

QP 

2 SL^ OD^ 

QPSL=^2QSSP 

2SLCD^ 

% e QP = nm 


\PQ\ = 


2 \SL\\CD\^ 
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But 
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hence 


|OB|2 = |;Sil \GAl by Axt 119 (9) , 

2|OZ>12 


|PCI = 


\CA\ 


or, the lengths of foeal chords are proportional to the squares 
of the absolute lengths of the parallel senu-diameters 


124 Intersecton of the normal with the focal axis Let 

the normal and tangent at P (Fig 50) meet the focal axis at G, T, 
and let PN be the ordinate through P 
We have seen (Art 117) that 

CGCT=^CS^=e^OA^ 


But also, PN IS the polar of T, smce, T bemg on an axis, its polar 
IS perpendicular to that axis Thus {A'NAI} = - 1, and 


By division 
But 


CNCT^GA^ 


GG=e2GN 

GN=GX-PM, 

GG=GS-G8, 


( 1 ) 


there being here no need to discriminate between the cases of the 
elhpse and hyperbola, if attention is paid to sign 
Substituting mto (1) 


G8-GS=e^GX-e^PM 
But e2 CZ=e GA=G8 (Art 119) 

Thus G8=e^PM (2) 

or, usmg Art 118 |5(?| =e 1SP| ( 3 ) 

The distance GN is called the subnormal This also can be 
expressed m terms of 8P, or PM For 

GN=GN-GG=GX-PM-G8 + GS 

=8X-{l-e2)PM (4) 

These results are often useful 


JbiXAMPLES 

tie or^ogonal projection of the normal PO upon cither 
focal (^tance is constant and equal to the semi latus rectum 

P meet the director correspondmg to S at U, prove triangles PK(I IIHP 
similar and triangles 8KQ, UXS similar , and use 8G= e SP J 

2 Nonn^ at the extreimties of a focal chord PP' meet narallels tn tli^ 
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125 The feet of focal perpendiculars on a tangent he on 
the auxihary circle Let SY, HZ (Fig 61) be perpendiculars 
from 8, H upon the tangent at P Let HP meet SY at F 
Consider the case where the come is an eUipse 
The angle FPY =8PY, smee PT bisects SPH externally by 
Art 117 Hence, the angles FYP, SYP bemg right angles and 
YP bemg common, the triangles FYP, SYP are congruent |PPj 

= |;SPI and |PH| = |;SP| + |PPl=2|O^I Also 0, Y bemg mid- 
pomts of 8H, SF respectively, \CY\=\\FH\^\GA\ Hence Y 
hes on the auxihary circle Similarly Z hes on the auxihary circle 
The proof when the come is a hyperbola is precisely similar and may 
be left as an exercise for the student 



If Y', Z' be the feet of perpendiculars upon the tangent parallel 
to the tangent at P, Y' and Z' also lie on the auxihary circle 
Also by symmetry 

\SY'\ = \HZ\, |PZ'| = |5i| 

Hence SY HZ = Y'S SY =A'S S 4 by the property of segments 
of chords of a circle 

But A'S SA = C£^ ( Ut 119 (7)), so th it 
Si UZ=CB^ 

01 , the product of focal perpendiculars upon a tangent is equal 
to the square of the non-focal semi-axis 
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If the conic be an ellipse SY, HZ are drawn in the same sense and 
CB^ 18 positive 

If the conic be a hyperbola SY, HZ are drawn m opposite senses 
and CB^ is negative and equal to - OBi^ (Art 119) 

Hence SYZH=CB^^ 

Examples 

1 Given both foci and a tangent to a conic, show that the conic is uniquely 
determined, and find the point of contact of the given tangent 

2 A focus and three tangents to a conic are given Construct the axes of 
the conic in position and length 

3 If CP be the absolute length of the semi diameter conjugate to CP, 
show that 

SPHP=CD^ 

4 Show that pomts of contact of tangents from the foci to the auxihary 
circle he on the asymptotes 

5 The focus of a come shdes on a fixed hne, the come itself shdmg on a 
fixed perpendiculax line Emd the locus of the centre 

6 A vanable hne moves so that the product of the perpendiculars upon it 
from two fixed pomts is constant Show that it envelops a come, of which 
the two fixed pomts are foci 

126 The normal PQ is inversely proportional to the per- 
pendicular OK from the centre on the tangent at P For since 
T, G (Fig 61) are harmonically conjugate with respect to S, H 
(Art 117), 

TH~ TG 

But TS TH TG^SY HZ GP, 

1 _ 1 _ _ 2 
SY'^HZ~aP’ 

SY+HZ 2 
SY HZ 

But SY + HZ=2CK because C is the middle point of SH , 
also SY HZ^CB^ by Art 125, 

2CK 2 
CB^ ~GP’ 

or CKGP=CB^- 

127 Special properties of the parabola Many special 
properties of the parabola are deduced at once from those of the 

iall Wiori 1-v'rr /N-rnv* /v i-v A' o ri +>» yi 
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corresponding focus H to infinity The line HP then becomes a 
parallel to the axis Also e is put equal to umty when it enters 
into any formula, but (1 -e^)SA' or 2(1 -e^)CA is to be put equal 
to the latus rectum 

It should be noted that, although the results may be thus obtained 
as limitmg cases, the proofs given for the central comes cannot 
always be similarly obtamed and may require modification for the 
case of the parabola 

The followmg are two examples of properties of the parabola 
deduced as limitmg cases of correspondmg properties of the central 
comes 


If, m the last theorem 
of Art 124, we write 6 = 1, 
we have at once GN =SX, 

or the subnormal m the 
parabola is constant^ and 
equal to the semi-latus 
rectum 

The auxihary circle de- 
generates mto the straight 
hne through A perpendicular 
to the axis, that is, mto the 
tangent at the vertex The 
first theorem of Art 125 
now reads 

The foot of the perpen- 
dicular from the focus 
upon any tangent to a 
parabola hes on the tan- 
gent at the vertex 

Separate proofs of certam 
now be given 



other properties of the parabola will 


128 The intersection of perpendicular tangents to a parabola 
lies on the directrix Let PSQ (Fig 52) be a focal chord of a 
parabola Let the diameter conjugate to PQ meet the directrix 
at Y Then, since the pole of PQ lies on both this diameter and 
the directrix, it is the point Y Hence YP, YQ are the tangents 
at P and Q Let PL, QM be the perpendiculars from P and Q 
on the directrix 

By Art 117 PY bisects LPS and QY bisects MPS Thus 
YPO+YOP =ULPS+MQS)=Si. right angle, since PL and QM 
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aie parallel The remaining angle PYQ of the triangle PQY must 
therefore be a right angle, which proves the theorem stated 

129 Parameter of parallel chords of a parabola We have 
seen (Art 76) that if QP (Fig 62) be a chord of a parabola bisected 
at N by its conjugate diameter and if this diameter meet the curve 
at Z), then 

=the parameter of the chords parallel to PQ 

To find its value take the chord QP to pass through the focus 8 

From Fig 52, smce the angle at Y is a right angle, the circle on 
PQ as diameter passes through Y, its centre bemg N, the middle 
pomt of PQ Thus QN = YN 

Also, smce YDN is parallel to the axis, it meets the curve again 
at and, smce PQ is the polar of Y, is harmomcally conjugate 
to E'^ with regard to Y and N Hence J)N = YD=^YN 

Accordingly ~ =4 YD = 4 ;SI>, 

by the focus and directrix property 

The parameter is therefore 4 8D, where D is the extremity of 
the diameter conjugate to the chords 

130 The circle circumscribing the triangle formed by three 
tangents to a parabola passes through the focus If, m the 

theorem of Art 122, we take for one of the positions of the variable 
tangent the Ime at infimty, which is possible m the case of the 
parabola, the pomts i, M become the points at infinity on the other 
two tangents a and b a,t A and B respectively The Imes SL, 8M 
are then parallel to a and 6, and it follows that, when c varies, the 
value of the constant angle LSM is one of the angles between a and b 

If now a, 6, c are any three tangents, forming a triangle LMN , 
where N is the mtersection of a and 6, we have LSM is equal or 
supplementary to LNM, or the points £, M, N, S are concyclic, 
and the circle LMN, which circumscribes the triangle formed by 
the three tangents, passes through the focus S 

Examples 

1 TP, TQ are two tangents to a parabola Show that the circle touching 
TQ at T and passing through P passes through the focus 

2 Given two tangents to a parabola and their chord of contact, construct 
the focus and the directrix 

3 PQB bemg a triangle circumscribed to a parabola, prove that the 
perpendiculars from P 0 R to SP SO SR are concurrent 
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4 Parabolas are drawn toucbing the sides of a given triangle , show that 
the pairs of parabolas, which have their axes perpendicular, have their foci 
at opposite ends of a diameter of the cireumcircle of the triangle 

5 A parabola is given by four tangents Without finding any point on 
the curve construct its focus 

6 Show that the four circles circumscnbmg three of the sides of a complete 
quadrilateral have one common pomt 

131 The orthocentre of the triangle formed by three tangents 
to a parabola hes on the directrix This is readily proved from 
Brianchon’s Theorem 

Let a, 6, c be the three tangents, h\ c' the two tangents per- 
pendicular to 6, c, and the line at infinity 

Consider the hexagon abh'i^c'c Then {ab, i^c') (66', cc') (b'l^, 
ca) are concurrent 

But {ab, ^^c') IS the parallel to c' through a6, i e the perpendicular 
from ah on c 

Similarly {ac, ^°°6') is the perpendicular from ac on b 

Hence the Brianchon pomt is the orthocentre of the triangle 

But (66', cc') is the directrix, smce perpendicular tangents 6 and 
6', c and c' meet on the directrix 

The orthocentre therefore hes on the directrix 

TP, TQ are two tangents to a parabola , perpendiculars to TP, TQ are 
drawn through T and P respectively Show that they mtersect on the 
directrix 

132 Focal chord of curvature of a parabola The mvesti- 
gation of the circle of curvature (Art 84) shows that, if the diameter 
through P meet the circle of curvature at V, then PF is equal 
to the parameter of the chords conjugate to this diameter 

If the focal radius PS meet the circle of curvature agam at U, 
PU IS termed the focal chord of curvature at P By Art 117, 
PTJ, PV are equally mchned to the normal to the parabola at P, 
that IS to the diameter of the circle through P Hence, by the 
symmetry of the circle, PU =PF =parameter of chords parallel to 
the tangent at P 

But this parameter has been shown (Art 129) to be 4 SP Thus 
PU = 4: PS and the pomt U is readily constructed when the focus 
IS known This gives a point U on the circle of cur\ature A 
perpendicular through U to PU meets the normal at the other 
extremity of the diameter of the circle through P, and the circle is 
deternnned 
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Examples 

1 If the normal at P to a parabola meet the directnx at H, then the 
radius of curvature at P = 2HP 

2 In the plane perspective relation between the parabola and its circle of 
curvature at P, m which the tangent at P is the axis of perspective, prove that, 
if a IS the centre of the circle and 0 the pole of perspective, then if 00 meet 
the vamshmg hne of the circle at Z, PZ is the diameter of the parabola 
conjugate to chords parallel to the tangent at P 

3 Usmg Ex 2 prove directly that the focal (or diametral) chord of curvature 
IS equal to the parameter of the chords parallel to the tangent at P, without 
usmg Art 84 


EXAMPLES VIIlA 

1 Show that the asymptotes of a hyperbola meet the directrices at pomts 
on the auxihary circle 

2 On the transverse axis AB of a hyperbola as diameter a circle is drawn 
(the auxihary circle of the hyperbola) A ray through A meets the circle and 
hyperbola m P, P' Show that the tangents at P, P' meet on the tangent 
at B 

3 Havmg given a focus of an eUipse, a tangent and its pomt of contact, 
and one other pomt on the curve, find the other focus Show that, when the 
construction is possible, it leads to two solutions 

4 If PP, TQ be tangents from a pomt P to a central conic, Sy E the foci, 
show that the bisectors of the angle PTQ meet the non focal axis m two 
fixed pomts when P describes a circle through Sy H 

5 Show that if H be fixed pomts and through a pomt P hnes PP, PU 
be drawn so that the angles SPHy TPU have common bisectors, a come can 
be described with Sy H as foci to touch PP and PU 

6 If the normal at P meet the non focal axis at G', show that the projection 
of PG' upon either focal distance is equal to the focal semi axis 

7 Prove that if the normal at P to a central come meet the focal axis at 
G and the non focal axis at G\ then PG' PG= CA^ CB^ 

8 Prove that the pole of the tangent at P to a central conic with regard 
to the auxiliary circle hes on the ordmate of P 

9 If fifP, be perpendiculars from a focus S to tangents PP, TQ the 
perpendicular from P to YZ passes through the other focus H 

10 PQy PE are two focal chords of a come Show that QR meets the 
tangent at P at the pole of the normal at P 

1 1 PQ P P the two focal chords through a point P of a come Prove 
that the pole of QR hes on the normal at P 

12 Prove that the perpendicular drawn through a focus 3 of sl conic to any 
chord PQ meets the directrix correspondmg to m a pomt of the diameter 
conjugate to PQ 

Given a triangle ABCy with an acute angle at G, show that there is only 
one come vhich has AB for a directrix and CA, CB for a pair of conjugate 
diameters , and show how to determme the auxiliary circle and the points of 

intersection of this come with CA and GP 
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13 Two parabolas have a focal chord in common and have their axes 
parallel Prove that they intersect at right angles Conversely prove that, 
if two parabolas have their axes parallel and intersect at right angles at a 
point, they have a common focal chord which passes through this pomt 

14 Two parabolas have a common focus Show that they cannot have 
more than two real co mm on pomts, which he on the mtemal bisector of 
that angle between the directnces winch contains the common focus 

16 A rectangular piece of paper ABGD is folded so that the comer G falls 
on the opposite side AB Show that the crease envelops a parabola of which G 
is the focus and AB the directrix 

16 The vertex of a constant angle moves on a fixed straight hne, while 
one of its sides passes through a fixed pomt S Show that the other side 
envelops a parabola, of which ;Sf is a focus 

17 Prove that a focal chord of a parabola is equal to 4 SP, where S is the 
focus, and P is the pomt where the tangent parallel to the given chord touches 
the curve 

18 Prom a pomt T on the directrix of a parabola tangents TP, TQ are 
drawn and the chord PQ meets the directrix at K and the diameter through T 
at B Prove that 

(i) SPSQ=SBSK, 

(n) PQ^=4BSBK 

19 K TP, TQ are tangents from a pomt P to a parabola havmg S as focus, 
prove that the triangles 8PT, STQ are similar, and that ST^=SQ SP 

If tangents from a pomt 0 on the axis of a parabola meet any other tangent 
at pomts L and M, prove that SL=8M and that 8, L, 0, M are coney che 

20 A fixed tangent c to a parabola X is met at P by a variable tangent t, 
and u is the perpendicular to t through P m the plane of X Prove that u 
always touches a second fixed parabola $, whose axis is perpendicular to that 
of X , and that each of X, 5 touches c at a pomt on the directrix of the other 

21 Prove that chords of a come s which subtend a nght angle at a fixed 
pomt 0 not on s envelop a come of which 0 is a focus and the polar of 0 
with regard to 5 is a directrix [Use Exs VIIa, 13 ] 

22 Show that, m any come, the focal chord of curvature at P is equal 
to the focal chord of the come parallel to the tangent at P 

23 ^ IS a focus of a come s, and 8Y is the perpendicular from 8 on the 
tangent at P If X is the circle centre 8 and radius 8 Y, and if be an mter 
section of 8P with X, show that the tangents at P, Z to s, I respectively meet 
on a common chord of X and s and that the point of contact of the second 
tangent to s from this intersection hes on 8 Y 

24 Given one focus 8 of & h}perbola one asymptote and a tangent t, 
show how to construct the other asymptote and focus Show also how to 
find the second tangent to the hyperbola from anj point of the given tangent t 

25 Show that the hyperbola c, which has foci at two given pomts, P Q of 
an ellipse X and passes through one focus 8 of I must albo pas& through 
the other focus H and that the directrix of c correspondmg to the focus P 
meets SH at its intersection 0 with the normal at P to X 

Show also that if the normals to X at P Q meet 8H at 6^ A respectively 
the hne joming the middle pomts of PQ, GK is perpendicular to PQ 

26 A variable come X has one focus at a fixed pomt 8 and passes through 
two other fixed pomts A and B Prove that the second focus H describes a 
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composite locus, composed of an eUipse and hyperbola passmg through S and 

havmg A, B for foci ^ ^ j r a 

Show that the directrix of h correspondmg to the fixed focus S must pass 
through one or other of two fixed pomts on the Ime AB , and that, for any 
particular position of I, the mtersection of this directrix with AB is on the 
normal at S to that part of the composite locus upon which the other focus 
Bhes 


27 Prove that, if p, g are two fixed perpendicular diameters of a come 
the meet of conjugate hnes with respect to I, which are parallel to p, q, hes 
on the rectangular hyperbola which has p, q for asymptotes and passes 
through the foci of Tc 


EXAMPLES VIIlB 


[Except where otherwise stated, the axes of co ordmates are rectangular ] 

1 A nght circular cone of semi vertical angle 60° is cut by a plane mchned 
at an angle of 15° to the axis of the cone and whose perpendicular distance 
from the vertex is 4 mches Construct the asymptotes, foci and vertices of 
the section 

2 Draw the hyperbola whose directrix is 0, focus (2, 0) and eccentricity 
25 

3 Draw a tnangle 8PH with sides SH—4: mches, 8P=^ mches, HP=^ 

2 mches Draw the tangent at P to the elhpse which passes through P 
and has 8, H for foci , and by geometrical construction find the four vertices 
of the elhpse, and its directrix correspondmg to 8 

4 A hyperbola has its vertices at the pomts (0, 0), (4, 0) and passes through 
the pomt P (5, 4) Construct the tangent at P, the foci and the asymptotes 

5 A hyperbola has the hnes 2 /= ±1 5a; for asymptotes and passes through 
the pomt (5, 4) Construct its foci and vertices 

6 Construct the directrices of the possible comes which have the origin 
for focus and pass through the three pomts ( — 1, 1), (3, 3), (5, 0) 

7 The asymptotes of a hyperbola are parallel to the hnes a;2~42/^=0 
One focus is the pomt (3, 0) and the semilatus rectum =2 Fmd the 
asymptotes m position and draw the curve 

8 A come has the axis of y for directrix, the pomt ( 1 5, 0) for corresponding 
focus and eccentricity =2 Draw a chord through the focus which shall be 

3 5 umts long 

9 Draw a circle of radius 1 5 mches, and mark a point 8 distant 1 inch 
from the centre Construct the polar z oi 8 with respect to the circle, usmg 
the ruler and pencil only 

Mark a pomt 7 on the circle (but not on the diameter through 8) and 
find a tangent from 7 to the elhpse which has 8 for a focus, z for correspondmg 
directrix and the circle for its auxihaiy circle 

Fmd also the pomts m which this tangent ( 1 ) touches the elhpse, ( 11 ) meets a 
perpendicular tangent to the elhpse 

10 A parabola touches the straight hnes 

2 /=a;+l, 22/=a:+4, 2?/+4a;+ 1==0, x==0 
Construct the focus, axis and vertex of the parabola 

11 The focus of a come is the ongm and the conic passes through the 
point (3, 4) If the semi latus rectum=3 5 and the eccentricity construct 
the second foci of the comes which satisfv the conHitinnci 
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12 Given the foci S, H of a, hyperbola are 4 inches apart and a tangent 
making an angle of 60° with SH divides SH mternally m the ratio 3 1, find 
(i) the pomt of contact of the given tangent, (u) the vertices, and (m) the 
asymptotes 

13 ABC IS a triangle with BG=4c mches, CA = 3 mches, A5=3 5 mches 
Fmd the foci of the conic which has CA, CB for a pair of conjugate diameters 
and AB for a directrix , and determine the mtersections of this come with GA 
and GB 

14 A come has a focus at the pomt (2, 0) and touches the Imes a;+ 2y=4, 
2y-x^4: and x-^y — -S Construct the centre, the other focus, the vertices, 
the directrices and the extremities of the latera recta 

15 A hyperbola touches the co ordmate axes and the Ime a:H-2y=3, and 
has one focus at the pomt (2, 1) Fmd its asymptotes, the other focus, and 
the directrices , and its pomts of contact with the three given tangents 

16 A come touches the axis of x at the pomt (3, 0), and also touches the 
axis of y , and it has the pomt (2, 3) for a focus If the angle between 
the axes of co ordmates be 75°, construct it as an envelope 

17 The angle between the positive directions of the axes of co ordinates 
bemg 60°, a come havmg a focus at the pomt (3, 2) touches the axis of y 
at the pomt (0, 3) and also touches the axis of x Construct the pomt of 
contact of the x axis, the second focus, the directrices, the auxihary circle, 
the tangents perpendicular to the co ordmate axes, and the vertices 

18 ABGD IS a rectangle, AB—2 mches and BG=^ 1 mch A come touches 
AD, AG, BG and has one focus at the middle pomt of AB Construct the 
pomts of contact of AD, AG, BG and the axes of the come m position and 
length 

19 A parabola touches two hues AB, AG at B and C, where AB—6 cm , 
A <7= 7 cm , and the angle BAG=A^° Find its focus and directrix 

20 A parabola has the axis of y for directrix and touches the hue 2y=^x 
at the pomt (4, 2) Fmd its focus and axis, and the other extremity of the 
focal chord through (4, 2) 

21 A parabola has three pomt contact with the circle 0 ;** + 2/^=4 at the 
pomt (2 0) and touches the Ime a — 32/4-4=0 Fmd the pomt of contact 
of this Ime with the parabola, and the axis focus and directnx of the parabola 

22 An eUipse has the pomts (0 0) (6 0) for the extremities of the major 
axis, and passes through the pomt P (1, 15) Construct the tangent at P 
the foci and the circle of curvature at P 

23 ACB is a triangle right angled at C with sides GB=2 mches 04 = 4 
mches , and D is the pomt on AB produced such that the angle BCD— 30^ 
The triangle ABC is self polar with respect to a parabola whose axis is parallel 
to CD 

Construct (i) the pomts P Q Rvci which the parabola meets the parallels 
to the axis through A, B, C respectively , (u) the focus , (m) the circle of 
curvature at P 



CHAPTER IX 


IMAGINARY ELEMENTS 

133 Point and line co-ordinates m a plane Tte position 
of a point P m a plane may be defined by two co-ordmates x, y 
given by the mtercepts cut ofi, on two fixed axes, between tbeir 
mtersection or origm and tbe parallels through P to the axes In 
this system of co-ordmates the co-ordmates of the pomts of any 
straight hne satisfy an equation of the first degree 

If we divide this equation by C it takes the form 

A straight Ime is therefore completely defined when we know the 
two coefficients I, m These may then be spoken of as the 
co-ordmates of the hue 

The co-ordmates of the points of a curve satisfy a relation which 
is called the Cartesian equation of the curve 
In like maimer the co-ordmates of the tangents to a curve satisfy 
a relation which is called the tangential equation of the curve 
If the CO ordmates Z, m of a hne satisfy a relation of the first 
degree, this can be put mto the form 

Za-f-m6 + l=0, 

and this shows that the Ime whose co-ordmates are ?, m passes 
through the point whose co ordmates are a, 6 
An equation of the first degree m I, m is therefore the tangential 
equation of a pomt and the Imes whose co-ordmates satisfy this 
equation are rays of a pencil 

If 1=0, m=0, X OT y ov both must be mfimte if h+my is to 
be equal to the fimte quantity -1 Hence 1=0, m=0 are the 
co-ordinates of the line at infinity Smularly if x=0, y=0 the 
Imes through the origin must have 1 or m or both infinite 
Notice the duahty implied by this arrangement of pomt and 
Ime co-ordmates By givmg the symbols a different mterpretation 
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Ime and bearing m mind the symmetry of the relation of mcidence 
Ix+my + 0 m X, y and m respectively, we see that to any 

geometrical theorem corresponds another m which points and lines 
are mterchanged This is the principle of duahty which we have 
already deduced from the theory of reciprocal polars m Art 57 
The present result shows that thi prmciple is entirely mdependent 
of the theory of reciprocal polars 

134 Point and plane co-ordinates in space In hke manner 
the position of a pomt P m space may be defined by taking three 
axes OJC, OF, OZ through an origm 0 and drawmg through P 
planes parallel to FOZ, ZOX, XOY to meet OZ, OF, OZ respec- 
tively at Ly My N Then the segments 0£, OM, ON taken with 
proper sign are denoted by x, y, z and called the co-ordmates of the 
pomt It is shown m treatises on analytical geometry {see Salmon, 
GeoTYietry of Three IhmemionSy or C Smith, Solid Geometry) that m 
this system of co-ordmates a plane is represented by an equation 
of the first degree m the co-ordmates which may be put mto the 
form 

Jcc+my-f-nij + l =0 (1) 

and conversely that every such equation defines a plane 

(Z, m, n) may be called the co-ordmates of the plane and the 
above equation expresses that the plane (Z, m, n) and the pomt 
{Xy y, z) are mcident 

The co-ordmates of a pomt on a surface satisfy a smgle equation 
mx,yyZ which is called the Cartesian equation of the surface 

The co-ordmates of a plane tangent to a surface satisfy a smgle 
equation ml, m, n which is called the tangential equation of the 
surface 

The equation (1) expresses, when x, y, z are treated as constants 
and I, m, n as variables, that the co-ordmates of the planes passmg 
through X, y, z satisfy the equation (1) of the first degree in I, m, n 

Therefore such an equation of the first degree m I, m, n represents 
a set of planes through a pomt Such a set of planes is called a 
star of planes and the point through which they pass is called 
the vertex of the star 

An equation of the first degree m I, m, n is therefore the Mi 

equation of a pomt 

As m Art 133, Z = 0, m =0, n = 0 are the co ordinates of the plane 
at infini ty j whereas x = 0, y=0, z=0 correspond to mfimte plane- 
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135 Principle of duaLty m space The symmetrical form of 
the equation 

lx+my+nz + l =^0 

imphes that if the point {x, y, z) and the plane (I, m, n) are incident, 
so are the plane {x, y, z) and the point (Z, m, n) Thus to any theorem 
connectmg pomts and planes, there corresponds a reciprocal 
theorem connectmg planes and pomts, obtamed from the first by 
mterchangmg the mterpretations of x, y, z and Z, m, n In this 
translation the jom of two pomts corresponds to the meet of two 
planes Hence a straight Ime corresponds to a straight Ime To 
the set of hnes through a pomt, which is called a star of lines, 
corresponds the set of Imes m a plane, which is called a plane of 
Imes To a star of planes through a pomt corresponds the set of 
pomts of a plane, which is called a plane of points To a range 
of pomts on a Ime corresponds a set of planes through a Ime or axis, 
which IS called an axial pencil To a set of hnes through a pomt 
and lying m a plane (a flat pencil) corresponds a set of Imes lymg m 
a plane and passmg through a pomt (another flat pencil) To 
a pomt on a surface corresponds a tangent plane to the correspondmg 
surface To the tangent plane at a pomt corresponds the pomt of 
contact of the correspondmg tangent plane 

To the pomts where a straight Ime cuts a surface correspond the 
tangent planes drawn through a hne to the correspondmg surface 

136 Cross-ratio of an axial pencil An axial pencil of four 

planes a, jS, y, 8 through a hne x, has a definite cross-ratio For 
cut it by any two straight hnes These meet ocjSyS m ranges 

AiBiCiDi, A2B2C2D2 respectively On x take two pomts Vi, V2 
The planes UiVi, U2V 2 meet m a hne which cuts ajSyS m a range 

Then the ranges AiBiCiDi, A^B^C^D^ are perspective 
from Vi , and the ranges A^B^C^D^, A2B2C2J^% perspective 
from V2 Hence we have 

{ap,cm^{A2B,c^d,} 

={^ 2 -® 2 ^ 2 ^ 2 } 

That IS, ^{A2B202D2} 

Hence all straight Imes meet an axial pencil of four planes in 
ranges ha\ mg the same cross ratio This cross-ratio is defined 
to be the cross-ratio of the axial pencil 

An axial pencil, like a range and a flat pencil, is known as a one- 
dimensional geometric form of the first order We shall refer to 
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the axis of such a pencil as its base, and axial pencils with a common 
axis will be termed cobasal 

137 Imaginary elements We are now m a position to mtro- 
duce mto Geometry a new set of ideal elements, which are called 
unagmary elements In Art 4 elements at imSmty were mtroduced, 
m order to enable us to state theorems on the straight line m all 
their generahty, without havmg to consider cases of exception 
TIlus, after the mtroduction of the elements at infinit y, we were 
able to state, qmte generally, that coplanar hues always have a 
pomt of mtersection, that a straight hne and a plane always have a 
pomt of mtersection, that two planes always have a straight Ime m 
common 

But, as we proceeded, we met another set of cases of exception 
which could not be dealt with m the same manner For example, 
two collmear projective ranges noight have two real self-corre- 
spondmg pomts, or they might have none Nevertheless the 
nature of two such ranges is not mtnnsically different m the two 
cases, as appears from the fact that any property which we prove 
for two such ranges which have self-correspondmg pomts holds 
equally for ranges not havmg self-correspondmg pomts, provided 
the property does not mvolve the reahty of the ^ < k 'i‘Lr 

pomts 

In like manner a straight Ime may cut a circle or come m two 
pomts, or it may not cut the curve at aU Two tangents may be 
drawn from a pomt to a come, or none may be drawn 

The vahdity of the results we have reached therefore depends 
on the elements of the figures havmg certam relati\e positions, 
without which some of the results apparently disappear 

Now it would be extremely convement if these restrictions could 
be removed and if, bv mtroducmg a new set of ideal elements, which 
have no visual existence, we could state our theorems m a perfectly 
general manner 

Such ideal elements are provided for us by the method of 
co-ordmates explamed m Arts 133, 134 

For any geometrical theorem can be translated mto an algebraic 
theorem connecting point and line co oidmatcs (or point and plane 
CO ordinates) If in this theorem ctitain leal elements ippeir, the 
co ordinates ot these chments cm be deduced fiom the solution 
of certain algebraic equations mvohmg the data It b} iltermg 
the numerical values of these data, without altering their nature, 

+V»/-4 rr r\ini /^+T» r»ol C \ Hill 
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not disappear from the algebraic theorem, for an algebraic equation 
contmues to have solutions, even when its constants are such 
that these solutions are not real The algebraic solution will 
therefore still give values for the co-ordmates of those elements 
which have disappeared from the geometrical solution, but these 
co-ordmates will be complex, that is of the form a+^6, where 
and a, 6 are real The pomts, straight hues or planes 
defined by such co-ordmates have no visual existence , nevertheless 
all analytical theorems remam true of them and therefore all 
geometrical operations, which are mterpretable by means of analysis, 
will contmue to hold for such imagmary elements And this is 
true not only of pomts, straight hues and planes, but of all curves 
and surfaces of higher degree 
Thus the locus 

+2/2= -a2 

IS not a real circle nevertheless it possesses, analytically, all 
the properties of a circle and, if we admit imagmary elements, 
we may perform with it the operations which we can perform 
with an ordmary circle 

We will therefore, from this pomt onwards, assume the existence 
of such imagmary elements, so that if a construction which leads to 
certam elements m one case fails to lead geometrically to such 
elements m another case, we shall say that those elements are still 
there, but are imagmary 

Thus we know that two projective coUmear ranges will generally 
have two self-correspondmg pomts This shows that the problem 
of determining the self-correspondmg pomts of two such ranges is 
analytically capable of two solutions Hence it will have two 
analytical solutions m all cases We shall then say that two such 
ranges have always two self-correspondmg points, but that these may 
be real or imaginary 

In the same way a straight Ime will be conceived as always 
cuttmg a come at two pomts, real or imaginary , and from a point 
two tangents, real or imagmary, can always be drawn to a conic 
Agam we know that, m general, two distmct comes will mtersect 
m four pomts The problem of findmg the mtersections of two 
comes has therefore four analytical solutions We shall say that it 
has always four geometrical solutions, that is, every two conics 
have four pomts of mtersection, real or imagmary 
The student may object that this mtroduction of imagmary 

plpmp'nfc ic -poallTr •Pr./^rvt -.x _ 
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verbal delusion, for m wbat way can we derive help in practice 
from a construction in which one or more steps are imagmary ^ 
The answer is that these imagmary elements cannot, mdeed, be 
used m drawmg-board constructions, but it may, and does, happen 
that a demonstration, mvolving such imagmary elements, leads to a 
result which is free from them Thus by means of imagmary 
pomts and hues we can obtam real theorems, precisely as we can, 
by means of pomts and hues at infinity, obtam theorems relatmg 
to figures at a fimte distance 

It IS true that m all cases such theorems might be obtamed 
by reasonmg with purely real elements But such proofs are often 
excee ding ly comphcated , also two theorems which, when we use 
imagmary elements, are only particular cases of the same theorem, 
require, if we restrict ourselves to real elements, proofs which 
are not infrequently qmte dissimilar The sunphcity and umty 
obtamed by the mtroduction of imagmary elements add very greatly 
m power to the methods of geometry 

138 Conjugate imagmaries If the co-ordmates of an element 
are of the form a + ii>, the element whose co-ordmates are obtamed 
from those of the first by changing the sign of ^ is said to be a 
conjugate imagmary to the first element 

Thus the pomt (0, -i, 1 is the conjugate ihl gui n\ pomt 
to (0, i,l-i) 

If two elements are mcident, then conjugate imagmary elements 
are also mcident 

For any equation mvolvmg i i may be reduced to the 
form TJ + iV = 0, where U and V are real We ha-ve therefore ?7=0, 
7=0, and therefore ^7-^7=0, that is, the equation obtamed by 
changmg the sign of i everywhere is also satisfied 

It follows similarly that if a real and an imagmary element 
are mcident, the real elemeut and the conjugate imagmar} element 
are also mcident For a real element may be looked upon as itb 
own conjugate imagmary 

If an element A of any nature is determined by tw o othei elements 
P, Q (points, planes or mtersectmg lines), its conjugate imagmar} 
element A' is determmed by the conjugate imagmary elementb 
P', Q' For since A, P are incident A', P' are mcident , and 
since A, Q are incident A', Q' are mcident Hence A'=P'Q 
In particular if Q - P' Q' = P oi A' ^ FP - A Hence the element 

(if any) determmed by two conjugate imagmar} elementb ah\a\b 
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In paxticnlar the join of two conjugate points or the meet of two 
conjugate planes is a real Ime Two conjugate hues which mtersect 
determine a real pomt of mtersection and a real plane 

The elements determmed by a real element A and two conjugate 
imagmary elements P, P' are conjugate imagmary For A bemg 
its own conjugate imagmary, AP is the conjugate imagmary to 
AP' 

Also, if S be any locus or envelope which is real or mto whose 
analytical equation only real coefficients enter, and P be any 
imagmary element mcident with S {te lymg on or tangent to S), 
the relation of mcidence is expressed by an equation 

This imphes U -^V=0 

But the latter is what we obtam if we change the sign of ^ m 
the co-ordmates of P, smce the coefficients of the equation for S 
do not contam % Hence P' is also mcident with S 

It follows that if two real loci have one imagmary intersection P, 
the conjugate imagmary pomt P' is also an intersection, smce it 
must he on both curves The correspondmg chord PP', bemg 
determmed by two conjugate elements, is real 

EXA3m>LES 

1 Prove that, if J, J are two conjugate imaginary pomts on a straight 
hne, the middle pomt 0 of 7J is real and OJ^ is real and negative 

2 If 7, J are two conjugate imagmary pomts on a straight hne, prove 
that thej. can be obtamed as the imagmary double pomts of an elliptic 
mvolution 

3 Show that any two conjugate imagmarj elements of a form with a real 
base can be obtamed as the double elements of an elhptic mvolution on that 
base 

4 Prove that if an imagmary Ime I do not mtersect its conjugate imagmary 
Vy the Ime dravTi from a real pomt P to meet I and V is always real 

5 Show that the reciprocal elements of two conjugate imagmary elements 
are themselves conjugate imagmary when the reciprocal elements of real 
elements are real 

6 Show that conjugate imagmary elements project mto conjugate imaginary 
elements when the projection is real 

139 Number of real elements incident with an imaginary 
element An imaginary pomt has only one real Ime through it, 
namely the one joining it to its conjugate imagmary pomt For if it 
had two it would be the mtersection of two real lines and therefore 
a real point 
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Similarly an im.ipcinai} plane has only one real line lymg m it, 
namely its mtersection with its conjugate imagmary plane For 
a plane through two real Imes is a real plane 

An imagmary line, for a similar reason, cannot ha\e two real 
pomts on it But imagmary Imes may be of two lands A Ime 
of the first kmd has one real point on it A Ime of the second 
kind has no real pomt on it 

By the last Article the conjugate imagmary Ime j)' to a Ime 
of the first kmd passes through the real pomt on p p, p* therefore 
mtersect and, bemg conjugate, determme a real plane 

Thus a Ime of the first kmd has one real plane passmg through it 
It cannot have a second, for it would then be the meet of tvo real 
planes and so be a real Ime 

Conversely, if an imagmary Ime p has one real plane passmg 
through it, its conjugate imagmary Ime p' lies m this plane and 
meets ^5 at a real pomt, so that p is of the first kmd 

A Ime of the second kmd has therefore no real plane through it, 
as well as no real point on it, and it does not mtersect its conjugate 
imaginary Ime 

Such Imes may be obtamed by takmg conjugate imagmary 
pairs P, P' and Q, Q' on non-mtersectmg real Imes a, h respecti\ ely 
Then P, P', Q, Q' cannot be coplanar and the Imes PQ, P'Q' are 
conjugate imagmary Imes which do not mtersect 

140 The circular points at mitoity Consider the two 
(imagmary) pomts m which the Ime at mfimty m a plane meets 
any circle m the plane Smce the pole of is the centre C of 
the circle the mvolution of conjugate pomts on is gi\en bvthe 
mtersection of with the m\olution of conjugate rays through C 
But smce conjugate diameters of a circle are at right angles (Art jI) 
the latter involution is the rectangular mvolution through C 

The two intersections O, O' of yith the circle are therefore 
the double pomts of the m\olution m yhich the rectangular 
mvolution through C meets 

But if we take any other pomt 0 m the plane and join 0 to 
the pomts of the im oliition on we obtain an involution through 
0 whose ra} s are parallel to the coirespondmg I^i^ s of the in\ olution 
through C The m\ olution thiough 0 is therefore also lectaiigular 
Thus the double ol all rectangular in\olutionfe pas'^ tliiough 
the same two points 12, 12' at infinity These points Q Q' are 
therefore determined quite independent h ot the particulai circle 
chosen Hence all nrelA*^ 
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Conversely every conic which, passes through O, O' is a circle 
For let s be such a conic and let B, G be any three other points 
on s Describe the circle c through A, B, 0 Then it passes 
through O, O' c and s have five points A, B, C, O, O' common 
and therefore coincide 

For these reasons the points O, O' are called the circular 
points at infinity Bemg the mtersections of a real line (the line 
at infimty) with a real curve, they are conjugate imaginary points 
by Art 138 

Two interesting cases of circles arise when the conic through 
O, O' degenerates mto a hne-pair If O, O' are on the same com- 
ponent of the pair, the latter consists of the line at infinity and an 
accessible straight Ime Thus any straight Ime, together with 
the line at infimty, may be regarded as formmg a circle of mfimte 
radius 

If O, O' be on difierent components of the pair we see that any 
pair of lines through O, O' form a circle 

If their point of mtersection P be real, every Ime through P is 
a tangent to the curve at P {see Art 44) and the circle is then a 
pomt-circle {see Art 112) 

141 Circular lines The Imes jommg any pomt of the plane 
to O, O' are called the circular lines through the pomt If 
the pomt be real, the circular Imes through it are conjugate 
imagmaries From the last Article the circular Imes through 
a pomt are the double rays of the rectangular mvolution through 
the pomt 

Hence any pair of Imes at right angles are harmomcally c onj iigoie 
with regard to the circular Imes through them mtersection 

It follows that if m any mvolution pencil the circular rays are 
mates, the double rays are at right angles Conversely if the double 
rays are at right angles the circular rays are mates 

Smce by Art 52 the self-correspondmg rays of conjugate pencils 
through a pomt C, that is, the double rays of the involution of 
conjugate Imes through C, are the tangents from C to the conic, it 
follov s that, when the conic is a circle and 0 its centre, so that the 
conjugate Imes through C form a k c* iiiiriil ir mvolution, the circular 
Imes through C are the tangents from C to the circle, and the 
points O, O', vhere they meet the polar of 0, are their points of 
contact Thus two concentric circles have the same tangents 
at o, o' and are to be regarded as touching one another at 
these points 
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142 The arms of an angle of given magnitude determine 
with the circular hnes through its vertex a constant cross-ratid 

Consider an angle of given . rotating about its \ertex 0 
Its arms trace out two directly equal concentric flat pencils of which 
the self-corresponding rays are by Ait 91 parallel to the asymptotes 
of a circle, that is, they are the circular hnes through 0 Thus if 
POP', QOQ' be any two positions of the angle, (OP, OP'), (OQ, OQ') 
are two pairs of correspondmg rays , they determine therefore the 
same cross-ratio with the circular hnes through 0 (Art 88) 

If on the other hand two angles with different vertices 0, 0' 
have their arms parallel, the parallel arms and the circular hnes 
through 0, 0' determine the same range on the hne at infimty 
They form two perspective flat pencils and the cross-ratios are the 
same 

Cornr uincr the above two results, if an angle of given magmtude 
be moved about m its own plane anyhow, it defines a fixed cross- 
ratio with the circular hnes through its vertex 

The converse theorem that, if a mo\ung angle determine with the 
circular hnes through its vertex a constant cross-ratio, the magmtude 
of the angle is fixed, is readily proved 

Examples 

1 Show that any two concentnc projective pencils m a plane can alwa^ s 
he projected into directly equal pencils 

2 Show considering the circle as the product of two directly equal 
pencils and appl^ung the construction of Art 91 for its asMnptotes that 
each of the circular lines thiough a point maj be looked upon as making any 
given angle with itself 

3 Show analytically that the circular Imes are parallel to the lines 

and verify that they make the same angles itan^H with ever> straight kne 
m the plane 

4 Discuss the foim assumed b\ the anharmonic propert\ of four fixed 
pomts and one ^ aiiable point on a come when two of the fixed pomts arc the 
circular pomts 

5 Pro\ e that if O 4 OB be tw o lme» mtersectmg at 0 the cro>s ratio 
0{ 41215^2 }—e where angle WB 

143 The circular points are conjugate with regard to any 
rectangular hyperbola For in a lectmgular h\q)eibola the 
double rayb of the in\olution of conjugate diameters ‘ire it right 
angles Therefore the circular Imes through the centre ire con- 
jugate The points where they meet the polar of the centre (z e 
the Ime at infimty^) are therefore also conjugate with regard to the 
hyperbola But these are the circular points Q 0' 
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Con\ersely if O, Q' are conjugate points with regard to a hyper- 
bola, the circular lines through the centre are conjugate lines and 
the asymptotes are at right angles 

144 The orthoptic circle Consider the pencils of conjugate 
rays w ith respect to any come s through the circular points O, 
These pencils are projective by Art 62 Their product is therefore 
a come passing through O, 12', that is, a circle 

Let P be any pomt on this circle Then Pl2, PG' bemg lines 
through P I < r i i I ' with regard to s are harmonically conjugate 
with regard to the two tangents from P to s (Art 52) Therefore 
these two tangents are at right angles (Art 141) 

Conversely if these two tangents are at right angles PO, PO' 
are mates m the involution of conjugate rays through P, and P 
hes on the product of the conjugate pencils through O, O' We 
have then the theorem 

The locus of the intersection of perpendicular tangents to a 
conic IS a circle 

The circle is called the orthoptic circle of the conic, from 
the property that at any pomt of it the come subtends a right 
angle It is also called the director circle, by analogy with 
its degenerate case when the come is a parabola, when the locus 
of mtersections of tangents at right angles is the directrix (Art 
128) The explanation of this from our point of view is that m 
the case of the parabola OQ' touches the curve and is therefore a 
self-correspondmg ray of the conjugate pencils through O, 12' 
These are accordingly perspective and the locus breaks up into 
QiQ,' (the Ime at infimty) and another straight Ime, which is the 
directrix 

The orthoptic circle is concentric with the conic For the 
tangent at Q to the orthoptic circle is the Ime through O conjugate 
to Of2' with regard to the come (Art 39) It must therefore pass 
through the pole of e through the centre of the conic Similarly 
the tangent at 12' to the orthoptic circle passes through the centre 
of the conic The pole of 1212' with regard to the circle (^ e the 
centre of the circle, 1212' being the Ime at infinity) is thus the centre 
of the come 

The radius of the orthoptic circle is immediately found by 
dra\\mg the (perpendicular) tangents at the extremities of the 
axes The semi-diagonal of the rectangle so formed is the radius 
required It is VC' 4^ + In the hyperbola CB^ = - so 
the radius of the orthoptic circle -CBi^ li CBi^:>CA^ 
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the orthoptic circle is unagmary If OBi- = CA^, or the hyperbola 
IS rectangular, it shrinks into a point at the centre Thus the 
only real perpendicular tangents to a rectangular hyperbola are the 
asymptotes 

14?5 The four foei of a come By the defimtion of a focus 
the mvolution of conjugate hnes through it is rectangular Thus 
the tangents from a focus to the conic, being the double rays of 
such an mvolution, are the circular Imes through the focus and pass 
through O, O' Conversely a point I which is the mtersection 
of tangents from O, O' must be a focus, for the double rays of the 
mvolution of conjugate rays through F will be the tangents from F, 
namely FQ., FO.' But these bemg the circular Imes, the mvolution 
defined by them must be rectangular, or is a focus 

Smce two tangents can be drawn to a conic from O and 
two tangents ti\ can be drawn from O', a come will have four 
foci, namely tit\, t^ti\ Of these two are real and two 

unagmary, as follows Take one tangent ti from O This bemg 
an imagmary Ime m a real plane, has a real pomt Fi on it (Art 139) 
The other tangent from Fi must be a ( oujiigcite unagmary hne to ij, 
for two imagmary tangents from a real pomt to a real come must be 
conjugate imaginaries, as can be shown from jLer onmg snnilar to 
that used m Ai*t 138 to prove that mtersections of a real Ime and a 
real come are conjugate imagmaries 

This other tangent from Fi, bemg a conjugate imagmary to 
ti, le to FiQ, must be F^Q' Call it then tf Let ^ be the 
other tangent from Q, If F2 be the real pomt on it, then F2Q>' = 
tf, and t2, t2 are conjugate imagmary hnes Fi, F2 are the two 
real foci of the curve titf, t4i\ which we may call F^ and F^, are 
the mtersections of non-conjugate imagmary hues and are imagmary 
pomts They are, however, themselves conjugate unagmary 
pomts, bemg mtersections of two (o ij u' ^ imagmary pairs (Art 
138) Hence F^F^ is a real hne 

Now by Art DO the diagonal triangle of the complete quadrilateral 
hh'hif circumscribed to the conic is self-polar vith regird to the 
conic But the sides of this diigonal triangle are F^F 2, F^F^, OQ' 
The meet ot F1F2, F^F^ is therefore the pole of OQ', i e the centre C 
of the conic , F^F^, -^1^2 ^^e then conjugate diameters By the 
harmonic property of the complete quadrangle 
sides of the diagonal triangle through C, mz CQ, CQ', iie har- 
monically conjugate to the tyo sides of the quadrangle through C, 
namely F1F2, F^F^ CCl, CQ' bemg circular lines F1F2 F^F^ 
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are perpendiciilar and so must be axes The two imagmary toci 
therefore he on what we have called hitherto the non-focal axis of the 
curve 

They are, m fact, the jrujguidi\ mtersections of this axis with 
the come i of Art 115, and the double pomts of the elhptic mvolution 
of orthogonal points on the non-focal axis (Axt 116) Any two 
rectangular conjugate lines meet this axis m a real pair of mates 
Q, Q' of this mvolution, of which G is the centre, and F^^ the 
double pomts We have therefore 

CF^^=GQCQ' ( 1 ) 

Thus GF^^ IS real, and so must be negative, or F^ would be real 
Clearly GF^ is the semi-diameter of the rectangular hyperbola h 
perpendicular to GFi {Fi bemg a real focus) By Art 83, GFi 
and GF^ must be equal m absolute length 

Thus W = ~ CF^^ = - c2 GA^ (2) 

146 The two eccentricities of a conic The reasonmg of 
Art 118, which estabhshes the eccentricity property, still holds 
good formally of the foci F^ and F^^ and of the correspondmg 
(imagmary) directrices , an eccentricity e' correspondmg to these 
foci therefore exists, but now the discrimination of the different 
types of come from the reahty of the mtersections of the circle with 
the vanishing hue has no longer any meanmg 

We may find this eccentricity e' as follows If the non-focal 
axis, on which F 2 hes, meets the curve at B, B' and the directrix 
correspondmg to F^ at Y, we have, smee {F^BYB'} = -* 1, 

GF^GY=GB^ 

Nowe'^JgS BY^{GB-GF^) (GY-GB) 
fCB^ \ 

^{GB-GF,) i^—-CB)=GF, CB, 

so that CF^ GB, which gives a relation symmetrical with CFi = 
e GA Usmg (2) of Art 145, we have 

e'2 052+62(7^2=0, 
or 6'2(i_e2)+e2=0, 

vhich leads to the more symmetrical form 



A conic has therefore two eccentricities, corresponding to the 
two pans of foci, and connected by the above relation If the conic 
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IS an ellipse, e' is a pure imaginary , for the h3^erbola e and e' are 
both real and greater than unity For the parabola e' = x 

147 Confocal conies If two foci Fj, of a come lying on 
the same axis be given, the other foci F^ are determined For 
they are the remaimng vertices of the complete quadrilateral formed 
by the four Imes FiO, Fi€l\ F^^ly F^Qi' 

In particular, comes which have the same two real foci have 
all their foci the same Such comes are called confocal conics 
They touch four fixed Imes, namely the sides of the quadrilateral 
mentioned above 

148 The circular points are foci of a parabola In the case 

of a parabola the Ime at infinity OQ' is a tangent Thus U, U 
comcide with 012' The quadrilateral of tangents from 12, 12' 
reduces therefore to a triangle jP^, %e remains as the 

only accessible real focus of the curve, F^ is the pomt of contact 
of the Ime at mfimty, ^ e the pomt at infinity on the axis F>^ and 
F4 become mtersections of and t{ with the Ime at infinity, that 
IS, they comcide with 12, 12' which are thus foci of the cur\ e 

We have therefore an exception to the theorem of the last Article, 
for the givmg of 12, 12' does not here determine the other foci 

Example 

Show that two parabolas with a common focus, but different axes, have one 
real accessible common tangent, and one only 

Discuss the case where both the focus and axis are common 

149 Imaginary projections By means of the circular pomts 
a number of important theoretical results m projection can be 
deduced 

Thus any two conics can always be projected simultaneously 
into circles 

For A, B be any two of the mtersections of such comes Then 
by projecting A, B into the circular pomts m anv plane, the comes 
are projected into circles 

This result is of great importance, since it enables us to appiv 
to a pair of comes any projective theorem pro\ed for a pair of 
circles 

This projection of tvo given pomts into the circular points is of 
course imaginaiy if the tw o given pomts are real If the two gi\ en 
pomts are conjugate imaginary pomts, they vill in general be gi\en 
as the intersections of a real straight line x vith a real conic 
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when 5 C and s do not cut m real points Take 0 the pole of x with 
regard to 5 and two pairs {OP, OP'), {OQ, OQ') of conjugate lines 
through 0 with regard to s Project x to infinity and the angles 
POP', QOQ' into right angles (Art 19) 0 projects into the centre 

of the conic and {OP, OF), {OQ, OQ') into pans of conjugate 
diameters at right angles, % e into axes But since a come with 
more than one pan of axes must be a cncle, s projects mto a cncle 
and its intersections with x mto the mtersections of a cncle with the 
Ime at infimty, that is, mto the cncular pomts Thus a real pro- 
jection transforms a pan of conjugate imagmary pomts mto the 
cncular pomts 

Alternatively the two conjugate imagmary pomts may be given 
as the double pomts of an elhptie mvolution on a real Ime x Take 
two pans of mates (P, F), {Q, Q') of this mvolution, and jom to 
any pomt 0 outside the Ime Then proceed as before 

Agam two comes can always be projected simultaneously mto 
rectangular hyperbolas, by projecting two of then common pomts, 
A, B mto rectangular pomts at infimty This can be done m 
an infinite number of ways by takmg AB as vamshmg Ime m a 
plane perspective, and the pole of perspective to be anv pomt of 
the circle on AB as diameter If P are real, the perspective 
IS real 

Also two comes can always be projected mto two confocal 
comes, by takmg two opposite vertices of the complete quadri- 
lateral formed by then common tangents and f ro) (Ting these 
vertices mto the cncular pomts The two projected comes have 
the same tangents from the cncular pomts and are therefore 
confocal Accordmgly all projective properties of confocal comes 
are properties of any pan of comes 

An important case of frequent occurrence is that of two conics 
touchmg one another at two pomts A and B By projecting A, B 
mto ^2, €1' the comes transform mto cncles The pole of AB, 
which IS clearly common to the two comes, transforms mto the 
pole of the Ime at infinity 00', so that the circles are concentiic, 
and any projective proposition which is true of concentric circles 
is also true of any two conics havmg double contact, real or 
imaginary The comes, of course, may not have real common 
pomts at all 

150 The eight tangents to two conies at their four common 
points touch a conic We will take an example of the deduction 
of theorems for two comes from theorems for two ciicles 
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Let two circles whose centres are S, 0 (Fig 53) intersect at A 
and B A and B are symmetrically situated with regard to SO 
Let C be the nuddle pomt of SO The circle whose centre is C 
and which passes through A also passes through B Construct the 
come havmg S, 0 for foci and the circle with centre C and radius 
CA for auxiliary circle This come touches the tangent at A to 
the circle centre S, for this tangent is perpendicular to SA and A 
IS a pomt on the auxihary circle of the come (see Art 125) Similarly 
the come touches the tangent at B to the circle centre S and the 
tangents at 5 to the circle centre 0 
Consider now the other mtersections of the two gi\en circles, 



namely O, O' The tangents to the circle centre S at O, O' pass 
through S since S is the pole of OO' \Mth regard to the circle 
They are therefore SQ, aSO' But these are also tangents to the 
conic, since /S is a focus 

In like manner the tangents at O, O' to the circle centre 0 ire 
tangents to the conic 

Hence the eight tangents at the four common points of t^^o 
circles touch a conic Projecting the circles back into an\ two 
conics w e obtain the result 

The eight tangents to two conics at their four common points 
touch a conic 
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P tins theorem we obtain tbe following 

Tie eight points of contact of the four common tangents to two 
comes he on a conic 


EXAMPLES IXa 

1 Prove that, if the circular hues through a point P on a conic meet the 
come agam at Q, Q\ then QQ' is the polar of the Fr6gier pomt of P and is 
equally inclined to the axes with the tangent at P 

2 If PiOQi, P 2 PQ 2 conjugate diameters of a come, show that it is 

possible to give a rule enabling us to select an extremity of each, so that the 
ranges [PJ^, [P^Y are projective 

[Project the pomts at infimty on the asymptotes mto the circular pomts ] 

3 Show that four comes can be drawn through two fixed pomts 7, J to 
touch the sides of a given triangle ABC 

If P, Q, P, S are the poles of IJ with regard to these four comes, show 
that the triangle ABG is self polar with regard to any come through P, Q, 
B,S 

4 Two comes /i, 1 2 ^ave double contact and a tangent t to meets ^2 
at P, P' Show that [P] a [P^^ 

5 Two comes Ip 1 2 have double contact and from a pomt P of hi tangents 
f, t' are drawn to 1 2 Show that [t]^~AVY 

6 *4 and B are two fixed points on a come and PP, PT' the tangents 
from a variable pomt P Prove that if the cross ratio of the pencil P(ABTT') 
IS constant the locus of P consists of two other comes touchmg the given 
come at 4 and B 

7 Show that if P and Q be the two distmct pomts of contact of a common 
tangent to two comes which touch at L, and P be the pomt at which the 
tangent at L to the comes meets PQ, then {RPUQ}~ - 1, C/ bemg the point 
w here the chord through the other intersections of the two comes meets the 
common tangent 

[Project the tw o conics mto circles ] 

8 Pro\ e that the polars, with respect to the comes which touch CA , CB 
at A, B respectively, of a given pomt Q in the plane of the triangle ABC 
concur at a pomt of the Ime 4P 

If P is the pomt of contact of a tangent from Q to one of these comes, prove 
that PQf PC are harmomcally conjugate with respect to P 4, PB and show 
that the locus of P is the come through Q, A^ P, C, foi which QC is conjugate 
to AB 

Express this theorem m metrical form whert the comes are rectangular 
h\'perbolas w ith the same as^ mptotes 

[For fiist two parts project 4, B mto O, O' ] 

9 Prove fiom Art 138 Ex 2 that any two conjugate imaginary pomts in a 
plane can be projected mto the circular points by a real projection 

10 Pro\ e that if tw 0 real comes have only two real interscctioiib, they have 
onl} tw o leal common tangents and conversely 

11 Show that the four pomts where the tangents from O, O touch a 
conic he on the orthoptic ciicle 

12 Prove that any point P on a come and the pole of the normal at P are 
conjugate points with regaid to the orthoptic circle of the come 
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13 Prove that a conic is uniquely determined when its orthoptic circle 
and two tangents, not at right angles, are given Show how to construct the 
foci from the above data 

14 A, B, C are three points on a come s Show that the lines through 
A, B, C which are conjugate lespectively to BC, CAy AB with regard to s 
meet at a pomt H 

The point A is fixed on s and B and C are a variable pair of a given 
involution on s, whose double pomts are L and M Show that the locus of H 
IS a come which passes through L and M and touches 5 at ^ 

Prove also that if now the pomt A moves on s, then the conic s moves m 
contact with s and with a fixed come which touches s^tL and M 

[Project Ly M into the circular pomts ] 

15 P, Q are any two real pomts inside a real come s and (^i, p'), (g, q ) 
are the imagmary tangents from P Q to s Prove that the diagonal triangle 
of the complete quadrilateral ffqq' is entuel;^ real, and show how to construct 
it 

Hence prove that, by a real projection s and P, Q may he transformed mto 
a real come and two real pomts P^, which are the real foci of 5 ^ 

16 A come passes through three real pomts A, B, G and the imagmarv 
double pomts of a given elhptio mvolution on a real straight Ime x Show 
how to construct at least two other real pomts on the come (and therefore 
any number of such pomts) 

17 A come touches three real hues a, 5, c and the imagmary double rays 
of a given elliptic mvolution pencil of vertex 0 Show how to construct 
the come by tangents 

18 A come passes through a real pomt A and the imagmary double 
pomts of two given elhptic mvolutions on real hues n, t mtersectmg at 0 
Fmd the two tangents from 0 and their pomts of contact, and hence construct 
the come 

[Conjugate ranges on the common mates p, q of the mvolution pencils 
through A incident with the given mvolutions have A for a self corresponding 
pomt and are perspective from 0 If X, Y are the mates of 0 m the given 
mvolutions, AT P is the polar of 0 and meets p, q at the pomts of contact P, Q 
of tangents from 0 to the come, since on OP there are at least tv o pomts, 
namely 0 and (q, OP) which are conjugate to P , and similarh for Q ] 

19 A conic touches a real line a and the imagmai\ double hues of two 
given elliptic mvolution pencils of \ertice3 U T Fmd the mtersections of 
U] with the conic and the tangentb at these in tei sections 

Interpret yoiii construction when the involution pencils are rectangular 
and state the theoiem to which it kads 

20 A B X I aic four fixed points on a conic Show that a j>omt 0 
and a stiaight line c can be found in the pi me of the conic such that, if I 
is a variable point of the conic and I i I B meet c at P, Q respective!} then 
O {PQXl } IS equal to a given cioss latio 

What does the above theorem beconit when \ I au the circiiUi points ’ 

21 Show how to deteimme the conic which pissts through a cri\tn point -1 

and touches a gi\en conic / at its imigmii\ nitei'?c( tioii'^ with a uil 

line I 

22 If an} tangent to a conic whose ccntie !>:> C meet‘s the uithoptic ciick 
at P and Q show that CP CQ he along conjugate diameters 

23 Pro\e that the loins of pans ot coriespondmg pomts of two prujcctue 
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ranges on th© same conic I envelop a second conic, having double contact 

sides AB, BC, CD of a simple quadrilateral ABGD inscribed in a given 
come pass respectively through fixed pomts J,K,L Prove that, m general, 
DA touches a second fixed come , but that, if J, iT, Z- are colhnear, then 
DA passes through a fourth fixed pomt m the Ime J KL 

24 a and h are two tangents to a come s, x any hne through their mter 
section, P and Q a pair of pomts on x, conjugate with respect to 5 A come 
s' is drawn to pass through P and Q and the pomts of contact of the tangents 
a and h Prove that the tangents to s' at the other pair of common pomts of 
8 and s' intersect at ah 

25 The tangents to a come k at fixed pomts A, B meet at G and P, Q 
are any two pomts of k Prove that P{ABGQ) a Q{ABJPG) , and show that, 
if P, Q move on k so that P{APaQ}= const , the chord PQ is always tangent 
to a ceirtam fixed come, which touches L A and B 

26 If ( 59 , p') are a pair of mates m the mvolution of hnes through a fixed 
pomt 0 conjugate for a given come h, and if p, p' meet a tangent t to the come 
at P, P', then if P describes a fixed hne Z, P' describes a come having double 
contact with 1 

[Project mto the circular pomts the pomts of mtersection of h with the 
hne through 0 conjugate to I ] 

EXAMPLES IXb 

[The axes of co ordinates are rectangular throughout ] 

1 A come has + fQj orthoptic circle If the come touches the 
hne a: +2?/ =3 at the pomt (1, 1), construct its foci and axes 

2 A parabola touches the x axis at the ongm 0, touches the hne a;= 1, 
and has its axis parallel to the hne x-^2y=0 Fmd the pomt of contact 
of the hne a;+ 2y = 2 with the come c which touches this Ime and has four pomt 
contact with the parabola at 0 Construct the orthoptic circle of c 

3 A come passes through the pomts (4, 5), (0, 1), (2, 2) and the pairs of 
pomts (0, 0), (4, 0) , ( - 1, 0), (2, 0) are conjugate with regard to it Construct 
two more pomts on the come and the tangents at these pomts 

4 A come passes through the pomt (2, 3) , the following pairs of pomts 
are conjugate with regard to it (-2, 0), (1, 0) , (0, 0), (3, 0) , (0, 0) {0, 2) , 
(0, 1) (0,5) 

Construct the tangents to this come from the ongm and their pomts of 
contact 

5 A come passes through the pomt (0, — 3) and has double contact with 
the circle (a?- 1)®+ (y— 5)2=3“ at the imagmary pomts where it is met 
by the axis of x Obtain four other real pomts on the come 

6 The semi axes of an elhpse are 4 cm and 3 cm respectively With an 
extremity of the major axis as centre and radius 5 cm a circle is described 
Constiuct the two real common chords of the circle and ellipse 
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151 Homographic ranges Let a? be the distance of a point P 
on a line u from a given origm 0 on the Ime Let x' be the distance 
of a pomt P' on another Ime u' from an origm O' on that Ime 

Let a correspondence be established between the ranges of such a 
nature that to any pomt P (real or iiiK'igiri r\) corresponds one 
pomt P' (real or imaginary) and one only, and conversely to every 
point P' corresponds one pomt P and one only And let the corre- 
spondence be bi<p( that is, let the relation between P and P' 
be expressible by means of a rational mtegral algebraic equation 
between x and x', that is, an equation m which only sums of positi\ e 
powers or of products of positive powers of x and x' appear equated 
to zero No transcendental functions such as sm x, log x, etc , 
are to appear m the relation between x and x' 

Smce for a given value of x there is one value of x' and one only, 
the equation can mvolve only the first power of x ' , and smce for a 
given value of x' there is only one value of x^ it can mvohe only the 
first power of x 

It will therefore take the form 

Axx' +Bx + Cx' + D =0 (1) 

Two ranges between which such a one-one correspondence exists 
are said to be homographic 

Projective ranges are clearly lion oii< y for their correspond- 
ence IS one-one and the relation between the co ordmates of a point 
and of its projection on any plane is certainly algebraic and rational 

152 Homographic ranges are equi-anharmome The re- 
lation ( 1 ) of Art 151 leads to 

, Bx -\-D 

Let X2, x^, ^4 be the x s of four points Pi, P2, P3, P4 on u , and 
Xi, X7', X3', X4 the X s of the foui coriesponding pointb P/, P/, 
P4 



190 


PKOJBOTIVE GEOMETRY 


Then 


{P{P2'Pm = 


Pl'P^' P3T/ _ jx^' +Xi') jx^' - Xs’) 
Pl'P^'Pz'Pi {OOi -S^l') (Xi' -Xs') 


Now 


, , Bx^+D Bxi+D 

" ~AX2 + C^I^[^ 


(AD-BG) jxz-xi) 

~{Axi+0) (Axi +C) 

jX^'-Xi') {Xi'~Xs') _ (X2-Xi) (Xj-Xs) 

{Xi -Xi) {X2 -X^') {Xi,-x{) {x^-x^)’ 

the other factors all canceUong Therefore 

{P{P^Pm={Pi^^W, 

at m homographic ranges corresponding sets of four pomts have 
the same cross-ratio 

It follows from the above that homographic ranges are projective 
For given two homographic ranges construct two projective ranges 
having two correspondmg triads the same as m the two homo- 
graphic ranges Then smce both the projective and the homo- 
graphic relation are eqm-anharmomc, to any fourth pomt of one 
range will correspond the same fourth pomt of the other, whether 
projectively or homographically The two given homographic 
ranges are therefore projective ranges 

It follows that, if m two homographic ranges, the elements of 
one pair correspond doubly, the same is true of all pairs of such 
elements {see Art 95) and the two homographic ranges form an 
mvolution 

In this case equation (1) of Art 151 must be symmetrical in x, x\ 
that IS, of the form 

+ a?') + G = 0 

If r, r' are the roots of the quadratic 

then cc+a;'== -jS/a, xa;'=y/a, so that the necessary and sufiSicient 
condition that the above quadratic should determine a pair of mates 
m the given mvolution is that a, j8, y satisfy the linear equation 

Ay -Bp + Coi^O 

Thus the quadratics whose coeflicients satisfy a linear equation 
define the pairs of mates in an involution 


153 Homographic flat pencils If the rays of two flat pencils 
are connected by a one-one correspondence such that, if m be any 
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parameter m terms of wlucli the co-ordmates of any ray of one 
pencil can be expressed Imearly (and, conversely, vhich is imiqnely 
determmed when this ray is given), and if m' be a similar parameter 
for the correspondmg ray of the other pencil, then m and m' are 
related by a rational algebraic equation Linear m both parameters 
and therefore of the form 

Amm' + Bm -h Cm' + Z) = 0, 

the two flat pencils are said to be homographic 
Usually m, m' are the tangents of the angles made by the rays 
with fixed Imes m the planes of the pencils 
It IS clear that the ranges m which two such pencils will cut 
any transversals u, u' are likewise homographic For the distances 
X, x' of the pomts of section measured along ii, u' are connected 
with m, m' (and therefore with each other) by rational algebraic 
relations , and also the correspondence between x, x' is seen to be 
one-one 

Smce these homographic ranges are equi-anharmomc and pro- 
jective, the two homographic pencils which stand on these ranges 
are also equi-anharmomc and projective 
Conversely projective pencils are homographic, smce the corre- 
spondence between the rays is one-one and the relation between 
the co-ordmates of correspondmg rays must clearly be both algebraic 
and rational 

Here agam, if the relation is symmetrical m m, m', and therefore 
of the form 

Amm' +jB(m + m') +C = 0, 

then every pair of elements correspond doubly, and the two homo- 
graphic pencils form an mvolution pencil 
So far the term '' homographic ’’ has been found to be synonymous 
with “ projective ” We now pass on to cases where it enlarges the 
notion of projective forms 

154- Homographic axial pencils In like manner two axial 
pencils whose planes correspond uniquely, while the co-ordmates 
of corresponding planes are connected by an algebraic relation, are 
said to be homographic 

The flat pencils in which two homographic axial pencils meet 
any two given planes are themselves homographic and projectnc 
The ranges in which two jioi‘ < n \ axul pencih are met 
by any two given straight lines are homogiaphic and piojectne 
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Note that we cannot use the term projective of homographic 
axial pencils, smce these are not plane forms and cannot therefore 
be projected mto one another 

Two homographic axial pencils are entirely determmed by two 
correspondmg triads For take two straight Imes meetmg the 
axial pencils m projective ranges, two correspondmg triads of planes 
of the axial pencils determme on the Imes two correspondmg triads 
of points of the ranges These determine the relation between the 
ranges and therefore the relation between the axial pencils 

Notice that if two homographic axial pencils have a common 
axis they have two self-correspondmg planes, which correspond 
to the two self-correspondmg pomts of the projective ranges m 
which the axial pencils are cut by any straight line 

155 Involution axial pencil We may now apply our defimtion 
of involution (Art 95) to an axial pencil If we have two cobasal 
axial pencils (the base, m this case, bemg the axis) which are 
homographic, and such that one pair of correspondmg planes corre- 
spond doubly, then all pairs of correspondmg planes correspond 
doubly, and then aggregate constitutes an involution axial 
pencil 

The properties of an mvolution of planes through an axis are 
closely similar to those of an mvolution of coplanar ravs through a 
pomt Such an mvolution determines correspondmg mvolutions, 
of pomts on any straight Ime which cuts it, of rays on any plane 
which cuts it By constructmg the double elements of either of 
these the double planes of the axial pencil may be found As 
before, if two mvolutions of planes have the same axis they have 
one pair of common mates, which is always real unless the two 
given mvolutions have two pairs of real double planes which are 
separated by one another 

The relation between the dihedral angles of six planes in mvolution 
IS found by takmg a section by a plane perpendicular to the axis 
The angles of the flat pencil so found measure the dihedral angles 
of the axial pencil These are therefore connected by the loimiilde 
of Art 102 

Also planes at right angles form an involution of which the double 
planes pass through the circular points at infinity in the pi me 
perpendicular to the axis 

Precisely as is done in Art 109 we can show that c\tTy 
in\olution of planes through an axis has one pair of perp( ndiciil ir 
elements 
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156 Homograpluc unhke forms If tkere be a one-one 
algebraic correspondence between the rays of a flat pencil and the 
points of a range, the two forms will still be spoken of as homo- 
graphic 

Similarly a range and an axial pencil, or an axial pencil and a 
flat pencil, may be homographic 

Clearly from two unlike homographic forms may be dern ed, by 
projection or section, two like honiogi iphic forms 
A particular case of homographic unlike forms is furmshed by 
the prmciple of duality, the correspondence between any element 
and its reciprocal bemg obviously one-one and algebraic 
Also what we have called incident forms are necessanly homo- 
graphic Thus a flat pencil is | , t with the range which 

it determines on any straight hne 

157 Homographic ranges and pencils of the second order 

If there be a one-one correspondence between the elements of 
two forms of the second order (ranges or pencils) which is expressible 
by an algebraic relation between the co-ordmates of the elements 
the forms are said to be homographic A form of the second 
order may also be homographic with a form of the first order 
It IS easy to show that if the forms of the second order are both 
ranges, or both pencils, such homographic forms are projective 
forms of the second order as defined m Art 85 
For example, if we join two homographic ranges [PJ^, [Po]- 
to vertices 0, S lymg on their respectne bases, we obtam two 
pencils related by a one-one algebraic correspondence These 
pencils are accordingly ImnioL” iphn and projectile and the rangeh 
[Pi]2, [P 2 ]- are projective 

Again, the pencil of the second order formed by the tangents 
to a conic is homographic \Mth the range of the second older formed 
by their points of contact, since, by Chasles’ Theorem, the two are 
eqm-anharmonic 

158 Geometrical evidence of homography It ma^ be 

asked when may we assert, from puiely geometric il eAidence, 
that the correspondence between two forms i'^ liomognpliit '' For 
if we had to h ivo recourse to analysis e\ery time in oidti to ippl\ 
the test whethei the connecting lelition is of the homogiapluc t\pe, 
the labour of calculation would in many case-^ be considti ibk md 
the pimciple would be of little \alue 111 })uie geometiA 
We shall therefore suppose that oiu itteiitioii ib to be confined 



PROJECTIVE GEOMETRY 


194 

to what are called algebraic curves or surfaces, that is, curves or 
surfaces whose equations are rational and integral in the co- 
ordinates The conditions (a) that a point shall lie on such a 
locus, (6) that a straight Ime or plane shall touch such an envelope, 
are rational integral algebraic in the co-ordmates of the pomt, Ime, 
or plane Therefore if a correspondence be established by means 
of the followmg processes (1) takmg ]oms of pomts or meets of 
planes, or planes through pomts and Imes or meets of planes and 
Imes , (2) findmg mtersections of algebraic curves or surfaces with 
straight lines or with other algebraic curves or surfaces , (3) drawing 
tangent Imes or planes to such algebraic curves or surfaces, or findmg 
pomts of contact of such tangent hues or planes (note that this 
mcludes findmg common tangents to two curves or surfaces and 
also constructmg polars) at each step, promded we nowhere 
introduce an arbitrary restriction on our choice of alternatives, an 
algebraic condition is brought m, which is rational and integral 
In the process of elnmnation no radicals and no transcendental 
functions can be mtroduced (for the complete elimmant of two 
algebraic equations for any variable is known to be a rational 
mtegral function of their coefficients) Hence the final relation 
between the co-ordmates is algebraic and rational 

The above justifies the statements made m Arts 151, 153 that 
the co-ordmates of two correspondmg points or lines of two 
projective forms are connected by rational i^i i r lu relations 
For clearly the processes of projection fall under the above 
headmgs 

We may note m passmg that the same type of reasoning will 
show that any curve obtamed from an algebraic curve by processes 
of this kmd is likewise an algebraic curve Thus the projection 
of an algebraic curve is an algebraic curve In paiticular, the 
circle bemg an algebraic curve (its equation referred to rectangular 
axes through its centre bemg +y^=r^), the conic is also an 
algebraic curve 

Next, as to being certam from geometrical evidence that the 
correspondence is really one-one It should be borne m mind 
that the correspondence must be intrinsically, and not accidentally, 
one-one, that is, the fact of its bemg one one must depend on the 
intrinsic nature of the curves used, such as their degree or class, 
and not on accidental characteristics, such as their jponfion or sha'pe 
In this way alone can we be sure that the correspondence is still 
one-one when elements are taken into account, and 
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Without such assurance we cannot be sure that v,e are dealing with 
a homography 
For example the relation 

is a one-one relation between cc, x' so far as real values are concerned, 
but it IS not a homogiaphic relation 
We may describe it geometrically thus 

Take a pomt P on the axis Ox whose co-ordinate is x Draw 
through P a parallel to Oij meetmg the straight hne at Pj 
Through Pi draw a parallel to Ox meetmg the cubic curve y^x^ 
at P 2 Through P 2 draw a parallel to Oy meetmg Ox at P' P' 
IS the pomt correspondmg to P 

Put m this form the reason why the correspondence is not 
homographic is geometrically obvious For although PiPo meets 
y==x^ m only one real pomt, the cur\e bemg of the third degree 
must be met by any straight hne m three pomts Thus there will 
be three pomts P^ and therefore three pomts P' correspondmg to 
one pomt P, but two of these are i» gi • \ 

Agam, if a hne AB of constant length moves vath its extremities 
on a fixed come the pencils 0[^], 0[P], where 0 is a fixed pomt 
on the come, are not lor < For the given eondition is 

eqmvalent geometrieally to statmg that B is the mtersection 
with the eomc of a circle of fixed radius and centre A This circle 
has four mtersections with the come, any one of which may be 
taken for B Therefore to one ray OA should correspond four rays 
OB, and it is only by an arbitrary comeftition (to secure contmmty of 
shdmg motion) that this number is reduced to umty 
If, however, the come is a circle, the geometrical conditions that 
the chord AB is of constant length, and the arc AB is alwavs 
measured m the same sense, may be expressed m another manner, 
as follows Let A^Bi be a given position of AB Gi\en any other 
position of OA, draw AiQ parallel to OA to meet the circle agam 
at Q Then OB is parallel to BiQ In this form the corres 
pondence is clearly one-one 

The above will give the reader some notion of the hmits vithm 
vhich the application of the principle of one-one correspondence 
IS valid, but rapidity and certainty m recognismg these geometricall} 
will be best ensured by the consideration of examples 

159 Every curve of the second degree is a conic Foi kt 
0, 0' be two points on a curve of the second degree Di iv an\ 
ray OP through 0 it meets the curve at one other nomt P 
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0 IS already on the curve Join O'P Then if we start from OP, 
O'P IS umquely determined Conversely if we start from O'P, 
smce 0' IS already on the curve, O'P meets the curve agam at one 
pomt only, hence OP is uniquely determmed 0[P], 0'[P] are 
therefore homographic pencils Hence they are projective There- 
fore by Art 41 the locus of P is a come 

In like manner we can show that every plane curve of the second 
class is a come For let t, t' be two tangents to the curve On 
t take any pomt T Through T one other tangent p can be drawn 
to the curve and one only, meetmg t' at T' T, T' are seen to 
correspond uniquely Hence [P], [P'] are homographic and 
therefore projective by Art 42, TT envelops a conic 

160 Notation for homography The symbol tc which was 
mtroduced m Art 24 for “ is projective with ” will now be extended 
to } u uuj I) I forms and be read “ is homographic with ” This 
notation will not contradict the previous, smce projective forms 
are homogr ‘phu 

161 Homographic plane fields The notion of homography 
need not, however, be restricted to geometric forms of one dimen- 
sion In future, if a correspondence is established between the 
pomts of two planes, which correspondence is not limited to 
particular figures but embraces the aggregate of the pomts of the 
planes, we shall speak of the elements of the planes, connected by 
this relation, as forming correspondmg plane fields, in the same 
vay that the pomts of two straight lines may be arranged m 
correspondmg ranges We have already had examples of such 
fields , thus we have seen that space or plane perspective, for 
mstance, estabhsh a relation which is not limited to selected points 
and hnes In fact we have frequently used the t&XTO. figure m the 
sense here gi\en to field, and it will often be convenient still to do 
so, -ft here no ambiguity is likely to result A figure, however, is 
only part of a field, and it is sometimes desirable to have distinct 
uords to denote them 

If tvo plane fields <j>' correspond point to point in such a 
manner that the points of a straight line in (f> correspond to the 
pomts of a straight Ime in (f>' the fields are said to be collinear, or 
related by a collmeation (c/ Art 3) 

If, further, the correspondence between the points of ^ and 6' 
is one-one and algebraic, the fields are said to be directly homo- 
graphic, or, more briefly, homographlC The relation between 
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them IS then homography As a special case, t'v^o homographic 
fields may be m the same plane 
Let X, y be the co-ordmates m the plane of ^ of a pomt P of ^ 
Let x\ y' be the co-ordinates m the plane of of the corresponding 
pomt P' of <!>' 

Then if the correspondence between x, y and x\ y' is to be one- 
one, x\ y\ when solved for, must not mvolve radicals containing 
X, y, that is, they must be rational functions of x^ y Reducing 
them to the same denommator we have 

P Q 

*'-«■ >'-S (1) 

where P, Q, R are polynormals mx,y 
To the straight Ime 

Vx' +m'y' + 1=0 

of the figure corresponds the locus 

P Q 

+ ( 2 ) 

of the figure ^ 

This locus (2) IS not a straight Ime unless P, Q, R either reduce 
to expressions of the first degree m x, y ot else have a co mm on 
factor, such that when it is divided out of P, Q, R, the remaining 
factor IS of the first degree 
In either case equations (1) reduce to the form 

, AiX+Biy + Ci ^ A^x+B^y + C2 

A2P0 + B^y + ^ A^x + B^y + 63 

and then the locus (2) becomes the straight Ime 

r(AiX+ B^y + Cl ) + m'{A2X + B2y + Co) + ^43^ + B^y + C3 = 0, 
hich being reduced to the form 

Ix+my + l = 0 , 

gives 

All' ^A 2 ni' +A 2 Bil' +Bjn' -\-B^ 
^^Cil'+CM'+Ci ’ "*^Ci?'+CW+C'3 ^ ‘ 

show mg that the line co ordinates transform according to a similar 
law 

The equations (3) can be written 

(A,x' -Ai)x + (B^x' -Pi)^ + (CV' - Cl) =0, 

(A^y' - A2)x f (B^y' - P 2 )// + ^ ^^ 2 ) 
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Solvmg these for a: we find 

(C^y'-C^W -B,) - {G^x' -0^){B^y' -B^) 

® " (A^x' -A{){By!/ - B,) - {A^ - A^W - B{) 

(■B2O3 + {B^Gi -BiC^)y' + {B1C2 - B^Ci) " 

+ (A^Bi -AiB^)y' + {AiB^ —A^Bi) 
and similarly ^ (5) 

{C^A^ - G^A^x' + {G^Ai ~ CiA^y' + (0x^2 ~ (^2^1) 

Equations ( 5 ) show that the transformation from x, y to x\ y' is 
of the same type as the transformation from x\ y' to x, y We 
deduce that to a straight Ime of ^ corresponds a straight Ime of 
and one only, which can be otherwise estabhshed by solvmg 
back equations ( 4 ) for l\ m' 

It is clear from the definition that correspondmg ranges and 
corresponding pencils m two homographic fields are themselves 
homographic 

162 A plane homography is determined by two corresponding 
tetrads Let AiBiCiDi, A<2B^G2B<^ be two tetTads or sets of four 
pomts m the plane fields <f>i, <f>2 These tetrads may be arbitrarily 
given, with the one restriction that no three pomts m either tetrad 
are to be colhnear Then a homographic correspondence can be 
estabhshed between <f>i and follows 

Let P I be any pomt of Draw through A2 a ray A2P2 such 
that 

A2{B2C2D2P2} -A,{B,CiD^P,} ( 1 ) 

There is only one such ray by Art 26 
Also draw through B2 a ray B2P2 such that 

B2{A2C2B2P2} -=J3i{A,C,D,Pi} ( 2 ) 

P2, bemg the mtersection of A2P2, B2P2, is determined uniquely 
when Pj is given, and conversely This construction then 
estabhshes between and ^2 a one-one pomt to point correspond- 
ence, V hich IS easily verified to be algebraic 
To piove that it is a homography we have to show that if Pj 
describes a straight Ime, P2 describes another straight line 
Nov from (1) and (2) above 

-^2[P2]a^i[Pi], 

A2B2 correspondmg to AiB^, and 

^2[P2]aPi[Pi], 

B2A2 corresponding to BiAi 
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Now if Pi describes a straight line, ^i[Pi], Pi[Pi] are perspecti\e, 
AiBi being self-corresponding Hence 

and A2B2 IS self-corresponding that is, B^P^] are 

perspective and P^ describes a straight Ime The given construction 
therefore determines a homography 

Also it IS the only homograf)}i\ in which Ai, Bi, Gi, Dj correspond 
to A29 B^i C2, D2 respectively For if P^, P^' be corresponding 
pomts m any other homography satisfymg the given conditions, 
Pi, P2 must satisfy the relations 

A2{B2C2D2P 2} =Ai{BiCiDiPi} ( 3 ) 

P2{^2^2p2P2}'^Pl{AiCiDiPi} ( 4 ) 

smce m a homography corresponding pencils are projective 
Comparmg ( 3 ) and ( 4 ) with ( 1 ) and ( 2 ) we see that P2=P2 

The construction cannot fail unless two of the rays of one of the 
pencils Ai{BiCiDi), A2{B202B^, Pi{AiCiD{), B2{A2C2B^ comcide, 
that IS, unless three of the pomts of either tetrad are m one straight 
Ime In this case no homography can exist unless the three 
correspondmg pomts are also m a straight Ime But then the 
homography is no longer completely determined For if Ai, Bi, Ci 
be pomts on a straight Ime pi and ^2 correspondmg 

pomts on a straight Ime ^2^ triads AiBiCi, A2B2C2 determme 
completely the (( • , «) < jr pomts of pi, pg If now a fourth 
pomt Pi be given correspondmg to a fourth pomt P2 Pi 
any fifth pomt to which P2 corresponds, the pomt m which P2P2 
meets p2 corresponds to the point m which PjPi meets pi and is 
known Therefore P2P2 is known, but the position of Po on it is 
mdetermmate 

In hke manner it may be shown that a homography is determmed 
when four Imes of one field, no three of which are concurrent, are 
made to correspond to four Imes of the other field, no three of which 
are concurrent 

163 Vanishing lines The equation-!) of the ^amshmg hues 
of the homogiaphy are easily written down from equations ( 3 ) 
and ( 5 ) of Art 161 For if x', y' are to be infimte w e must ha\ e 
A^x+B^y + C^==0 

This then is the vanishing line of the field (j) li x, y are to be 
infinite, then 

(AoP^ ~A^Bo)x' + (A^Bi -AiB^i/ 
and this gives the vanishing line of the field (f)' 
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164 Any four coplanar points can te projected into any 
four coplanar points Let Ai, Bi, Ci, Di be four points, no tkree 
of which he in a straight line, in a plane ai , and A2, B^, C2, be 
four points, no three of which lie in a straight line, in a plane 0C2 
Through Ai draw a plane as not coincident with aj Project 
A2, B2, €2, B2 on to as from a pomt S on A1A2 other than A2 
Let the projected points be ^3, 

Let {AiBi, CiDi) =Ei , {AiB^, G^D^) =£'3 

Because the straight hnes AiBiEi, A^BJE^ intersect, B^, B^, 
El, £3 are coplanar Therefore B1P3, EiE^ meet at a point U 

Through the hne AiBiEi draw a plane a4 not comcident with a^ 
Let the projections of Ai, B^, C3, E^ from U on to a4 be ^1, 
Bi, C4, El 

The points C4, D4, Ei are coUinear, smce Cs, D^, E^ are coUmear 
Hence the hnes GiDiEi, G4^D^Ei are coplanar Oi(74, DiD^ 
meet at some pomt F 

Projectmg AiBiGJ)4, from F on to oci we obtain AiBiGiDi 
Thus we may pass from A2, Os, D2 to Ai, Bi, Gi, Di by three 
projections 

It has been assumed that the Ime A1A2 does not he in 1x2 , unless 
the two quadrangles are coplanar, we can always find at least two 
pairs of which this is true, and one of these may be denoted by 
Ai, A2 If however AiBiGiDi and A2B2G2D2 are coplanar, 
let one of them be first projected from any vertex on to another 
plane, and we have the case already dealt with Four projections 
then enable us to pass from A2, B2, O2, -D2 to Ai, Bi, Ci, Di 

Similarly any four coplanar Imes aj, &i, Ci, di, no three of which 
pass through a point, can always be projected into any four coplanar 
hnes a2, ^2^ three of which pass through a point For 

m this case the four points a^i, hiCi, Cidi, diQi are distinct and 
no three of them are colhnear, and the same holds of the four 
points a2&2j ^2^2> ^2^2 These two sets of four points are 

therefore projective by the first part of the present article, and the 
Imes which join them are likewise projective which proves the 
proposition 

165 Every plane homography is a projective transformation 
and conversely For consider any plane homography Take two 
correspondmg tetrads such that no three points of each are colhnear, 
and construct a projective transformation m which these are coi re- 
sponding tetrads Smce both homography and projection preserve 
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cross-ratio constant, the construction given in Art 162 for firtrliTig 
the point P2 corresponding to any given pomt Pj applies to both 
the projective and homographic transformations These two 
transformations therefore determine the same correspondence 
between the two fields, or any correspondmg figures which are part 
of them, that is, the given ]iomograp]i\ is identical with the 
projective transformation 

Conversely every projective transformation is homographic, 
for it IS a one-one algebraic transformation m which pomts corre- 
spond to pomts and straight Imes to straight hnes 

It follows from Art 162 that two correspondmg tetrads of pomts 
or Imes entirely determine the projective correspondence between 
two planes 

Two coplanar projective fields with four self-correspondmg 
pomts, of which no three are collmear, or vuth four self-corre- 
spondmg Imes, of which no three are concurrent, must therefore 
be identical 

166 Deductions from the above If we are gi\ en three pomts 
^1, Pi, ( 7 i on a come Si and three pomts Ao, P2, O2 on a come So 
the conic Si can always be projected mto the come $2 and at the 
same time the three pomts Ai, Pj, Ci mto the three pomts Ao, 
Ps? 

For draw the tangents to Si at Ai, P^ meetmg at Di and the 
tangents to 52 at A2, P2 meetmg at Po Project the four pomts 
Ai, Pi, Cl, Pi mto the four pomts Aoj P2, C2, P2 Then Si projects 
mto a conic which touches D2A2 at A2, P2®2 ^2 and passes 

through 62 ®ut this conic must be ^2 for tvo pairs of comcident 
points and another pomt determine a conic uniquely 

In like manner if ai, 61, Ci be three tangents to a come ^i , a 2, 
62, ^2 three tangents to a conic So, let di be the chord of contact 
of ciibif ^2 chord of contact of a hi Project «i&iCirfi mto 
Then Si projects into a conic touching ffo ^2^2 j ^2 

at 62^2 ^Iso touching C2 Vnd this conic can be none other 
than §2 

These two results show that tvo ranges or pencils of the second 
order can always be actually projected into one another so that 
any two given triads correspond Equi-anharmonic ranges of the 
second order are therefore actually projective, vhich justifies the 
name given to them in Chapter VI 

Notice that the projective correspondence between tvo gnen 
ranges of the second order, or two given pencils of the second order 
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determines entirely tlie projective relation between tbe two plane 
fields to wbicli they belong 

167 Self-corresponding elements of two coplanar projective 
fields Consider two coplanar projective fields (f>, Let 0 
be any point of tbe plane wbicb is not self-corresponding To 0 
considered as a point of let Oi correspond in ^ , to 0 considered 
as a point of let 0^ correspond in 

Let y, 33 ' be any pair of correspondmg lines of <f>, tbrougb 
Oi, 0 respectively , then [p]'7\[p'] and pp' describes a conic u 
passing tbrougb Oi, 0 Tbis come passes tbrougb every self- 
corresponding pomt P of (f>, <!>', smee OjP of ^ corresponds to OP 
off 

Similarly if q, q' be corresponding Imes tbrougb 0, 0^, qq' describes 
a come V passmg tbrougb 0 , 02 and tbrougb every self-correspondmg 
pomt of (f>, 

Hence all self-correspondmg pomts must be mtersections of 

V , conversely every mtersection of u, v other than 0 is a self- 
correspondmg pomt For, if P be sucb an mtersection, then 
OiP, OP of <!> correspond to OP, O^P of respectively Tbeir 
mtersections must also correspond, but both are identical witb P, 
wbicb must therefore be self-correspondmg 

Smee tbe conics v already mtersect at 0, they have, m general, 
three other mtersections P, Q, P, which are tbe three self-corre- 
spondmg pomts of cj), (/»' 

Similarly, by considermg a Ime x, which is not self-correspondmg, 
and its two correspondents Xi, x^, we can prove that there are, m 
general, three self-correspondmg Imes p, q, r, which are tbe three 
common tangents other than x to tbe come envelopes 5, t of joms 
of correspondmg pomts on Xi, x and on x, X 2 , respectively These 
are evidently tbe Imes QB, BP, PQ joining tbe self-correspondmg 
pomts P, Q, B 

If tbe relation between <^, cf)' is real, so that to real pomts and 
hues correspond real pomts and Imes respectively, tbe conics u, 
V, s, t are all real, and smee one mtersection 0 olu and v is real, a 
second mtersection (say P) is always real, tbe other two, Q and B, 
bemg either real or m s' imagmary In like manner 9, t 
have alvays one real common tangent besides x Thus must 
be QB, tbe other two, PQ and PB, bemg either real or conjugate 
imagmary 

In general on a self coirespondmg Ime 3 ; there are only two 
self-corresponding pomts Q, B, tbe self-coi responding points of 
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the projective ranges formed by correspondmg pomts on p If 
however a third self-corresponding pomt on p exists, then every 
pomt of p IS self-corresponding and corresponding lines must meet 
on p We have then the case of fields in plane perspective, p 
IS the axis of perspective and the ^o'^r-corT-o^poTiditig point P not 
on p IS the pole of perspective 

In this case OOi (or OP) is ' » i » 'i so that ii becomes 

the Ime-pair (OP, p) and v coincides vnth. the same line-pair The 
only self-corresponding pomts on OP, however, are P and the mter- 
section of OP with the axis of perspective p , these may comcide 
as a special case 

168 Harmonic perspective If m a plane perspective m which 
0 is the pole and x the axis of perspective, a given pair of corre- 
sponding points A, A' are harmonically divided by 0 and a, the 
same holds of every other pair of correspondmg pomts 

Denote the field to which A belongs by ^ and that to which A' 
belongs by Let P be any other pomt of the field ^ Jom AP 
meetmg a; at 7 , then VA' meets OP {see Art 16) at the pomt P' 
of <j>^ correspondmg to P of ^ 

If OP, OA meet cc at Z, S respectively, then by hypothesis 
{OAPA'j = - 1 , but OABA' and OPXP' are m perspective from 
7 Hence {OABA'}={OPXP'} so that {0PXP'}=:-1, that is, 
P, P' are haimonically divided by 0 and a 

Such a plane peispective is termed harmonic perspective 

169 Involutory plane field It is clear that, if m a harmomc 
perspective P' is taken at P, then P is at P' Thus ev ery pair of 
corresponding pomts correspond doubly , and it is then obvuous 
that every pair of corresponding lines correspond doubly The 
two plane fields are then mvolutory 

Conversely we will now prove that there can be no mvolutory 
plane homography other than harmomc perspective 

For if, in a homography, a pair of points A, A' correspond doubly, 
then AA' corresponds to i'A and so is a self corresponding Ime u 
All pairs ot coirespondmg points on x then correspond doubly and 
form an mvoliilion of which the double points 0, L ire self- 
coriesponding points But this may liappeo without any pair of 
pomts not lying m x corresponding doubly, that is, without the 
homography being generally mvolutory If, however, a second 
pair of pomts B, B' Ijing m anothci straight line y aho coiRspond 
doubly, then y is another sell coiiespoiiding line, on v\hich piii^ of 
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corresponding points form an mvolution Further y must meet 
a; at a self-corresponding pomt This is either 0 or C7 , denote 
it by 0 Let 7 be the other double pomt of the mvolution on y , 
F is a third self-correspondmg pomt 
Let now 'p, p' be any pair of corresponding hues meetmg x at 
P, F, y at Q, Q' Smce x is self-correspondmg, P and F are 
correspondmg pomts, and so are Q, Q Hence by the property 
of the mvolutions on x and y, {OFTJP'} = - 1 ={OQVQ'} Smce 0 
is a seM-correspondmg pomt of these ranges, PQ, FQ\ UV are 
concurrent, that is, any two correspondmg Imes p, p' meet on TJV 
The homography is therefore a plane perspective with ?7F as axis 
The pomt 0 where A A' and BB' meet is then the pole of 
perspective And smce P, P' are harmomcally divided by 0 and 
X, the same is true, by Art 168, of any other pair of correspondmg 
pomts, and the perspective is a harmomc perspective 


EXAMPLES Xa 


1 The angles 6, 6' which two lines through a fixed origin make with an 
initial hne are connected by the equation 

, Ae^B 
^^ce+D 

Explam carefully why the two lines do not describe homographio pencils 

2 If the angles 9, 9 ' m the last question be connected by the relation 

-Asm ^+-5 
SID. 9 = j 

Q sm 9'^D 

show that the Lines do not describe homographic pencils 

3 Through the vertex of a flat pencil planes aie drawn perpendicular 
to the rays of the pencil Shov that the axial pencil so formed is homographic 
with the given flat pencil 

4 A variable ciicle cuts a fixed circle at a constant angle a and passes 
through a fixed point 0 If the pomts of intersection of this circle with the 
fixed circle be P, P', show that the ranges [P]^, [P']^ are homographic, the 
angle a being measured by the rotation, in a prescribed sense which bungs 
the tangent to the variable ciicle upon the tangent to the fixed circle 

5 The CO ordmates of two points on a straight line are connected bj the 
relation 


x^x f 

Show that the points describe homographic langes 

6 A variable conic thiough four fixed points, two of which lie on a fixed 
come s meets s again at P P' 0 is a fixed point on s Prove that OP OP 
describe homographic pencils 

7 A. variable conic thiough four points A B C D meets fixed lines 
through 4 ind P at P and Q Show that P, Q describe homographic ranges 
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8 If m a homographic relation the points (0 0), (0 1), (1, 0), (1, 1) in 
the plane of (x, y) correspond respectively to the points (0, 0), (1, 3), (2, 2), 
(2, 4) m the plane of (a;', y'), show that the point (0, 2) in the plane of (a, y) 
corresponds to the point (|, 4) in the plane of (a-', y ) 

9 In a homography the points of a quadrangle ABCD correspond with 
themselves m the order BCD A Prove that one of the diagonal points of 
the quadrangle is a self correspondmg point and the opposite side of the 
diagonal triangle is a self correspondmg Line 

Shov further that the other " » ^ 

10 Tvo homographic coplanar figures have the circular hues through 0 
as self correspondmg hnes Show that one of the figures can be brought 
mto plane perspective vuth the other by a smtable rotation m its own plane 
about 0 

1 1 Prove that, if the circular pomts at infinity are self correspondmg pomts 
of a homography, correspondmg figures m the homographic fields are directly 
similar, but not similarly situated 

Show further that these are the only homographies m which every circle 
m the plane transforms mto a circle 

12 Given the three self correspondmg pomts of two projective coplanar 
figures and a pair of correspondmg pomts, give a construction for the pomt 
correspondmg to any given pomt, and also for the vanishing Imes 

13 Given three pairs of correspondmg pomts of two homographic plane 
figures and one of the self correspondmg Imes, construct the mtersection 
of the other two self correspondmg hues 

14 Show how to set up a one one correspondence of a plane mto itself 
such that a circle m the plane is transformed mto itself and three assigned 
pomts PfQ i? of it mto Q, R, P respectively 

Discuss the transfoimation when Q and R are the circular pomts at infini ty 

15 In two homogiaphic plane figmes the hnes at mfimtv coiTes>pond 
show that the areas of coiTesponding figures are in a constant ratio 

Deduce that the area of the segment cut ofi from a parabola b\ am chord 
IS two thirds of the area of the triangle foimed b\ the chord and the tangents 
at its extiemiticb 

IG In two homographic fields (which need not be coplanai) thiee paiib 
of conespondmg pomts rie given not hung on one pan of corresponding hues 
and also one pair of conespondmg lines not incident with any of the given 
pomts Prove that the homogiaphv is completely determmed ^nd show 
hov\ to constiuct the line of eithoi figure coiiesponding to a gi\en line of 
the other 

17 Prove that in haimonic peispective my conic with legaid to which 
the pole and axis of peispective iie pole and pulir ti ln^folnls into itself 

18 Piove tint pins of coiiesponding points m a haimonic peispectne 
v\hicli aic ilso conjugate foi a conic 9 which is self cuiiesponding he on a 
second conic which his double contact v\ith s 

19 In a haimonic pcispcctivc it is given that two ccmiLs tianstiaiu into 
themselves Show tint theic xte tluee jiossiblt positions ot iln poh and 
axis of pnspcctive and give a method foi coiistiucting them 
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EXAMPLES Xb 

1 0J7F IS the self corresponding tnangle of two coplanar homographio 
fields <l),cj>\ UV=5 inches, OU=B inches, 0 F = 4 inches On two lines OX, 
07, making angles of 30° with OU, points A, A', respectively, are taken 
such that OA-OA'=2 mches, A being inside the tnangle OOF 

If A, A' are corresponding points of construct (i) the point of 

correspondmg to the middle point of AF in ^ , (n) the point of corre- 
spondmg to A' of <^ , (m) the vanishing lines of and 

Verify that the last two intersect at the middle point of Z7F 

2 ABGD IS a plane convex quadrilateral AB=Z inches, AZ)=Z)5=4 
inches, BC—OD=2 5 inches On AB as side, and on the opposite side to 
CD, a square ABC'D' is descnbed, the comers A, jD' being adjacent 

Obtain the third self correspondmg pomt of the homography in which 
A, B, C, D correspond to ABC'D' respectively 

3 Two homographic fields are referred to rectangular axes Ox, Oy 
and O'x', O'y' respectively 

The axis of x corresponds to the axis of x' and the pomts (1, 1) (2, 3), (4, - 1) 
of (j> correspond to (0, 2) (4, 1) (3,-2) of 

Construct (i) the hue of correspondmg to x-hy=0 of <l>, (ii) the vamshmg 
line of <f>, (m) the pomts of correspondmg to (0, 0) m the other field 

4 ABGD IS a quadrilateral mscnbed m a circle of ladius 2 inches, the 
successive arcs AB, BG, GD subtendmg angles at the centre of 75°, 60°, 
1 35° respectively A 'B'G'D' is a rectangle with A'B'=l mch, B'G ' = 2 mches 

A, B, C, D correspond to A', B', O', D ' m two homographic fields <^, <j)' 
Construct, m their own figures, (i) the vamshmg hne of (u) the vamshmg 
hue of <j>', (m) the pomt of <(>' which corresponds to the centre of the circle in ^ 

5 In a harmomc perspective the pairs of points (2, 3), (-I, 4) , (3, 1), 
( - 2, - 2) are correspondmg pairs Construct the pole and axis of perspective, 
the CO ordmates bemg rectangular 



CHAPTER XI 


RECIPROCATION AM) INVERSION 

170 Reciprocal transformation or correlation If m the 

equations (3), (4) and (5) of Art 161 we mterchange V, m' and 
x', y' we find, writing for shortness 

«! =^^0^ - B^C^, =B^Ci - S 1 C/ 3 , as =BiC 2 - B^Ci, 
with corresponding meanings for j8’s and y’s 

AiX+Biy+Ci , Aag+Rsy+Cs 

~A 2 X +R32/+O3 ’ ~A 2 X+Bsy+Os ’ 

Aix'+A^y'+A^ Bix' +B^ +Bg 

''^Cix'+C^y' + Gz ’ "^^C^x'+C^y'+Gs^ 

_ ai^'+asm'+as ^iV + jSsm' + J 83 

^-yir+ygm'+ys’ ^“yi?' H-yam'+yg ’ 

, ai?+^im+yi , qg^+jggW+ya 

~Xil+^2m +y 3 ’ ^ “agJ+jfigm H-yg 

These equations may be shown as m Art 161 to be the necessary 
equations of transformation m any one-one algebraic correspondence 
of plane fields m which Imes correspond to pomts and pomts to 
hnes Clearly any pencil is homographic, and therefore equi- 
anharmomc, with the correspondmg range This transformation 
is therefore of the type discussed m Art 56 
It IS, however, much more general than this transformation , 
for the transformation by reciprocal polars is limited to fields m 
the same plane, whereas the present transformation is for any plane 
fields Also in the transformation by reciprocal polars the same 
Ime p corresponds to the same point P whether P be considered 
as belonging to one field or to the other ^Vhereas here, if the fields 
be taken coplanai and the axes of co ordinates identical, if ve put 
a' = cc, y' =y we do not in general obtain V = l oi nt' = m 
The piesent transformation is the most general case of a plane 
reciprocal transformation 

An obvious modification of the reasoning of Art 162 v ill sho\\ th it 
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sucli R transfornLatioii is deterninicd wlieii four points jdi, 

Cl, Di of one field, no tlnee of wMcli are collinear, are made to 
correspond to four lines ci2! ^ 2 ) ^2? ^2 other field, no three 

of which are concurrent 

For if Pi correspond to p2 we have 
^i{PiCijDiPi} 

Pi{j 4 1 G i-DiP 1} “ ^2{^2^2^2P2} > 

which determine CI2P2 ^2?23 therefore p2 

And it IS easy to show that if Pi describes a straight Ime, p2 
passes through a pomt 

Two such fields will be said to be reciprocal or correlative The 
relation between them may be spoken of as a reciprocity or a 
correlation 

171 Two reciprocal transformations are eqmvalent to a 
projective transformation Consider two reciprocal plane fields 

(l>2, and a third field ^3 reciprocal with <^2 ^1 ^ow 

correspond pomt by pomt and Ime by hne and smce the corre- 
spondence between elements of and <^2 is one-one and algebraic, 
and that between elements of ^2 is one-one and algebraic, 

the correspondence between elements of (f>i and ^3 is also one-one 
and algebraic 

Accordmgly the fields (/>i and ^3 are homographic and therefore 
projective 

172 Any reciprocal transformation is eqmvalent to a 
projective transformation and a transformation by reciprocal 
polars For let and ^2 given reciprocal fields Let ^3 
be the reciprocal polar field of ^2 with regard to any conic in its 
own plane Then by the last Article and ^3 are piojective Thus 
a projective transformation transforms to ^3 and the transforma- 
tion by reciprocal polars transforms ^3 to ^2 

173 Locus of incident points and envelope of incident 
lines of two coplanar reciprocal fields If two reciprocal 
fields <f>y (f>' be coplanar, we proceed to find the condition that a 
pomt and its correspondmg hne shall be mcident 

If P be a pomt on its correspondmg Ime p', P being considered 
as belonging to it also lies on its corresponding lino when con- 
sidered as belongmg to cj)' For let P = Q' Then, since P, 

Q\ lies on p', q passes through P, le through Q' But it should 
be noted that q is, m general, distinct from p' 



EECIPROCATION AND INVERSION 209 

In like manner, if a Ime p—q' passes througli P' it also passes 
tlirougli Q, but P', Q are, m general, distmct 
Such pomts and Imes will be called incident points and lines of 
the correlation 

Consider now an incident pomt A of assuming for the moment 
that such exist Let a' be its correspondmg line which is then 
an incident Ime, and on a' take any pomt B distmct from A If 
B IS mcident, V passes through P, and, smce A is distmct from P, 
a' must be distmct from otherwise the correspondence would 
not be one-one 

But AB, which is identical with a', corresponds to a'6' m 
which IS identical with P If then there were two such pomts 
P on a', mcident and distmct from A, they would correspond 
to the same Ime a' m </», which is not possible Thus there can 
only be two pomts on a' which are mcident, namely A and one 
pomt P, so that it is impossible for an mcident hne to contam 
more than two mcident pomts Thus aU the pomts of the plane 
cannot be mcident pomts, nor all the Imes mcident Imes 
Let now I be any Ime whatever, P any pomt of it, the Ime 
correspondmg in (f>' to P, P' the meet of I and If to P' m (j> 
corresponds p m <j>, then smce P' lies on p passes through P 
Each of the points P, P' is thus umquely determmed as soon as 
the other is known The ranges [P], [F] are therefore homo- 
graphic and have in general two self-correspondmg pomts S, T, 
which may be real coincident or imagmary, and which are such 
that they lie on their correspondmg Imes and so are mcident 
pomts 

The locus of mcident pomts has thus two mtersections mth 
any straight line m the plane Hence it is a come by Art 159 
In like manner through any pomt M two mcident hues can be 
drawn The envelope of mcident Imes is therefore a come U 
The conics li, correspond doubly m the correlation, smce a 
tangent to k^, being an incident line, corresponds m either field 
to an mcident pomt, which lies on ki 

The double character of this correspondence does not, hove\er, 
extend to the individual elements of the conicb 
A pomt P = Q' (Fig 54) of ki corresponds, m general, to tvo 
different incident lines p', q, which are the t’vso tangents from 
the point to ^2 Tbe tangent i = w' to at P = Q' corresponds to 
the pomt T' of cf>' where p' touches ^ 2 . and to it corresponds m 
(j) the pomt V where q touches ko 
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In like manner a tangent y = j' to corresponds, in general, to 
two different mcident pomts P', Q, whicli are tke intersections of 
this tangent with, hi The pomt of contact T^TJ' of ~ j' with 
corresponds to the line of which touches hi at P' , and 
to it corresponds m <f> the tangent u to hi at Q It should be noticed 
that we can here use the same letters without confusion, because 
jj has no necessary relation to ji' or T to T, the corresponding 
elements bemg y, P' , P, y' , T, t ' , t, T 
If P=Q' comes mto comcidence with an intersection Xoihi^ 
the Imes yi', j comcide with the tangent X2 to h^ X , thus X 
corresponds doubly to ajg But, further, T and Z 7 then both com- 
cide with Z, and they correspond to the tangent Xi to hi at 



P^Q'^Xy thus X corresponds doubly to Xi Smcc the bume 
pomt cannot correspond to two distmct lines, Xi must be identical 
with X2, and the comes h2 touch at any mtersection X 
Thus hiy h^ either touch at two points Z, or else have four- 
pomt contact at a pomt Z 

As a special case may break up mto a hne-pair, m which case 
h^ breaks up mto a pomt-pair Neither the points of the pair nor 
the hues of the pair can be mcident points or lines, so the point-pair 
cannot he upon the Ime-pair Each point of coin spends to the 

two components of one m each field 
If the given correlation reduces to a transformation by reciprocal 
polars, the two comes hi, h^ comcide with the base conic, since every 
point of the base conic lies on its polar and every tangent of this 
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conic passes througli its pole By analogy the conics U will 
be termed the base conics in the general case 

174 Correspondence of points and tangents on the base 
conies In Fig 54 it is clear that some rule of selection must be 
given, which enables us to discriminate which end of a chord of 
\ tangent to is to be treated as P' and vhich as Q For the 
correspondence is not here a double one , thus m Fig 54 two such 
chords are p' and q, their mtersection bemg P = 6' If their other 
extremities are R\ 7, it is clear that R' belongs to and 7 
to q^v' Thus if, m this relation, P corresponds to R\ the same 
pomt, treated as Q' does not correspond to P' but to a different 
pomt 7 

Smce, in the correlation, homographic ranges and pencils of 
the second order correspond to homographic pencils and ranges 
respectively, we have at once 

SO that the ranges [P']^ and [Q]^ are homographic ranges of the 
second order on the come They are not, however, m mvolution 
But, if P' approaches Z, P'Q approaches the tangent at X 
and Q approaches X Hence Z is a self-corresponding pomt of 
the ranges [P']^, [Q]^> and so is 7 Thus the common chord 
Zr of contact of ^i, k 2 is the cross axis of these ranges (Art 86), 
and cross-] oms such as QR', P'P meet at a pomt L oi XI 
The above will still apply if the base comes have four-pomt 
contact at Z, smce the cross-axis of the ranges is still dete rmin ate, 
bemg the common tangent at Z 
This shows that, once the discrimination has been effected m 
the case of a smgle pair of pomts on hi, the process of selection is 
determinate, for, by varymg L and keepmg P, R' fixed, we can 
make P', Q represent any required pair of correspondmg pomts 
and identify the field to which each belongs Once the pomts 
have been identified, the tangents are also identified without 
ambiguity 

In the first instance, however, we have nothmg to gmde us m 
the identification of the origmal pair of pomts But a little 
consideration will readily show that the choice is realh 
immaterial For it amounts to mterchangmg the fields ^ and (f>' 
consistently throughout This does not affect the base conics 
smce they correspond doubly The correlation remams the same, 
the notation only bemg altered 
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175 A correlation is uniquely determined by the base comes 

Suppose the base conics of a correlation, are given, and also 
the selection rule of Art 174 This fixes the order of the extremities 
of two chords such as FQ, R'S (Fig 65), with the proviso that, if 
one pan be mterchanged, so also must the other pair Let A =B' 
be any point of the plane and let the two tangents from this 
pomt to ^2 P~ 2 5 ^ meetmg Jci at P , Q , R\ S, 
respectively 

Now, m<j), A and corresponds to FF m <^' Similarly 
B' = j's' m <!>' and corresponds to QS-=bm^ We have thus the 



two hues which correspond to A=B' when treated as a point of 
either field 

Agam, let a=V be any given Ime, meeting Si at P = Q' and 
R-S' (Fig 55) From these latter pomts draw tangents j/, q 
and r\ s to ]c 2 , the identification following the selection rule 
Then 'pW'-A', qs=B, so that we have constructed the two 
points corresponding to the line a=V, treated as a line of either 
field 

Thus the base conics, together with the selection rule, fix the 
correlation completely and uniquely 

Further, reversal of the selection rule interchanges P' and Q, 
P' and S, a' and &, A' and B This simply amounts to interchanging 
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<l> and <j>\ as pointed out in the last Article Thus the correlation 
IS really determined by the base comes alone 

It is to be noted that, although the constructions here given fix 
the correlation theoretically, as dru n2'bo<ird methods they are 
of lumted apphcation, smee, m general, imagmary elements may 
enter mto them 

The above argument has assumed that the comes and were 
already known to be the base comes of a correlation If, however, 
hi and h^ are two comes havmg either double or four-pomt contact 
and arbitrarily given, we may still, provided we defimtely allot 
one of the extremities of a chord of hy tangent to to each the 
two fields m one particular case and so fix the homographic ranges 
on hi, apply the above construction to find the Ime corresponding 
to any given pomt of the plane In order to show that we then 
obtam a correlation, it is necessary and sufficient to prove that, if 
a pomt A describes a straight Ime Z, its < orn -"g Ime a* passes 
through a fixed pomt U 

In such a case the tangents (Fig 55 ) form an m- 

volution of tangents to h2, of which I is the axis Since there is a 
umque correspondence between p and P', r and P', the ranges 
fP']2, [P']2 are homographic, moreover, if P' is taken at P', 
p and r are mterchanged and P' is at P' Thus P' and R' correspond 
doubly and so are mates m an mvolution on hi Hence P'R'^a' 
passes through a fixed pomt L', which corresponds m to Z 
m <l> Similarly QS=b passes through a fixed pomt which corre- 
sponds m <f> to I m (f)' Thus the pomts of a hue correspond 
to the hues through a pomt and the relation between the fields is 
a correlation 

If now the pomt A hes on a', it must comcide with either P' 
or P' and so lie on hi , thus hi is the locus of mcident pomts of the 
correlation Similarly if a contains A\ it must comcide with either 
p' or r' and so be a tangent to h2 , thus Ij is the envelope of mcident 
lines of the correlation 

No distinction need be drawn between the cases where the 
points of contact of hi, h2 are separate or coincident Thus any 
two conics having either double or four pomt contact deternime a 
umque correlation, provided that (1) we assign which is the 
incident locus hi and which the mcident envelope A2 j (^) 
assign the intersections with hi of one tangent to A 3 each to itb 
proper field By varying the above assignments we obtam four 
possible correlations from two given conics 
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Examples 

1 SKow that, in the case where h-^, degenerate into a line pair and 
point pair respectively, the join of the point pair passes through the meet 
of the hne pair, and the pomts of contact i Y of the general case comcide 
at this pomt 

2 Give a construction for the Ime and pomt correspondmg to a given 
pomt and hne, vhen the base comes are a Ime pair and pomt pair 

176 The self-corresponding triangle Fig 55 gives us at 
once the condition that a point A =B' shall have the same corre- 
sponding line m the two fields For if a'=&, then P' = Q and 
R =5 and the hnes j>=^q\r=s' are tangents to ki But they are 
also tangents to ^2 so are common tangents to the base conics 
There are only two such tangents, namely, those at X, Y (Fig 54) 
Moreover, if P' = Q approaches Z, FQ or p=q' approaches the 
tangent at X So that the tangent at X is the Ime correspondmg to 
X m either field Similarly the tangent at Y is the hne corres- 
ponding to Y m either field Calhng these tangents a?, y, and 
denoting XY hj z, and its pole with regard to either ki or by 
Z, we have Z, Y, Z correspondmg to x, y, zm either field Thus 
the triangle XYZ corresponds to itself It should, however, be 
noted that only one vertex, namely Z, corresponds to the opposite 
side, the others bemg incident with their correspondmg Imes 

177 Reciprocation with respect to a circle We have already 
dealt with polar reciprocal figures m Art 56 There is, how- 
ever, one special case of polar reciprocation with respect to a 
come which is particularly important from the pomt of view of 
obtainmg what are known as metneal properties, that is relations 
between magmtudes of lengths and angles, especially the latter 
This special case arises when the base come is a circle 

The centre 0 of the circle with respect to which reciprocal polars 
are taken is called the origin of reciprocation and its radius the 
radius of reciprocation 

Any pomt P then corresponds to its polar with respect to 
the base circle, and if f meet OP at N\ then ON' OP =^k^, where 
k IS the radius of reciprocation (Art 54) Similarly a straight Ime 
'P corresponds to its pole P', so that if N be the foot of the per- 
pendicular from 0 upon p, P' lies on ON and ON OP' ^k^ 

A change m the radius of reciprocation has merely the effect 
of altermg the scale of the reciprocal figure Thus, if a figure (f) 
transforms mto cj)' when the radius of reciprocation is ki and into 
(j> when the radius of reciprocation is ^ 9 , the Ime p transforms 
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m the first case to P' oe ON where OP' ON and m the second 
case to P" also on ON, where OP" ON Thus OP' OP" 
=Ai 2 ^ 2 ^ and the figures (f>\ are similar and similarly situated, 
0 being the centre of similarity, and the ratio of similarity 

Hence results independent of the scale of the figure are mdependent 
of the choice of the radius of reciprocation and the latter may often 
be chosen so as to have any convenient value, or be left altogether 
unspecified 

■\^en this last is the case, the reciprocation is specified by the 
origin 0 and is often described briefly as reciprocation with respect 
to 0 

Note also that it is not essential that should be 'positive if 
^2 IS negative the construction still leads to a real reciprocal figure, 
only in this case a Ime and its reciprocal are on opposite sides of 
the ongm 

The fundamental property of reciprocation with respect to an 
origm 0 IS the following 

If a, b be any two Imes, A', B' their reciprocal pomts, then OA', 
OB' are perpendicular to a, h respectively 

Smce OA', OB' are drawn either both towards or both away 
from a and b, A'OB' is eqml to that angle between a, b which 
does not mclude 0 and supplementary to that which does mclude 0 
Thus the angle between any two lines is equal (or supple- 
mentary) to the angle subtended by their reciprocal pomts at 
the origin of reciprocation 

Other important properties relate to pomts at infinity Thus 
a pomt P°° reciprocates mto the hne through 0 at right angles to 
Qpoo 'p ]^0 at infinity reciprocates mto 0 itself 

A circular pomt at infinity Q, therefore reciprocates mto a straight 
Ime through 0 perpendicular to OO But Oo, bemg a double ray 
of a rectangular mvolution (Art 141) is at right angles to 
itself Thus Or reciprocates into OQ and similarly O' reciprocates 
mto OO' 

178 Reciprocation of a circle with respect to an excentric 
origin Let C (Fig 56) be the centre of the gi\en circle, 0 the 
origin of reciprocation, AB the diameter of the given circle passmg 
through 0 The reciprocal curve of the circle 'v\ill be a come 
(Art 56) Also, by symmetry, one of the axes of this come will 
be along AB 

Smce O, O' lie on the circle, OO, 00' are tangents to the conic 
Hence 0 is a real tocus of the conic, so that AB is the focal axis 
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Now G IS the pole of the line at infinity with respect to the 
circle Hence in the conic the reciprocal c' of C is the polar of 
0 with respect to the conic, that is, the directrix corresponding 
to 0 

Again, the centre G' of the conic is the pole of the line at infinity 
with respect to the conic, and so is the reciprocal of the polar c 
of 0 with respect to the circle The second focus H is the point 
such that G' bisects OH 

The tangents from H to the conic are circular hues HQ, HQ' 



Eia 56 


which reciprocate mto pomts I, J of the circle, where 01, OJ are 
perpendicular, and therefore, by the property of circular lines, also 
parallel, to HQ, HQ' respectively Accordingly 01, OJ pass 
through Q, Q' respectively, so that IJ and the line at infinity 
00' are opposite common chords of the given circle and the line- 
pair (OO, OO'), which latter is (Art 140) identical with the point- 
circle 0 IJ IS therefore the radical axis of the given circle and 
0, and so is a real Ime Ti' at right angles to OG Thus H is the 
reciprocal of this radical axis, a property which we shall require 
hter 
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To find tlie eccentncity of the come, reciprocate the tangents 
a, batA,B This gives the vertices A', B' of the focal axis 

Then OA' =l,^jOA, B'0=k^jB0, leading to 

major axis=£'0+0^'=F^^ + ~^ , 

distance between foci =04' +OB' =1^ 

BO-OA CO 

By division, eccentricity = numerically 

The conic is therefore an elhpse, parabola or hyperbola k( 
as 0 lies inside, on, or outside the circle 

A very important particular case is that actually shown m 
Fig 56 This IS when the radius of reciprocation is so chosen 
that A ' and B'=A This requires Jc^-OAOB, so that for 
the elhptic case as in the figure, is negative 

When k^ is so chosen, the given circle is the circle on the focal 
axis of the conic as diameter We see then that a come and its 
auxihary circle are polar reciprocals with respect to an ongm at 
a focus 

Note that in this case C and G' comcide, and also c and c' 

Examples 

1 Given a focus, the corresponding directrix and the eccentricity of a come 
show how to construct, without drawing the curve, the two tangents from a 
given external pomt 0 

Prove that the angle between the tangents from a pomt <9 to a parabola is 
QQsr^qlr), where r is the distance of 0 from the focus, and q is the per> 
pendicular distance of 0 from the directnx 

2 Two circles meet at A and B Takmg A as centre of reciprocation 
find the reciprocal theorem of the result that AB is perpendicular to the 
Ime ]Oinmg the centres of the circles 

3 Reciprocate the theorem circles of constant radius which touch one 
straight line also touch a parallel Ime, and their centres he on the hne nudvav 
between the two hues 

4 Given a circle centre C and radius r show how to determme the centre 
and radius of the circle of reciprocation so that the given circle reciproeate& 
into a rectangular hyperbola of which the real axis is of length 2r 

5 If the reciprocal of a ciicle of ladius a and centie C is taken w ith re&pect 
to a circle of radius h and centre 0 where OC=c find the eccentricit\ and 
latus rectum of the conic obtained 

Conics are described with a fixed focus 0, their latera recta of the same 
given length Z, and then coi responding directriceb tangent to a guen comt 
with focus 0 and latus rectum V Prove that their en\ elope conbibth of t^^o 
conics each of whicli has a focus at 0 and that the reciprocals of the latera 
recta of these conics are the sum and difference of the reciprocals of I and I 
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179 Examples of focal properties of comes deduced by 
reciprocation with respect to a circle A number of the focal 
properties discussed m Chapter VIII are very readily deduced from 
simple properties of the circle by this form of reciprocation As 
they give valuable examples of the method, we shall set out the 
proofs of a few such properties It will be convement to assume 
for h that value which reciprocates the circle mto a come of which 
it IS the auxihary circle, so that C is the common centre of circle 
and come and the foci 0, E are symmetrically situated with respect 
to (7 

{a) Let V, q (Fig 56) be any two tangents to the circle, then 
they are equally mclmed to their chord of contact VQ 
Usmg the fundamental property of reciprocation with regard to 
a circle (Art 177), 0V\ OQ' are equally mclmed to 0(v'q'), where 
v'q' is the mtersection of the tangents at V\ Q' to the come 
Hence the theorem that two tangents to a come subtend equal 
or supplementary angles at a focus 
In the figure, which is drawn for the ellipse, the angles ZVQ 
and ZQV either both mclude or both exclude 0, and we get the 
case of equal angles 

If 0 is outside the circle, the pomts of contact of tangents from 
0 reciprocate mto the asymptotes, and divide the arcs of the circle 
which correspond to the two branches of the curve The reader 
will find the discrumnation of the two cases for the hyperbola a 
useful exercise 

(b) Let PO (Fig 56) meet the circle agam at T Then OP OT 
= 0A OB-Jc^ The line through T perpendicular to OT is then 
a tangent to the conic , it meets the circle again at R, and, since 
PTR IS a right angle, PR is a diameter Hence by symmetry HR 
IS parallel and equal to PO, and 

HR 0T=P0 0T=^B0 OA = a\l - e^) = 6^ 
where a is the semi-ma]or and 6 the semi-imnor axis 
We thus obtam the two theorems of Art 125 

(c) Let the tangent p at P meet IJ at Y By a well-known 
property of the radical axis of two circles, the lengths of tangents 
from Y to the given circle and to the pomt circle 0 are equal 
Thus OP Y IS an isosceles triangle and PY, OY are equally mclmed 
to OP Now r IS ph' and reciprocates mto P'H, so that 01 
reciprocates mto the pomt at infinity on P'H Similarly OP 
reciprocates mto the point at infimty on p' Finally PY is p 
and reciprocates mto P' Hence by the fundamental property OP' 
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and tlie parallel tkrongli 0 to FH are equally inclined to the parallel 
througli 0 to j)', t e OF, FH are equally inclined to p' or the 
tangent and normal bisect the angles between the focal distances 

(d) If V, Q are fixed pomts on the circle, P a variable pomt, the 
angle VPQ is constant 

Hence, in the reciprocal figure, the angle between 0{vy) and 
0{q'p') ^ constant, ze the mtercept on a variable tangent p' 
made by two fixed tangents v\ q' subtends a constant angle at 
the focus (Art 122) 

(e) The tangent p to the circle at P is perpendicular to the radius 
vector CP Therefore OP' is perpendicular to O(c'p'), that is, 
the part of the tangent to a come mtercepted between the pomt 
of contact and a directrix subtends a right angle at " ‘ ‘ 

focus (cf Art 121) 

(/) Z7, ZQ bemg two tangents v, q to the circle are equally 
mclmed to CZ Hence OV\ OQ' are equally mchned to 0{6'( I 'Q')} 
z e if a chord V'Q' meet the directrix corresponding to focus 0 
at, say Z, then OX is a bisector of the angle F'OQ' {cf Art 121) 

{g) Two parallel tangents p, r to the circle are a constant distance 
apart 

But perpendicular distance of 0 from p ^k^jOF, 
and perpendicular distance of 0 from r-k^JR'O 
1 1 

Hence const, where FOR' is a chord of the come 

through 0 By takmg this chord to be the latus rectum we find 
this constant = 2/(semi-latus rectum), and thus obtam the first 
theorem of Art 123 

(h) The locus of the mtersection Z of tangents g' to a circle 
which cut at a given angle a is a concentric circle this leads at 
once to the followmg 

The envelope of a chord V'Q' of a come which subtends a gi\ en 
angle at the focus is a come havmg the same focus and dicectnx 
Further, m the above VQ touches another fixed circle concentric 
with the origmal circle Hence the locus of the pole v'q' of a chord 
Y'Q' subtending a constant angle at the focus of a come is a conic 
havmg the same focus and directrix 

180 Case where 0 lies on the circle When the origin of 
leciprocatiou lies on the circle, the line at infinity touches the 
reciprocal come, which thus becomes a parabola 
If through 0, now on the circle, two perpendicular chords OP, 
OQ of the circle are drawn, the join PQ passes through the centre C 
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We have then q' are perpendicular and p'q' lies on the directrix 
c\ % e the intersection of two perpendicular tangents to a parabola 
lies on the directrix {cf Art 128) 

If OA IS a diameter of the circle, P any pomt on the circle, OP A 
IS a right angle Therefore the reciprocal point (a'p') of AP lies 
on OP, so that a', OP are concurrent But p' is perpendicular 
to OP, so that (p', OP) is the foot of the perpendicular from the 
focus on the tangent p' and this lies on a', which is clearly the 
tangent at the vertex (cf Art 127) 

There is a well-known theorem on the circle, known as Simson’s 
Theorem, that liL, M, N are the feet of the perpendiculars from a 
point 0 of the circle upon the sides /, g, h oi Si triangle inscribed 
in the circle, then i, M, N are colhnear 
Reciprocating this result with regard to 0, we have Z' is a Ime 
through P' perpendicular to Oi, that is, to OP' Hence if, through 
the vertices P', G\ H' of a triangle circumscribed to a parabola 
of which 0 IS the focus, we draw hues perpendicular to OP', 00', 
0H\ these are concurrent at some pomt U It follows that a circle 
on 00 as diameter passes through P', O', H' or the circumcircle 
of a triangle formed by three tangents to a parabola passes through 
the focus (Art 130) 


Examples 

1 Show that the vertices of a triangle can be reciprocated into the opposite 
sides if the origin of reciprocation be taken at the orthocentre 

2 Reciprocate the theorem that the orthocentre of a triangle circumscribing 
a parabola hes on the directrix, the origm of reciprocation being the ortho 
centre 


181 Coaxal circles reciprocate into confocal comes Con- 
sider a set of coaxal circles k with real limiting pomts 0, K (Fig 57) 
Then 0, K are hannomcally conjugate with regard to the points 
P, Q m. which any circle of the set meets the hne of centres, that 
IS, the polars of 0, K with regard to any circle of the set pass 
through K, 0 Also by symmetry these polars are perpendicular 
to the Ime of centres 

Therefore 0, K have the same polars with regard to all the circles 
of the coaxal system, and these polars are the perpendiculars to 
the hne of centres through K, 0 respectively 
Nov reciprocate the coaxal circles with regard to any circle 
centre 0 The cycles k reciprocate into comes k' having 0 for a 
focus 
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0 reciprocates into the line at infinity, and the line c \^hich 
IS the common polar of 0 with respect to the coaxal circles re- 
ciprocates mto a pomt O' on the Ime of centres Thus O' is the 
common centre of all the comes i' Smee the comes i' have 
0 for a common focus, and O' for a common centre, their second 
real focus B is also common, so that they are confocal comes 
B hes on the line of centres, and 0/S=2 00' The reciprocal of B 
IS a Ime x perpendicular to the hue of centres If it meet this hue 
at X, then 

OXOB^OKOQ^ 

But smee OB = 2 0C\ therefore OK =2 OX ^ or X is the middle 
pomt of OX, that is, x is the radical axis 



axis 

Conversely, it is easily shown that confocal comes reciprocate 
with respect to one of the real foci, mto a set of coaxal circles with 
real hmitmg pomts 

182 Inversion Let 0 be the centre of a circle c, of radius i, 
P any pomt in the plane of the circle, P' the pomt of OP conjugate 
to P with respect to c, so that 

OPOP'^B ( 1 ) 

The pomt P' is then said to be the inverse point of P with 
respect to c, and the symmetry of the relation (1) then shows that 
P is the inverse pomt of P' with respect to c The relation bet\\ een 
the field formed by the points P and that formed by the pomts 
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P' IS termed inversion, eitlier field being spoken of as the inverse 
of tke other with respect to the circle , c, 0 and h are called the 
circle, centre and radius of inversion respectively 
Smce the polar of P with respect to a circle is perpendicular 
to OP, it IS clear that the mverse pomt P' is the foot of the per- 
pendicular from 0 on the polar of P 
Although the correspondence of the pomts is unique, inversion 

IS not a homography, 
for a straight Ime does 
not correspond to a 
straight Ime, but to a 
circle through the origm 
To prove this, let a 
(Pig 58) be any straight 
Ime, A the foot of the 
perpendicular from 0 on 
a, P any other pomt on 
a Let A\ P' be the 
mverse pomts of 4, P 
Then OAOA'=^OPOP\ 
or OP' OA'=OA OP 
Smce the angle at 0 
IS common, the triangles 
AOP, P'OA' are similar, 
and the angle at P' is 
equal to the angle at A, and therefore to a right angle Therefore 
P' describes a circle on OA' as diameter 

183 The inverse of a circle is, in general, a circle Let c 

(Fig 59) be any circle whose centre is C and radius a Let P be 
any pomt of c, P' its mverse pomt Let OP meet c again at Q 

Then OPOF^h\ 

OP OQ^OC^-a^ 

Hence OF OQ=^B {OC^-a^), 

whence the locus of P' is similar and similarly situated to the locus 
of Q, 0 bemg the centre of similarity, and the ratio of similarity 
being l^j(0C - a-) 

Smce the locus of Q is the original circle, the locus of P' is also 
a circle c', whose centre K is in the Ime OC If 0 is outside c, a 
pair of common tangents to c, c' pass through it 

Thus every circle inverts into another circle, except when the 
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first circle passes tlixougli the centre of inversion, when, as in 
Art 182, it inverts into a straight line perpendicular to OC 
It should be noted that the centre of the circle c does not invert 
into the centre of the circle c', so that K is not C' 

It IS also important to remember that a conic does not, m general, 
mvert into a come For, consider the mverse s' of a come s, and the 
intersections of s' with a straight Ime t' This Ime t' mverts mto 
a circle which has four real or imagmary' mtersections with the 
come s The mverse pomts of these four mtersections are the 



Fig 59 

intersections of t' and s' These latter are thus four m number, 
so that s' is, m general, a quartic curve 

Example 

Given a point 0 and a circle centre C and ladius r, show how to determine 
the radius of a circle of inversion centre 0, so that the circle centre G, mverts 
mto another of radius 2r, and find the position of the centre of this mverse 
circle 

184 Circles through two inverse points Let P, P'JbeJan} 
two mverse points with respect to a circle v of centre 0 and radius 
I, and let c be any other circle passing through P and P' 

Let Q be in intei ‘section of v and c Then OQ=I , the laclius of 
inversion, and OP OP' = OQ^ 

Hence, by a well-hiiown piupcity ot tlie ciicle, OQ a tangent 
from 0 to tilt ciule c, and the ciitles c, o cut at light angles 
Thus any circle through two inverse points is orthogonal to 
the circle of inversion 

Conversely, if two points P, P' ait such thit two ciicles Cj 
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tlirougli P, P' are orthogonal to the circle of inversion v, then P, P' 
must be mverse pomts 

Let Qi be an mtersection of v and Oj Smce these cut at nght 
angles, OQi is tangent to at Qi 

Jom OP and produce it to meet Cj agam at Pi Then by a well- 
known property of the circle, OP OPi = OQ ^ = Pi is therefore 
the mverse pomt of P with respect to v 

Similarly, if OP meet agam at Pg, P 2 is the mverse pomt of P 
with respect to and so is identical with Pi, which is thus an 
mtersection, other than P, of the circles Ci, C 2 Smce, by hypothesis, 
this second mtersection is P', P' is identical with Pi and so must be 
the mverse pomt of P 

It follows that, if two circles through P, P' are orthogonal to the 
circle of mversion, every circle through P, P' will be orthogonal 
to this circle 

Exampues 

1 The points of a set of coaxal circles are inverse pomts with 

respect to every circle of the set 

2 K the radius of the circle of inversion is made uifimte, so that the 
accessible part of the circle is a straight hne, show that any two mverse pomts 
are images of one another m the straight hne 

3 Prove that a circle passmg through two mverse pomts mverts mto 
Itself 

185 Homography on circular bases is preserved by inversion 

Although mversion, considered as a relation between plane fields, 
IS not homographic, yet it preserves homographic properties as 
regards ranges on corresponding circles (mcludmg straight Imes as a 
particular case) 

Referrmg to Fig 59, it is clear that, smce P', Q are correspondmg 
pomts m a similarity, and a similarity is a particular case of a 
plane perspective and therefore of a homography, we must have 

[Q]2a[F]2 

But, smce OPQ is a chord of the circle c through a fixed point, P, Q 
are mates m an mvolution on the circle 

Hence [P]^ a [g]2 and [P]2 a [P']2 

Thus a range of the second order on a circle inverts into a 
homopaphic range of the second order on the inverse circle 

The case of a range on a straight line follows immediately from 
Fig 58, here [P] aO[P] a[P']2 

Smce straight lines do not invert into straight lines, this property 
lb not applicable to pencils 
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If now we have, in any figure, tvo ^loinognphic ranges [Pip, 
[Pg]^ on circular (or rectilineal) bases, then the inverse ranges 
[P/]^j [P 2 ']^ are such that 

[Pl']27r[Pi]2, [P2']2 x[P2]2 

and since therefore [Pi']^^[P 2 ']^, or homographic 

ranges on circular bases invert into homographic ranges on the 
inverse bases 

186 Angles invert mto equal angles In Fig 58, let the 
tangent at P' to the locus of P' be drawn, as P'T 

Then the angle T'P'O is equal to OA'P ' m the alternate segment, 
and this agam, by the similarity of the tnangles AOP, P'OA\ 
IS equal to OP A 

The hne a and its mverse circle a' therefore make equal angles 
with OPP', but on opposite sides of it By considermg small 
elements it is easily seen that the same holds good of any two 
correspondmg curves 

If now we have two curves s, t mtersectmg at any angle at 
P, and the two coit expending curves s', t' mtersectmg at the 
corresponding pomt P', then s, t make with OP, on one side of OP'P, 
angles equal to those which s', t' make with OP' on the other 
side of OP'P By subtraction, the angle between 5, i at P is equal 
to the angle between s', t' at P' 

Inversion is therefore what is usually termed a conformal 
transformation, that is, any elementary small figure erts mto 
a similar figure It will be found, however, that they are oppositely, 
and not directly, similar, that is, they cannot be brought mto 
similar situation by a relative displacement m their plane, but one 
of them must be turned over as a prelimmary 

Note that, as a particular case of the theorem of the present 
article, an orthogonal mtersection of two cur\es m^erts mto an 
()» I'logo 1 intersection of the two m\erse cur\es 

Examples 

1 Desciibe, ^\lth diagrams the possible geometrical configurations ^^hlch 
may be obtamed by inverting the plane figure formed b^ two parallel straight 
Imes and a hne meeting them at right angles, vuth rebpect to a circle in the 
plane 

Thiee cucles touch one another m pairb Prove that the circle through 
the three points of contact cuts the thiee circles orthogonall\ 

2 Show that if a a' aie two verj small coirebpondins area& at corre 
spending points P P in mverse fields then in the hmit go— OP* J * 
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187 Inversion of coaxal circles Let cj, C 3 , etc , be a 
set of concentric circles, wbose common centre is 0 All straight 
Imes I tbrongli C are then orthogonal to the circles c 
Now mvert the field with regard to any given pomt 0 The 
straight lines I mvert mto circles V passmg through 0 and through 
the mverse pomt G' of C, that is, mto coaxal circles with real 
mtersections 0, (7' 

The circles c then mvert mto circles c' which are orthogonal 
to the circles V and therefore, by Art 113, form a set of coaxal 
circles with imagmary mtersections but real limitmg pomts 
One of these limitmg pomts is clearly O', smce G is the pomt- 
circle of the set c, and a pomt-circle must mvert mto a pomt-circle 
To find the second limitmg pomt, we note that, if is the circle 
centre 0 , of infinite radius, all the pomts of mvert mto 0 , 
which IS therefore a pomt circle mverse to 
Thus a set of concentric circles invert into a set of coaxal 
circles havmg for real limiting points the centre of inversion 
and the mverse point of the common centre 
Conversely, if we mvert such a set of coaxal circles with respect 
to one of their limiting pomts, we obtam a set of concentric circles 
For the coaxal circles through the limitmg pomts are orthogonal 
to the given coaxal circles, and mvert mto straight hnes through 
the mverse of the second limitmg pomt, which straight Imes are 
orthogonal to every one of the new set of circles But a circle 
which IS orthogonal to a pencil of rays through a pomt has that 
pomt for centre , the required result follows 
Note also that, smce coaxal circles are circles through two 
fixed points (real or imagmary), coaxal circles necessarily invert 
mto coaxal circles, whatever the centre of mversion 
We may therefore regard concentric circles as a particular case 
of coaxal circles In this case the (ordmary) common pomts 
A, Boi the circles comcide with Q, Q,\ so that the circles touch at 
Q, Q.', as we should expect, and the common radical axis is the line 
at infimty 


Examples 

1 Piove that two cucles of a given coaxal sj^stem touch an arbitiaiy 
fixed straight hne, and also that they are inveise with lespect to that tuck 
of the s\stem vhich has its centie on the given stiaight line 

2 If a circle touches two given circles the points of contact aic 

conc}chc with the himting pomts of the coaxal system determined by 

3 If tv o \ ariablc circles touch one another, and also each of two given 
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circles Cl, c , show that the locus of their mutual point of contact ls a circle 
coaxal with c^, C 2 

4 T\\o given coplanar circles a, b have centres i, B , the m\erse of a 

point Pi with respect to a is P and the inverse of P with respect to b is 
Prove that, w hen Pj describes a circle or a hne the corresponding pomt P, 
descnbes either a circle or a hne and show that, in the correspondence 
between the fields [Pj], [Pg] the s% stem of coaval circles with points 

A, Pi corresponds to the system of coaxal circles \nth hmitmg pomts P, Po 

5 Invert the theorem the locus of centres of circles which touch two 
concentric circles is two concentric circles 

188 Inverse figures invert into inverse figures Let 

be two figures wbicb are inverse with regard to a circle k 

Invert botb ^ and with respect to another circle s We 
obtain two new figures <f>i and (f>i , the circle L inverts, in general, 
into a circle ki 

Let P, P' be any two corresponding points of <f>, <f>' and let their 
inverses with regard to s be Pi, Pi 

Let Cl be any circle through Pi, Pi' This corresponds, in the 
inversion with regard to s, to a circle c passing through P, P' 

By Art 184, c and k cut orthogonally Hence, by Art 186, 
Cl and ki cut orthogonally Thus any circle through Pi, P/ 
cuts ki (' < SI 5 and, by Art 184, Pi, P/ are inverse points 
with regard to ^i Since Pi, Pi' are an arbitrary pair of corre- 
sponding pomts, the figures ^i, <f>i' are mverse with regard to Li 

Thus two mverse figures mvert mto tv o mverse figures, the circles 
of inversion bemg inverted mto one another 

Example 

Prove that two fields mverse wuth respect to a circle can be mverted into 
two fields which are the reflection of one another m a straight Ime 


EXAMPLES XiA 

1 Show that a correlation projects mto a correlation and the base comc& 
mto base conics 

2 In two coplanar reciprocal fields hnes a 2 , ho c in (f>_ which 

correspond to the vertices Bi Ci of a triangle in (j>i comcide retspectiveh 
with the opposite sides BiC^ Cilj AiBi Show that ever} point of the 
plane corresponds to the same hne m eithei field 

3 Show that the only correlation m which ever} point corresponds to the 
same Ime m either field is the tiansformation b} reciprocal polarb 

4 Discuss the characteristics of the correlation in which the base coiiils 
are concentric circles centre 0 Show that the two hnes which correspond 
to any pomt P are equally inclined to OP and that they intersect on OP 
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at a point P' which hes on the polar of P with respect to the circle which 
IS the locus of incident points 

Prove also that the angle between the two lines corresponding to P is 
constant and equal to the angle between the tangents to from any point 
of \ Hence show that, if the correlation is real, must be interior to k^ 

5 By projectmg the circular pomts mto any given points, deduce the 
results corresponding to those of Ex 4 m the case of a general correlation 

6 In a correlation three hues a, J, c through a vertex U correspond to 
three points A', G' on a hue u' through U Obtam a construction, usmg 
the ruler only, for the pomt V' corresponding to the hne v=u', and also for 
the hne t corresponding to the pomt T'=U 

7 Reciprocate the theorem, that the angle m a segment of a circle is 
constant, with respect to the pomt at which one of the arms of the angle 
meets the circle, and hence show that if through the focus 0 of a parabola a 
hne OP IS drawn to meet a variable tangent to the parabola at P and makmg 
a fixed angle with this tangent, the locus of P is a fixed tangent to the 
parabola 

8 Erom the result that a chord of a circle which touches a concentric 
circle subtends a constant angle at the common centre deduce the followmg 
theorem 

If there be two comes havmg the same focus and correspondmg directrix 
and if two tangents to one come meet on the other come and mtersect the 
directrix at XT, then XT subtends a fixed angle at the focus 

9 If from a fixed pomt tangents are drawn to a series of concentric circles, 
find the locus of their pomts of contact Hence obtam the followmg theorem 
by reciprocation A fixed hne meets a number of comes which have the 
same focus and correspondmg directnx , then the envelope of the tangents 
at the pomts of mtersection is a come touchmg the fixed hne and also the 
common directrix 

Hence find the envelope of the asymptotes of comes havmg a common 
focus and directnx 

10 If the two common tangents to two comes havmg a common focus 
0 mtersect at A and through A a Ime APQ be drawn meetmg one come at 
P and the other at Q then, if the tangents at P and Q meet at P, OR is a 
bisector of the angle POQ 

[Reciprocate the theorem that tangents to two circles from a pomt on 
their radical axis are equally mchned to the hne 3oimng their pomts of 
contact ] 

11 A vanable chord of a rectangular hyperbola subtends a right angle at 
a fixed pomt 0 By reciprocation with respect to a circle having 0 as centre 
show that the locus of the foot of the perpendicular from 0 on the chord 
IS a straight Ime 

12 Prove that the polar reciprocal of a circle taken with regard to a 
rectangular hyperbola, is a come of which the centre of the rectangular 
hyperbola is a focus 

13 A conic is inscribed m a triangle ABC and has one focus at the cir 
cumcentre Prove that the other real focus is the orthocentre 

14 Through a point 0 in the plane of a circle perpendicular rays OP, OQ 
are drawn to the circle Show that PQ touches a fixed conic with a 
focus at 0 

[Reciprocate the property of the orthoptic circle ] 
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15 Prove that if through a fixed point 0 inside a circle a straight hne 
he drawn, meeting the circle at P and Q, the sum of the reciprocals of the 
perpendiculars from 0 on the tangents at P, 6 is constant 

Obtam from this the theorem that the sum of the focal distances m an elhpse 
IS constant 

16 Show that if ABO is a tnangle and 0 anj point m its plane, and if 
through 0 perpendiculars OP, OQ, OB are dra\vTi to OA, OB, 00 to meet 
BC, CA, AB respectively at P, Q, R, then PQR are colhnear 

17 s' IS the reciprocal of a curve s vuth respect to a pomt 0, and B' is 
the pomt of s' corresponding to the tangent to s Bit P If p, p' are the 
radu of curvature of s, s' at P, P' respectively, prove that pp = I® cosee® <^, 
where k is the radius of reciprocation, and is the angle between OP and the 
tangent to s at P 

Illustrate this result by usmg it to find the radius of curvature at a pomt 
of a come 

18 A circle c touches an elhpse ^ at P, and has its centre 0 on the orthoptic 
circle of h , the other common tangents q t oi c and I touch the circle c 
at Q, B respectively By reciprocation with regard to c, show that there 
IS one rectangular hyperbola which touches A, at P and passes through Q 
and B , and that its asymptotes are parallel to the tangents from 0 to A 

Prove also that chords of this hyperbola which subtend right angles at O 
touch a certain parabola whose focus is 0 

19 Prove by reciprocation the foUowmg 

A variable tangent p to a come havmg 8 as focus meets two fixed tangents 
a and 6 at P and Q respectively , a hne q through Q meets a at a pomt L 
such that the angle PSL is a constant angle Show that the envelope of 
g IS a come havmg 8 for focus and touchmg a and b 

20 Prove that the reciprocal of a parabola k with respect to a circle c 
whose centre 0 lies on I is another parabola A', which touches at 0 the 
perpendicular from 0 to the axis of A, and has its axis parallel to the normal 
at 0 to A; 

Show also that the directnx of is the reciprocal with respect to c of the 
Fr4gier pomt of 0 with respect to A 

If c has its centre 0 at an extremity of the latus rectum of 7 , prove that 
the focus of I' hes on the tangent at 0 to A 

21 Reciprocate wuth respect to a circle with centre at a focus the property 
that confocal conics intersect at nght angles 

22 If one conic s is its own polar reciprocal for another come t then the 
come t is its own polar reciprocal for the come s 

[Show that the comes ha\e double contact at I P and that if C be the 
common pole of AB then if a raj- through C meet ^ at I , T the tangent at 
U is the polar of T w ith regard to ^ ] 

23 Show that given two points 4 P of a conic * a come i can be found 
touching 5 at 4 P and such that s ib its own polar reciprocal with regard to t 

24 If a figure be inverted with regard to an's ongm show that an involution 
on a Glide inverts into an involution on the corresponding circle 

25 Invert the theoiem tangents to a fixed circle cut a fixed concentric 
circle at a constant angle the centre of imeibion being a point in the cii 
oumference of the second circle 

26 Prove that the ciicles which piss thiouLh a ji\en point I ind tut a 
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fixed circle c at a given angle a all touch a second fixed circle L , and that L 
IS a limit ing point of the coaxal system determined by c and h 

Show also how to construct the circle L 

27 PQ IS a common tangent to two circles and L, M are the limiting pomts 
of the set of coaxal circles determined by the two circles Prove that PLQ, 
PMQ are right angles 

Transform this result by mversion, (i) from L, (u) from M 

If PB, QS are chords of the circles passmg through X, prove that BB is 
also a common tangent 

28 Pi and Pg are the mverses of a point P with respect to two drfferent 
circles hx and respectively If the mverse of Pi with respect to comcides 
with the inverse of P^ with respect to ^i, show that and k^ are orthogonal 


EXAMPLES XlB 


[The axes of co ordmates are to be taken rectangular ] 

1 The pomts (3, 1), (-3, 0), (1, 2), (1, -2) correspond to the Imes a;=3, 
a;=:-3, 2/=2, i/=-2ma correlation 

Emd (i) the other mcident pomts on the four given hnes , (n) the other 
mcident hnes through the four given pomts Hence construct the base 
comes 

2 With the data of Ex 1, construct (i) the hnes correspondmg to the 
ongm , (u) the pomts correspondmg to the hne at infimty 

3 The base comes of a correlation are the hyperbola 

a;2_ 32^2^1 

and its auxiliary circle Construct the come corresponding to the coniueate 
hyperbola ® 

4 Tlieoirole3(a:-2)2+2/S=9,(a:+4)2+y«=l are reciprocated with respect 
to the circle »“+ (y- 1)®= 1 

Without drawing the reciprocal curves of the first two circles, find then 
four mterseotions 


6 Two circles centres A and £ have radn 1 inch and 2 inches respectively 
and A£=4 inches I^d (i) a circle with respect to which they reciprocate 
into confocal conics, (u) the four intersections of these conics, (in) the 
tangents at these four mterseotions 


6 ^^0 (Mcles centres A and £ have radn 3 and 4 inches respectively and 
^-ff-2 mohes Fmd a centre of inversion which inverts the above circles 
sin^taneously mto straight hues If P, Q are two pomts such that AP=7 
mche^ AQ^ 1 5 inches and the angles PAP, BAQ are 30°, 135° respectively, 
construct the circles orthogonal to the given circles and passmg through P, Q 
respectively Construct also the circles mverse to the last found circles 

7 A circle passes though the pomt P (3, 4), and touches the axis of a: 
at the ori^ 0 of co oi^ates If its mverse circle passes through the point 

OP^ nf and the chord of this mverse circle correspondmg to 

OP is of length 4 umts, construct the circle of mversion 



CHAPTER XII 


HOMOGRAPHIC PLAHE FORMS OF THE SECOND ORDER 

189 Construction of coplanar homograpluc forms of the 
second order In what follows we shall extend the definition of 
incident forms, already given for projective ranges and flat pencils 
m Art 24 , to cover all homographic unlike forms such that each 
element of one form is mcident with the correspondmg element of 
the other form Thus the pencil of the second order formed by the 
tangents to a come is incident with the range of the second order 
formed by their pomts of contact, and a range of the second order 



is mcident with the flat pencil determmed by it at any point of its 
come base 

Let two projective ranges of the second order on two comes Si 
and ^2 be given by two correspondmg triads AiBiCi, 

(Fig 60 ) Correspondmg pomts of the two ranges may be con- 
structed as follows 

Jom ^1^2 uieetmg Si agam at U and So agam at T Let I Bi 
VB2 meet at R3 and UCi, VC2 meet at C3 J om R3C3 - W3 meetmg 
VV at A^ Then if Pj be any point on Si and UFj meets at 

9Q1 
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P3 and 7P3 meets ^2 agam at P2, the ranges of the second order 
[Pi]2, [Pg]^ are homographic and they have AiBiCi, for 

correspondmg triads They are therefore the ranges required 

If one of the ranges, say AJS^G^, is of the first order, a siimlar 
construction holds, but this time 7 may be taken any pomt on 
A1A2 

Similarly if two pencils of second order about comes Si, $2 be 
given by the correspondmg triads ai&iCi, a2h2C2 (Fig 61 ), then 
from A(=aia2) draw the other two tangents u, v to Si, $2 Let 


0 



ubi=Bi, uci=Ci, vb2=B2, vc2=C2 Let ^162=^02 

and let 0 be their mtersection , let OA =^3 Then if be any 
tangent to Si meetmg u at Pi, and if OPi be joined to meet v at 
P2 and P2 the other tangent from Pg to $2, the pencils of the 
second order [piP, homographic and have ai6iCi, ^262^2 

corresponding triads 

A similar construction holds if the pencil [pg] is of the first 
order, only now v may be taken any Ime through A and yg i® 
jomed to the vertex of the pencil [j^g] instead of being drawn tangent 
to a conic 
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If the given forms are unlike, say a range and a pencil of second 
order, we can correlate as above the given range of the second 
order with the range formed by the pomts of contact of the given 
pencil of second order In this way the two ongmal forms are 
geometrically connected 

190 Number of self-corresponding elements of homographic 

forms of first and second order, not on the same base Clearly 
a range of the first order and a range of the second order homo- 
graphic with the first range cannot have more than two self-corre- 
spondmg elements smce a straight hne meets a come m two pomts 
only They may have two r > - h, » 1 ^ elements, for if we 

take a flat pencil whose vertex is on a come, the homographic 
ranges determmed by this pencil on the come and on any straight 
hne have the mtersections of the 
straight hne and come for self- 
correspondmg pomts 

Conversely if such ranges have 
two self-correspondmg pomts, say 
A, B, the hnes jouung their corre- 
sponding pomts pass through a 
vertex 0 lymg on the base of 
the range of second order For 
let C, C' be correspondmg pomts 
on the straight Ime and come 
respectively (Fig 62) Jom CC' meetmg the come agam at 0 
Then if P, P' are on a Ime through 0, the ranges [P], [P']- are 
projective But they are determmed by the same triads ABC, 
ABC' as the original ranges They are therefore identical vnth these 

ranges 

In like manner if a pencil of the first order be homographic 
with a pencil of the second order, they may ha\e two self-corre- 
sponding elements, namely the tangents from the \ ertex of the first 
pencil to the conic which is the base of the second pencil, but they 
cannot have more Also, when they do have two self-correspondmg 
Imes, we can show, by •'■(j njf similar to that used for the ranges, 
that corresponding lines intersect on a tangent to the come which is 
the base of the pencil of second order 

191 Two homographic forms of the second order cannot 
have more than three self-corresponding elements Two 

homographic ranges of the second order ha\e their bises and 62 
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intersecting in four points, but they cannot bave more than three 
self-correspondmg pomts 

In the first place we will show that they may have three self- 
correspondmg pomts For let 0, A, B, C (Fig 63 {a)) be the four 
mtersections of the comes Sj, $2 , through 0 draw any ray to meet Si 
agam at P and 53 agam at F, then the ranges [Pf, {Ff are homo- 
graphic and they have the points A, B, C self-correspondmg 

In the second place two such ranges cannot have more than three 
self-correspondmg pomts For let A, B, G be self-correspondmg 
pomts Then the seK-correspondmg triad ABC determmes the 
correspondence between the two ranges uniquely Now the ranges 



Fig 63 


described on the comes by a ray OPP' through 0 satisfy the given 
conditions, smee they have A, B, 0 for self-correspondmg pomts The 
given ranges [P]^, [P']2 are therefore such that the jom PP' of 
correspondmg pomts passes through 0 If these ranges have a 
fourth self-correspondmg pomt this can only be 0 But the conics 
do not touch at 0 , smee they already have three other mtersections 
A, By C Thus if P be at 0, P' is at Q' where the tangent at 0 to Si 
meets 53 , and if P' be at 0, P is at R where the tangent at 0 to $2 
meets Sj Therefore 0 is not m general self-correspondmg 
If the comes touch at 0, 0 is mdeed self-correspondmg, but 
the conics, having already two comcident mtersections at 0 , can 
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have only two other distoct intersections , so that m any case 
there are not more than three self-corresponding points 

In like manner two homographic pencils of tangents to two 
comes 5^5 $2 (Fig 63 (b)) can have at most three self-corresponding 
elements, namely three of the common tangents to For, if 

a, b, c be these common tangents, they deternnne, as m the case 
of ranges, the relation between corrcapondjng tangents of the 
pencils, namely, that two such corresponing tangents p, p' meet at 
P on the fourth common tangent u to Si, $2 But u is not self- 
correspondmg , for if is taken comcident with w, P is at the 
pomt of contact Q oi u with Si and the second tangent q' from Q 
to $2 IS not comcident with w, unless Si and ^2 touch u at the same 
pomt But m this case two of the common tangents comcide with 
u and there are only two others remauung 

In the above, no distmction has been made between real and 
imagmary mtersections or common tangents We shall follow this 
practice m future, except where the contrary is exphcitly stated 

192 If a form of the flbrst order has more than three elements 
incident with their correspondmg elements of a homographic 
form of the second order, the two forms are altogether mcident 

In the case of two forms of the first order, if more than two elements 
are mcident, the forms are mcident Thus, if three rays of a flat 
pencil, ai, bi, c^, pass through the correspondmg pomts A 2 , B 2 , 
G 2 of a homographic range on a straight hne w, the range determmed 
by the pencil upon u has three self-correspondmg pomts with the 
origmal range and so comcides with it 

In the case of forms of the second order, howe\ er, this no longer 
applies, because the pomts m which a pencil of the second order 
meets any straight line do not form a range homographic 'with the 
pencil, unless the straight Ime happen to be a tangent to the 
come which is the base of the pencil The student can easily 
convmce himself of this by reversmg the process, when he will 
find that, although to each tangent to the come corresponds only 
one pomt of the straight Ime, to each pomt of the straight Ime 
correspond two tangents to the conic The correspondence is 
therefore not one-one 

Consiclei i lange of the second oidei [P]- on a conic 6 homo- 
graphic with i pencil fy/] of the fiist oidei whose \eite\ is I 
Take a vcitcx 0 on s and join OP = p The pencil [p\ is of the first 
ordei and [p]^[P]^’A [p'j The locus of Q is a conic t passing 
through 0 and the vertex of [/>'] The conics b, t ha^c therefore 
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three other intersections besides 0, of whicb at least one is real if 
s, t and 0 are all real, since by Axt 138 imaginary intersections 
occur in pans and 0 is already one real mtersection But at an 
mtersection of s, t the ray p' passes through its corresponding point 
P, and, conversely, if p' pass through P, P is an mtersection of s, t 
Hence there are three pairs of correspondmg elements mcident, of 
which one pan is always real 

This holds even if 0 be on its corresponding ray, for then, if P 
be at 0, OP is tangent to the come t (smee it corresponds to the 
]om of the vertices) But OP is also tangent to the come s Thus 
s, t touch at 0 and have only two other mtersections 

If then there were a fourth pair of correspondmg elements 
mcident, the comes s, t would have five pomts common and would 
comcide , the vertex of [p'], which hes on t would then also he on 5, 
and every pair of correspondmg elements would be mcident 

Eeciprocatmg this theorem we obtam the correspondmg theorem 
for a range of the first order and a pencil of the second The proof 
IS precisely sumlar to the one above if we mterchange terms accordmg 
to the rules given m Art 67 The result runs 

If a pencil of the second order and a range of the first order be 
lio''»i('g’'dj' 1 then, m general, three pairs of correspondmg elements 
are mcident, of which at least one pair are real If more than 
three pans are mcident, the two forms are altogether incident and 
the base of the range touches the base of the pencil 

193 The product of two homographic pencils of the first 
and of the second order respectively is a cubic If we form 
the product of two coplanar homographic pencils [p\, [p'Y', we 
obtam a curve m the plane Draw any straight Ime u in the plane 
This meets [p] m a homographic range of the first order [P] Then, 
if Q-pp\ a pomt P of u IS on the locus of Q if it lies on its corre- 
spondmg Ime p' By the last Article there are three such points P 
on every hue u, of which one at least is real The locus is therefore 
one of the thnd degree, or, as it is called shortly, a cubic 

194 The vertex of the pencil of the first order is a double 
point on the cubic Let 0 be the vertex of the pencil of the first 
order, s the conic which is the base of the pencil of the second order 
Let u', v' be the two tangents from 0 to the conic, u, v their corre- 
spondmg rays through 0 

Then 0 appears twice on the locus, once as uu' and once as vv' 
Also corresponding to these two interpretations of 0 there is a 
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different tangent to the curve For if approaches v!, p approaches 
u and the point Q^^pp' approaches 0 so that OQ approaches u 
u IS therefore one tangent to the curve through 0 Similarly if p' 
approaches v', Q approaches 0 as OQ approaches v So that v is 
another tangent to the curve at 0 The curve has two branches 
which mtersect at 0 

Such a pomt 0 is called a double pomt on the curve and every 
Ime through 0 is considered as meetmg the curve m tvo coincident 
pomts at 0 The only case of a double point which we have met 
with hitherto is that of the degenerate come or Ime-pair, where the 
mtersection of the two hues is a double pomt 

Observe that a ray through the double pomt 0 meets the 
cubic agam at one pomt only, as it should, to wit, at the pomt 
where it is met by the correspondmg ray of the pencil of second 
order There are two exceptions, however, namely the rays w, v 
These meet the curve m three comcident pomts at 0 and are 
known as the proper tangents to the curve at 0 

It may be shown that, m order that a cubic may have a double 
pomt, a certam condition must be satisfied Hence the cubic of 
the present Article is not of the most general type 

195 Construction of directions of the asymptotes of the 
cubic The pomts where the cubic meets the Ime at infinity 
may be constructed as follows Draw a tangent atos (Fig 64) from 
0 Let a' be the tangent correspondmg to the ray a through 0 
Let c' be the tangent parallel to a, c its correspondmg ray Let 
6, b' be any other pair of correspondmg hues Let a, 6, c meet 

at and a\ b\ c' meet a at A\ B\ (C'^=A^) 

If p, p' be any pair of correspondmg Imes (not shown m Fig 64) 
meetmg a at P' respectively the ranges [P^], [P'] are 
projective, and A^B^C^ , A'B'C'^ are two correspondmg triads 
The parallel P^P' through P' to p therefore envelops a parabola 
which touches a and at A\ respectively, these bemg the 
correspondents to az^(=C'^ =A^) This parabola also touches 
ze the parallel through B' to b We are therefore gi\en 
one tangent B'B^, another tangent a and its pomt of contact A', 
and the direction of the axis parallel to c The parabola can then 
be drawn by Bnanchon’s Theorem The three common tangents 
to the parabola and to s, other than a, then gi\e the directions 
of the three asymptotes of the cubic For let t' be an\ one of these 
common tangents, meetmg a at T', and if t be the correspondmg 
ray, meeting the line at infinity at is a tangent to the 
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parabola and tberefore in tbe same straight Ime as i Thus 
IS a point at infimty on tbe cubic 
196 The product of two homographic ranges of the first 
and of the second order respectively is a curve of the third class 
with a double tangent If [P], [Py are bomograpbic ranges on a 
Ime X and a come s respectively, and any pomt V is taken in 
tbe plane, then if p = TJP, tbe pencil [p] and tbe range [P']2 



are bomograpbic They have three incident pairs which 
correspond to those cases where V, P, P' are collmear, ^ e 
where UP is tangent to tbe envelope of PP' The envelope is 
thus of the third class since from any point three tangents c in be 
drawn to it 

Let the two points where ju meets s be T\ F' Let tht coi re- 
sponding pomts on X be T, V Then x occurs twice as a tangent to 
the envelope It is therefore a double tangent and touches the 
envelope at T, V 
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197 D6g6ii6r3(t6 Cd/S6S of tli6 Ebov6 If tliG two Koniograpliic 
pencils of Art 193 have one of the tangents from 0 to s as a seif- 
correspondmg ray, the whole of this ray forms part of the loci^ 
The locus of the third degree breaks up therefore mto a straight 
line and a come If the two tangents from 0 are ' oriL^'iicjiid njy 
rays, the whole of each of these rays is part of the locus and the 
cubic breaks up mto three straight hnes, namely the two tangents 
from 0 and a thud tangent to s (Art 190) 

In hke manner if the ranges of Art 196 have a -r ir-c orn'-pond 
pomt, that point is an isolated part of the envelope The envelope 



breaks up mto this pomt and a curve of the second class, i e a 
come If the ranges have two self-correspondmg pomts, the 
envelope breaks up into three points, one of which is on the base 
of the range of second order by Art 190 

198 Two homographic unlike forms of the second order 
have four pairs of corresponding elements incident , and if 
they have more than four, they are jIio^omri incident Let 

[P]2 (Pig G 5 ) be a homographic pencil and range respecti\ ely, 
of the second order, whose bases are 5i, $ 2 , respectneh On So 
take a point 0 Then the pencils 0[P], [jj]- are homographic 
Let Q be the meet of p, OP The locus ot Q ib a cubic of vhich 0 
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IS a double point Bub a conic and a cubic are known from analytical 
considerations to have six intersections Hence the locus of Q 
meets 53 six pomts Of these 0 counts as two, smce 0 is a double 
pomt on the cubic, and the tangents at 0 to the cubic are, m general, 
different from the tangent at 0 to ^2 There are accordmgly four 
others A, B, 0 , D Correspondmg to each such mtersection we 
have a pomt P on its correspondmg Ime (smce P and Q are then 
comcident) 

Or we may proceed as follows Let A be one mtersection of 
$2 with the locus of Q (it bemg assumed that at least one such 
mtersection, real or imagmary, exists) Through such a pomt A 
the correspondmg Ime a passes Take for 0 the pomt where a meets 
^2 agam The pencils 0 [P], have now a for a self-correspondmg 
ray The locus of Q now reduces to a come v through 0 {a bemg 
irrelevant) This come v (shown by the dotted hue m Pig 65 ) 
cuts ^2 "tluee other pomts P, ( 7 , D, which are mcident with then 
correspondmg hues 0 is not mcident with its correspondmg Ime, 
unless V touches ^2 at 0 , for if ^ is the second tangent to Si from 
0 , then Q comcides with 0 and P is the meet of ^2 with the tangent 
at 0 to P IS then distmct from 0 unless the last-named tangent 
is also tangent to 52 at 0 But, if v, S2 touch at 0 , they have only 
two other pomts of mtersection and there are still only four pomts 
on their correspondmg hues 

Hence if there be a fifth pomt E through which passes its corre- 
spondmg Ime e, the comes v, §2 have five pomts in common and 
coincide entirely Thus every pomt hes on its correspondmg Ime 
and the two given forms are mcident 

In such a case the bases Sj, S2 have double contact Por if, as 
has been proved, every pomt P lies m its corresponding line 
let r be the second tangent from P to 61, meetmg §2 again at R 
Then either P or P corresponds to r, and smce P does not correspond 
to r, R must do so If now P coincide with a common point of 
^1, §2 j P and r both comcide with the tangent to Si at P Hence 
the correspondmg pomts P and R also coincide and PR, that is r, 
is a tangent to ^2 at P, or $2 touch at every common point 

199 Product of cobasal homographic forms of the second 
order Let fPi]^, [P2P be two homographic ranges of the second 
order on the same come s Let Ai, A 2 be a given pair of corre- 
spondmg pomts of these ranges and ST the cross-axis (Fig 66 (a)) 
Then A1P2, A2P1 meet at U on the cross-axis Project S, 1 into 
the circular pomts at infinity Q, O' s projects into a circle s' 
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(Fig 66 (6)), U into a point U'^ Tiierefore Ai'P^, A^Pi are 
parallel, and the arcs A I'P/, A 2 P 2 are directly equal The ranges 
circle are thus determined by directly equal flat 
pencils whose vertex is on the circle The arc PiP^ subtends a 
fixed angle at the circumference and therefore at the centre 
Hence the chord P 1 P 2 touches a fixed concentric circle t' 

Now two concentric circles touch one another at S2, O', as has 
been shown m the last paragraph of Art 149 Projectmg back 
mto the ongmal figure, P 1 P 2 touches a fixed come t which touches 
the ongmal come at S and T 

Reciprocatmg this theorem, we see that the product of two 
homographic pencils of tangents to the same come s is a come which 




Fig 66 

has double contact with the ongmal come, the common tangents 
meeting at the cross-centre of the pencils 
We have already met a case of the above results m Chapter XI, 
Arts 173, 174, when dealmg with the base comes of a reciprocal 
transformation 

In the special case vhere these homographic forms are m m\olu- 
tion, the above envelope and locus 1^1 n mto a pomt and a 
straight line respectively, the pomt appearmg as the intersection 
of the two components ot a line pan and the Ime as the jom of the 
components of a point-pair The Ime-pair in the first case is the 
pair of tangents from the centre of im olution to the come and 
the pomt-pair m the second case is the pair of points at ^shlch 
the axis of involution meets the conic 
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The above theorems are of considerable importance and a 
number of mterestmg particular deductions flow from them In 
particular let there be two ranges on the Ime at mfimty defined 
by the mtersections with of two directly equal pencils m wbch 
correspondmg rays make an angle a with one another, and let 
Qco^ Qfco corresponding pomts of these ranges Smce touches 
every parabola, the tangents from to a parabola define two 

homographic pencils of tangents to the parabola Their product is a 
come meeting at the two pomts correspondmg to the pomt of 
contact of with the parabola Hence we have the theorem 
the locus of mtersections of two tangents to a parabola which 
make an angle a (other than right) with one another is a h3rperbola 
whose asymptotes make an angle a with the axis of the parabola 

200 HomographlC mvolutions We may treat a pair of mates 
m an mvolution as a smgle entity and establish a one-one algebraic 
correspondence between the pairs of one mvolution and the pairs 
of another , such correspondence does not establish any one-one 
relation between the mdividual mates, but only between the pairs as 
a whole Two mvolutions correlated m this way will be called 
homographic 

We will first show how to derive two homographic involution 
ranges on the same come s one from the other Let (P], P/), 
(P 2 , P 2 ') (Fig 67) be two corresponding pairs , let Oi, 0^ be the 
corresponding mvolution centres and ^^7® through 

Oi, O 2 determmmg the correspondmg pairs on s Then by hypo- 
thesis the rays pi, j?2 connected by a one-one algebraic corre 
spondence The pencils [pi], \jp^ are therefore homographic if 
the locus of Q IS a conic which meets s at four pomts 
A, 5, C, D 

When Q is at A, one pomt of a pair (P^, Pj') of one mvolution 
comcides with one pomt of the correspondmg pair (P 2 , P^) of the 
other mvolution, though it should be noted carefully that the pairs 
as a whole do not m general coincide Such a pomt as A will be 
spoken of as a self-correspondmg pomt of the homographic involu- 
tions Since there are four such pomts A, B, C, D two homographic 
mvolutions of pomts on the same come have four self-corresponding 
pomts 

But any two mvolutions, of any type, may always be uniquely 
correlated with two involution ranges on the same conic, e g two 
mvolution ranges on different straight lines may be projected 
from a \ertex as two concentric mvolution pencils and then cut 
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by a conic tlirougli the vertex, and two involution ranges on 
different conics may be projected from vertices on the conics mto 
two non-concentnc mvolution flat pencils and then cut by a conic 
through the two vertices , also two involution pencils of tangents 
to two comes are correlated with the mvolution ranges formed by 
their pomts of contact 

Hence the above method can ultimately be used to derive 
geometrically any two homographic mvolutions one from the 
other 

Also we have the general theorem that two cobasal homographic 
mvolutions have four self-eorrespondmg elements 


201 Harmomc envelope and locus Ronirning to the case 
of two homographic mvolutions on the same come s (Fig 67 ), 
we have seen (Art 85 ) that 
(Pi, Pi) are harmomcally 
conjugate with respect to 
(P2, P2) if the Lines PiPi, 

P2P2' are conjugate for s 
Let P2 be the ray through 
Oi conjugate to p2 j 

The con- 
centric projective pencils 
[Ps]^ [Pi] ^ general, 

two self-correspondmg rays, 
each of which determmes a 
pair (Pi, Pi') harmomcally 
conjugate with respect to 
its correspondmg pair (Po, 

P2) m the homographic 
mvolution 

Thus any two liomoj^nphic involutions on the same come, 
and therefore any two cobasal boinoaiaDbic involutions, have 
two sets of mutually harmomc coiiesponding pairs 



Fig 67 


An important result immediately follows from this Let li, J 2 
be two conics in a plane, 0 an arbitrary point of the plane, L an\ 
mtersection of ki, k2 A variable ray through 0 meets Aj, A 2 at 
pairs of pomts (Pj, P/), (P^, P2O respectn ely, which are clearly 
correspondmg pairs of mates m two ; ^ m\olutions on 

ki, ko Projecting these from U, we ha\e two concentiic homo- 
graphic involution pencils m which (PPi I Pi) {IP2 ^ P2') 
are correspondmg pxirs of mites These two iiuoliition pcnciL 
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have, by the result proved above, two sets of mutually harmonic 
pairs of mates, for which {UPi, !7P/) are harmomcally conjugate 
with respect to {UP 2 , VP/), and therefore (Pi, P/) are harmomcally 
conjugate with respect to (P 2 , P 2 ') Thus from any pomt 0 
in the plane two hues can be drawn, meetmg hi and h^ m two 
mutually harmomc pans Hence the envelope of a Ime which meets 
two comes m pairs of pomts which are mutually harmomc, that is, 
which meets either come at two pomts conjugate for the other come, 
IS a curve to which two tangents can be drawn from any pomt of the 
plane, that is, it is a come This conic is termed the harmonic 
envelope of the comes Ai, h^ 

Eeciprocatmg the above, we see that the locus of a pomt such 
that the tangents from it to a conic hi are conjugate for another 
come ^25 conversely, is a conic which is termed the harmonic 
locus of ^l, ^2 

If A be an mtersection of /c^, h^ and the tangent at A to hi meet 
h^ agam at P, B and A are harmomcally conjugate with respect 
to the two comcident points at A^ m which the tangent m question 
meets hi Such a tangent is therefore a tangent to the harmomc 
envelope, which accordmgly touches the eight tangents to hi^ h^ 
at their four pomts of mtersection Thus the eight tangents at 
the mtersections of two conics touch a conic, which is the theorem 
proved otherwise m Art 150 

Eeciprocatmg, we see that the eight pomts of contact of the 
four common tangents to two comes lie on the harmonic locus of the 
comes 

As a particular case the orthoptic circle is the harmonic locus of its 
come and the point-pan O, O' It therefore passes through the 
pomts of contact of the tangents from O, O' to the conic 

202 Case where double elements correspond In general, 
m two homographic mvolutions, no homographic relation exists 
between the mdividual components of the pairs In the case where 
the double elements correspond, however, such a relation can be 
shown to exist 

We notice first that, smee, from Art 200, the relation 
between two homographic mvolutions is determined by a relation 
between two homographic simple forms, which latter is itself 
determmed by two correspondmg triads, two corresponding triads 
of pairs can be arbitrarily assumed and completely deteimme the 
relation bet^ een two homographic involutions 

Suppose now that 4^, the double elements of one involution, 
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£in(i -^2? 6.0111)16 Glsmciits of Enotlisr mvolution, correspond 

Let the pair {Ci, Ci) correspond to the pair (Gg, O2) Then by the 
property of involutions that any pair are harmonically conjutyate 
mth regard to the double elements, we have 

and the sets of four elements AiOiBiCi', A2C2B2C2' can be brought 
mto homographic correspondence Now the homographic corre- 
spondence thus defined will transform the mvolution (Pj, Pj") 
mto a homographic mvolution (P3, P3') cobasal with (Pg, Pg'} 
and homographic with it But the cobasal homographic mvolutions 
(P3, P3'), (Psj ^2') self-corresponding pairs, namely 

the double elements A2, P2 the pair (C2, C2') Therefore they 
must be identical Hence this homographic correspondence 
connects Pi with P2 and Pi with P2', ^ e there is a liomographic 
correspondence between the mdividual components of the pairs 
Similarly a homographic correspondence exists which connects Pj 
with P2 and Pi with P2 

203 Product of two homographic mvolutions of the first 
order If we form the product of two homographic mvolution 
pencils of vertices Oj, O2, that is, find the mtersections pip<,, PiP2\ 
PiP2> P1P2 wJiere (pi, pi% {p2> P2) are two ' r _ pairs, 
these mtersections lie on a certam locus 

As m Art 90 we proceed to find the mtersections of this locus 
with any straight line x The two mvolution pencils determme on x 
two coUinear homographic mvolutions of which (Pj, P/) (P2, Po') 
are corresponding pairs, where Pi=Pia^, etc If either of the 
pomts Pi, Pi comcide with either of the pomts Po, P2^ the pomt 
of comcidence lies on a ray of each of two correspondmg pairs of 
the given homographic mvolution pencils, that is, it hes on their 
product 

But, by Art 200 , there are four such self-correspondmg pomts 
of the collmear homographic mvolution ranges {Pi, Pi) (Pi, Pz) 
The locus therefore meets any straight Ime m four pomts, that is, 
it IS a curve of the fourth degree 

Also the vertices Oj, O2 are double pomts on this cur\e For 
let {ui, Ui) be the pair of the pencil vertex O'l ( _ - to 

the pair of the pencil vertex O2 of which O2O1 is a component 
As the ray p2 approaches O2O1, (pi, Pi) approach (Ui, Ui) and 
two pomts on the locus comcide at 0], movmg ultimatelv along 
Ui, Ui Oi IS thus a double pomt, (^2, Ui) bemg the proper 
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tangents at Oi In like manner Og is a double point and, if (vg, 

IS the pair of the pencil through O2 corresponding to the pair of the 
pencil through 0 i of which O1O2 is a component, then V2, V2 are the 
proper tangents at O2 

If O1O2 happens to be a self-correspondmg ray of the pencils, 
the locus breaks up into O1O2 and a cubic curve passing through 
Oi, O2 In this case, however, Oi, O2 are not double points on 
the cubic, for the two mates to O1O2 are now the only tangents 
at Oj, O2 

Also if it so happen that the correspondence between the two 
mvolutions is of such a nature that individual mates can be 
brought mto one-one correspondence (Art 202), the locus of the 
fourth degree breaks up into two comes, these bemg the products 
of the two pairs of homographic pencils formed by the mdividual 
mates 

Eeciprocating the above theorems or proceedmg directly m a 
similar manner, we have the result that the product of two homo- 
graphic involution ranges of the first order is a curve of the fourth 
class, to which the bases of the given mvolutions are double tangents 
If the ranges have a self-correspondmg pomt this envelope breaks 
up mto a pomt and a curve of the third class If the mdmdual 
mates can themselves be homographically correlated, it breaks up 
mto two comes 

204 Involution homographie with a sinaple form We can 

extend this method and define in an analogous manner homography 
between an mvolution and a simple form In order to establish 
the relations between these, we proceed as m Art 200, and consider 
a range on a conic s with a homographic mvolution range on the 
same come The range may be defined by a pencil [pi] through a 
vertex Oj on s and the mvolution by a homographic pencil [^2] 
through a vertex O2 not on the come We obtam the figure if m 
Fig 67 we take Oi on the conic All points P^' then coincide with 
Oi, so that this is really a special case of the last The product t 
of the pencils [^1], [^3] uow cuts s at 0^ and at three other points, 
and it IS easy to show, as m Arts 191, 198, that Oi is not a self- 
correspondmg point unless s touch at Oi Hence m a homography 
between an mvolution and a simple form on the same conic there 
are, m general, three self-correspondmg points , and the result 
can be extended to cobasal mvolutions and forms of any type as in 
Art 200 

Proceedmg as m Art 203 we can show that the product of an 
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involution pencil of vertex Oj and a homograpkc simple pencil 
of vertex 0 ^ is a cubic having Oj for a double point and passmg 
through O2 If O1O2 be a -• ,, 1 _ element the locus 

breaks up mto the Ime OjO, and a come through Oj but not through 
O2 

Similarly the product of an involution range on a line Ui and a 
simple range on a line U2 is a curve of the third class ha\mg Ui 
for a double tangent and U2 for an ordinary tangent If UiU^ be 
a self-correspondmg pomt the envelope breaks up into a point and a 
come 

205 The product of two homographic pencils of the second 
order is a curve of the fourth degree Consider two homo- 
graphic pencils of tangents about two conics Si and Let u be 



any straight line in the plane Take any point Pq on u (Fig 68) 
and draw from Pq pairs of tangents to and Sy touching these 
conics at Pj, and P,, Po respectively Then the involutions 
(Pi, Pi') (Pj, P/) are homographic Let P3, P/ be the pomts of 
contact of the tangents to S2 which correspond m the giv en homo- 
graphy to the tangents ^t Pi, Pi' to Si Then ovmg to this 
homography, the pairs (P3, P3') form an involution homographic 
with that formed by the pairs (Pi, P/), and therefore with the one 
formed by the pairs (Pj, Py) Now there are four self-correspondmg 
elements of the homographic cobasal involutions (Pj, P2') (P^, P3') 
To each of these self corresponding points correspondb 1 point Py 
such that through Pq pass two tangents belonging to corrcbponding 
pairs of mates 111 the original involution pencils Conveiselv to 
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every sucli point Pq corresponds a self-corresponding point of the 
involutions (P 2 , P 2 ) (^ 3 . Ps) -^o througli which 

pass corresponding tangents of the original pencils he on the product 
of the pencils Any straight line u therefore meets such a product 
in four pomts Hence the locus is a curve of the fourth degree 

If one of the common tangents is self-correspondmg it is part 
of the locus The latter then breaks up mto this hne and a cubic 
If a second common tangent is seK-correspondmg the locus breaks 
up mto two straight hues and a come The case where three common 
tangents are self-correspondmg has already been discussed m 
Art 191 The locus then breaks up mto the four common tangents 

Eeciprocatmg the above we see that the product of two homo- 
graphic ranges of the second order is an envelope of the fourth 
class The student will have no difficulty m tracmg the degenerate 
cases when one, two, or three points are self-correspondmg 

EXAMPLES XIlA 

1 If [p], he two homographic pencils of the first and second orders 
respectively having a self corresponding ray a which touches the base s 
of 5?^^ at A , and if w be any straight line in the plane, and up=P, ap'=P' 
prove that PP' envelops a conic which touches 5 at A 

2 If two given homographic pencils of the first and second orders respec 
tively have a self correspondmg ray, show how to construct the two inter 
sections of their product with any straight hne 

3 If two given homographic ranges of the first and second orders respec 
tively have a self correspondmg point, show how to draw the two tangents 
to their product from any pomt 

4 Prom a pomt 0 a ray OP is drawn to meet a fixed straight hne I at P 
If O' be the pomt of contact of a tangent from 0 to a fixed conic and O'P 
meet the come agam at P', prove that the locus of the intersection of OP 
and the tangent at P' is a come 

5 P, Q are two pomts on a tangent tb a come s From P, Q tangents p, q 
are drawn to s, meetmg at P K PQ be of constant length, find the locus 
ofP 

6 Through a fixed pomt 0 a rav is drawn to meet a given circle at P 
Fmd the envelope of a straight line through P which makes a constant angle 
with OP 

7 Show that if two comes have double contact any tangent to either 
determmes on the other ranges homographic with each other and with the 
range described by the pomt of contact 

8 T^\o comes touch at A and B A chord PQ of one conic slides on 
the other Show that the cross ratio of the four points A, P, P, Q is constant 

9 P IS a pomt on a conic s , from P a tangent is drawn to a conic t which 
has double contact with s to meet s agam at P^ from Pj^ another tangent 
IS drawn to t to meet s again at Pg and so on After n operations we reach 
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a point by a cbain of tangents If the chain of tangents shde round f 
prove that the ranges [P]^ [PJ^ [P^]% [pj 2 ^re all projective and have 
common self correspondmg pomts Prove also that if for one position 
of P (other than a pomt of contact of s, t) P^ comcides with P, it will do so 
for all positions of P 

Deduce that if a polygon of n sides exist which can be inscribed m a come s 
and circumscribed to a come t having double contact with 5 , an infinite 
number of such polygons exist 

10 A straight hne meets a come at A, B On AB pomts P, Q are taken 
so that the cross ratio {ABPQ^ is constant Prom P and Q tangents are 
drawn to the come meetmg at B Show that R hes on either of two fixed 
comes havmg double contact with the original come at A and B 

[Project A) B mto the circular pomts ] 

11 Prove that a variable circle which cuts two fixed circles at nght angles 
determmes on these circles two homographic mvolutions 

12 Si, Sg ^wo comes, u a fixed tangent to Prom a point ©o of n 

tangents QoSi. O 0 Q 2 drawn to 0^, Og are fixed pomts on Sj Sj 

respectively OiQi, O 2 Q 2 at Q Show that the locus of Q is a cubic 
havmg 0 2 for a double pomt and construct the proper tangents to the cubic 
at O 2 

13 If m two homographic mvolution pencils of the first order the jom 
of the vertices 0, 0' is a double ray of each pencil and self corresponding 
prove that the remamder of the product is a come with regard to which 0, 0' 
are conjugate pomts 

[Por the other double ray through 0 meets its correspondmg pair m the 
pomts of contact of that pair and so is the polar of 0' ] 

14 A cubic curve is given as the product of a pencil of the first order 
and a homographic pencil of the second order Given the vertex of the 
pencil of the first order, the base of the pencil of the second order and three 
pomts on the cubic, show how to construct the cubic and prove that there are 
eight solutions 

15 Prove the following construction for the tangent to a cubic ivith a 
double point 0 at any pomt P on it, given any other point L on the cubic 
and the pomts of contact A, B oi the tangents from U to the cubic 

Let the come passing through 0 and touchmg L -i LB A, B meet 
OP at Q Let the tangent at Q to this come meet L \ LB C and D 
Then the tangent at P to the come through 0, Ut C, D P is also the tangent 
to the cubic 

16 If be a double pomt on a cubic, 0 another fixed pomt on the cubic, 
OPQ a ray through 0 cutting the cubic agam at P, Q show that SP, SQ are 
mates in an involution 

Hence show that if 0, A, B are colhnear, and if 0 D are colhnear, the 
locus of the points of contact of tangents from 0 to all cubics havmg a common 
double point and passing through 0 A, Bj C D consists of two straight hnea> 
through the double point 

17 Show that the converse of Art 203 is not m general true that is 
eveiy quartic with two double points Oi, 0^ cannot be obtained as tht product 
of hoinographic involution pencils vith vertices 0^ 0 ^ 

18 Prove that the product of tvto pencils of the first and second oideis 
respectively, which are homographic and hd^e two self conesponding raxs, 
IS a straight line touching the base of the pencil of the second oidei 
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19 Show that, through each of the vertices 0-^, 0^ of two homographic in 
volution pencils, four tangents can be drawn to the quartic curve which is the 
product of these mvolutions 

20 If Oi, Og are the vertices of two homographic mvolution pencils, prove 
that, if (Oi^, OijB), (O^A, O^B) are the double rays of these mvolutions, and 
a conic s be drawn through Oi, Og, -<4, B, then the given mvolutions are 
obtamed by projectmg from Oi Og two homographic involutions on s with a 
common centre TJ, and that the intersections of s (other than Ox, Og) with 
the quartic which is the product of the mvolution pencils he on the self 
corresponding rays of the homographic pencils through TJ which determme 
the mvolutions on s 

21 Prove that any circle through the vertices of two homographic 
rectangular mvolutions meets the quartic which is the product of these 
mvolutions at the four comers of a rectangle 

22 If, m two homographic mvolution pencils, vertices Oj, Og, a double 
ray corresponds to a double ray O^A, prove that ^ is a double point on 
the quartic which is the product of the mvolutions, and that the proper 
tangents at A are harmomcally conjugate with regard to AO x, AO ^ 

23 Show that the hyperbola which is the locus of mtersections of tangents 
to a parabola makmg a constant angle a with each other has the same focus 
and chrectnx as the ongmal parabola 

[Show that the pomts of contact of the tangents from {2 > O ' to the parabola 
he on the hyperbola ] 

24 Prove that the product of two homographic mvolutions of tangents 
to the same come is, m general, a curve of the fourth degree, together with 
four straight hnes , but that, if the homography between the two given 
mvolutions is itself mvolutory, the product consists of four straight hnes and a 
come counted twice 

25 If w and v are two tangents to a come k whose axes are x, y, and are such 
that % makes with x, y angles equal to those which v makes with y, x, but u, v 
are not at right angles, prove that the locus of uv is a rectangular hvperbola 
whose vertices are the foci of k 


EXAMPLES XIlB 

[The axes of co ordmates are rectangular ] 

1 0 IS a pomt on a circle of radius 2 inches, of which C is the centre , U is 
a pomt on the tangent to the circle at 0, distant 3 mches from 0 F is a 
pomt on the internal bisector of the angle COU, distant 5 inches from 0 

P is a variable pomt of the circle and UP meets OC at Q, VQ meets OP at P 
Trace the locus of P, and find where it is met by the diameter of the circle 
perpendicular to OC Show that this locus has a cusp at 0 

2 The pomts Ax (0, 2) and Ag (3, 0) are corresponding points of two 
homographic ranges on the ellipse 



of \\hich 'r + 2y=6 is the cross axis 
Construct by tangents the product of these ranges 

3 P IS a point on a circle of radius 2 inches and centre C, and 0 is a pomt 
outside the ciicle at a distance of 3 inches from C on a diameter of the circle 
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perpendicular to the diameter through L 0 is the centre of an m\olut 2 on 
on the circle, and a ray through U perpendicular to the join of two mates m 
the above mvolution meets the circle at P 

Fmd the real self correspondmg pomt of the range [P]- and the m\olution 
What are the imagmary self correspondmg points ’ 

4 An mvolution and a range on a straight hne are homographic the 
homography bemg defined as follows 

The double pomt A{x=2) of the mvolution corresponds to P(x=3 5), 
the double pomt B{x=-2) corresponds to Q(a;= -7^6) , the pair of mates 
Gi{x= 1) and < 72 ( 0 ;= 4) correspond to R{x=ljZ) 

Construct the self correspondmg pomts of the mvolution and the range, 
and prove that your construction must lead to the solution of the cubic 
equation 

3a;=o 

5 0 IS a pomt on a circle of radius 1 5 mches, and OP, OQ are t\^o ra>s 
through 0 mclmed at a constant angle of 30° If the tangent to the circle at 
Q meet OP at P, construct the locus of E by pomts 

Fmd mdependently the pomts where this locus meets the hues perpendicular 
to the diameter through 0 and distant 3 mches from 0 

Fmd also the directions of the real pomts at infini ty on the locus 

6 OX, 0 Y are two hues mclmed at 45° to one another , A,B,C are pomts 
m order on OX, such that OA=AB—BC= \ mch , P, Q are pomts on 01 
such that 0P= 1 5 mches, 0Q=2 mches , AP, BQ meet at L and I C meets 
OY at E 

A range on OF is homographic with an mvolution on OA of which A, B are 
double points, and P, Q, E correspond respectively to J, P and the pair of 
mates of which G is one 

Construct by tangents the product of the range and the mvolution and 
find the pomts of contact of the double tangent to the envelope 

7 Two variable rays VP, VQ, at right angles to one another, are drawn 
through the pomt V (0, 2), to meet the circles {x-3) -ry =4 and (:r+2)- 
+ ?/2= 1 at P and Q respectively If A is the pomt (1, 0) on the first circle 
and B is the pomt (-3, 0) on the second circle and AP, BQ meet at E, 
trace the locus of E, and find its mtersections wuth the straight hne y^x-rl 

8 Z7 is the pomt (0 4), P is a pomt on the hne y=0 T is the pomt (3, 3) 
on the circle {x-3)^-\-{y-2)^= 1 If FP meet the cirele agam at Q, and the 
tangent at Q meet UP at E, pro\ e that the locus of P is a cubic and draw it 
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SYSTEMS OF CONICS 

206 Ranges and pencils of conics A set of comes passing 
tlixough four fixed points A, B, C, D are said to form a pencil of 
conics 

Throngli any fifth, pomt E of the plane there passes one come of 
the pencil and one only, smee five pomts determine a come 

The four pomts A, B,C,D may be referred to as the base points 
of the pencil, and as forming its base quadrangle 

The comes tonchmg four fixed Imes a, h, c, d are said to form a 

range of comes 

There exists one come of the range, and one only, which touches 
any given Ime e of the plane 

The four Imes a, 6, c, d will be said to be the base lines of the 
range and to form its base quadrilateral 

Special cases of pencils and ranges of conics are obtamed when 
t^ 0 or more of the four pomts A, B, C, D, or of the four Imes a, b, c, d, 
are comcident 

Thus the comes which touch a Ime a at one of its points A and 
also pass through two other fixed pomts B and C, form a pencil of 
comes Agam the comes which touch a at A and touch two other 
fines b, c, form a range of comes 

A particularly important case is when two pairs of points, or two 
pairs of fines comcide Thus the comes which touch a fine a at 
A, and a fine b at E, form a pencil But they likewise form a 
range Thus such a system of comes, which touch at A and B, 
possesses the properties both of a pencil and of a range of conics 
By Art 149 they can be projected into concentric circles, and they 
possess all the projective properties of such circles 

Again, we may make three points A, B, C coincide We then have 
comes, having three-pomt contact at A with a given conic s and 
passing through a fixed point D These form a pencil of conics 
Or, if ve make three tangents a, b, c coincide, A bemg their pomt of 

2o2 
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contact, we have conics having three-lme contact (which, by Art 47 
IS the same as three-point contact) at A with a gi\en conic s, and 
touchmg a fixed Ime d These form a range of conics 
Fmally, by making all four pomts 5, C, D, or all four hues 
a, h, c, d, comcide, we obtam the set of comes havmg four-pomt 
contact (or four-hne contact) with a gi\en come s at A Such a 
system of comes is both a pencil and a range, like a system of comes 
havmg double contact (of which it is a particular case) 

It IS clear that, of the comes of a pencil, three are Ime-pairs, 
namely the three pairs of opposite sides of the base quadrangle 
Similarly, of the comes of a range, three are pomt-pairs, namely 
the three pairs of opposite vertices of the base quadrilateral 
Smee by Art 50 the diagonal triangle of a qih'dmiigle inscribed 
m a come is self-polar for the come, it follows that the diagonal 
triangle of the quadrangle ABCD which is inscribed m all the comes 
of the pencil is self-polar with regard to every come of the pencil 
Clearly the vertices of this triangle are the centres {i e the mter- 
sections of the components) of the three Ime-pairs of the pencil 
In like manner the diagonal triangle of the quadrilateral abed 
IS self-polar with regard to all the comes of the range defined by 
a, 6, c, d Its three sides are the Imes joining the components of the 
three pomt-pairs of the range 

The above no longer holds good if tv o or more of the base elements 
comcide In such cases it will be found that there is no proper 
diagonal triangle, except when the comes touch at A and B, when 
the diagonal triangle is indeterminate, bemg formed bv the meet of 
the common tangents and by any tv o pomts harmomcally c onjugate 
vuth respect to A and B 


Example 

Prove that if all the base pointb 1, B, C\ of a pcucil ot comca Lomcide 
at 0 111 such a \\a\ that -iB CD coincide with a deternimato line OX, and 
AC BD comcide with a detei inmate Ime 0 1 , the pencil of comes reduces to an 
involution pencil of the first order, of w hich OA 0 1 are the double ra\ s 

207 Involutions determined by pencil or range of comes 
with a straight line or point respectively C on^ider m\ straight 
line u not passing through a base point of the pencil Let P 
be any point of u The conic ot the pencil thiougli P meets u 
again at one point F\ which is therefore imiqueh dcttrmmcd 
if P be given Conversely if P' be gnen P is known Uso 
since P and P' determine the same conic ot the pencil, when P 
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IS taken at P\ P' is at P The ranges [P], [P'J on u are therefore 
connected hy a one-one correspondence m which the elements 
correspond doubly Hence they form an mvolution upon u 
The double pomts S, T of this mvolution are the pomts of contact 
of the conics of the pencil which touch u This enables us to solve 
the problem to draw a come through four given pomts A, B, C, D 
and touchmg a given straight Ime u We see that this problem 
has m general two solutions which are real only if the mvolution 
determmed upon u by the pencil of comes is hyperbolic 
Three of the comes of the pencil degenerate mto the Ime-pairs 
formed by opposite sides of the t i 2 ^ ABCD They are 
{AB , CD), (AC , DB), (AD , BC) We thus obtam the theorem 
The three pairs of opposite sides of a complete quadrangle 
meet any straight hne (not passing through a vertex of the quad- 
rangle) in three pairs of points of an mvolution (cf Art 95, Ex 6) 
Proceedmg on similar Imes, or reciprocatmg the above theorem, 
we obtam the result 

If (p, p') be the tangents from a pomt U not lying on a base Ime 
of the range to any conic of a range, the rays (p, p') form an involu- 
tion, of which the double rays s, t are the two tangents at TJ to 
the comes of the range which pass through TJ 
The problem, to draw a conic to touch four given lines and to 
pass through a given pomt, has therefore in general two solutions 
Three of the conics of the range degenerate into the point-pairs 
formed by opposite vertices of the quadrilateral ahed They are 
(db , cd), (ac , db), (ad , be) The tangents from U to these point- 
pairs are the joins of U to the points of the pair We have then 
The hues joining any general point to the three pairs of 
opposite vertices of a complete quadrilateral form three pairs 
of mates of an involution pencil 
From the property of the present Article follows at once the 
theorem that the orthoptic circles of a range of conics are coaxal 
For consider two such orthoptic circles, intersecting at 6, H 
The mvolution of tangents to the system from G has two pairs 
oi^ ( r i rays and is therefore rectangular Thus G lies on 
every orthoptic circle of the system Similarly for H 

Examples 

1 Piove that, in general, the condition that two given points in) T are 
conjugate with respect to a conic of a pencil determines this conic uniquely 
Discuss the case of exception 

[The intersections of the required conic with ST are the common mates 



SYSTEMS OF COMCS 235 

of the involution determined by the pencil on ST and the mvolution of which 
S, T are double pomts These mvolutions may eomcide {see Art 210) ] 

2 Prove that, in general, the condition that two given Imes s, t ate con 
jugate with respect to a come of a range determmes this come umqueh 

Discuss the case of exception 

3 The comes h, ¥ mtersect at four pomts A, B, C, D , a hne 1 meets 
AB. CD at X, Y respectively, and meets l&tP,Q If P, Z be conjugate with 
respect to ¥, prove that Q, 7 are also conjugate with respect to ¥ 

4 Four given points A, B, (7, P he on a line 1 , and QHJK is any quadrangle 
such that OH, JK meet at A, and GJ, OK, HJ pass through B, C, D, respec 
tively Prove that the intersection of HK with I is a fixed pomt, mdependent 
of the particular quadrangle GHJK 

If IS a fifth given point of I show that the second intersection of I with the 
conic EQHJK is also a fixed pomt mdependent of the particular quadrangle 
GHJK , and that this come touches I if, and onlj if, (E, Jl) are harmonic with 
respect to (<7, D) 

5 The comes of a pencil touch a fixed hne Z at JL and pass through two 
fixed pomts B, C Prove that, if a come of this pencil meets any other fixed 
come k touchmg Z at (but not passmg through B, C) at two other pomts 
P, Q, then PQ passes through a fixed pomt of PO 

6 Show that a pencil of comes which either (i) have three pomt contact 
with a fixed come ^ at a given pomt ^4 and pass through a fixed pomt P, or 
(u) have four point contact with k at A, detenmne an mvolution on a fixed 
come s havmg simple contact with I a>t A 

7 Show that the circles on the three diagonals of a quadrilateral as diameters 
have a common radical axis 

[For these circles are orthoptic circles of the pomt pairs of the range ] 

208 Homographic ranges and pencils of conics Two pencils 
of conics [^i], [^2] will be said to be homOjjraphic if, gi\en one conic 
li of one pencil, a conic Jc^ is uniquely determined by any process 
which can be expressed by means of an algebraic correspondence, 
and, conversely, when Jc2 is given, is uniquely known 

Thus, if the pencil [A^i] pass through the fixed pomts Ai, -Bj, 
Cl, Di and the pencil [^^2] pass through the fixed pomts A2, Bo Co, 
D2, then, if [lij], [1^2] are homographic flat pencils through Ai, Ao 
respectively, ki is entirely determined if it touches and lo is 
entirely determined if it touches U2 But Wi, U2 are umqueh 
related, so that, if ki is given, the tangent Ui to li at Aj is known, 
hence U2, and therefore ^2? i® determined Thus the pencils [Aj], 
[^2] homographic Conversely, if two pencils [^j], [ko] are 
homographic, the tangents Ui, Uo at base pomts Ai, A, are 
homographic 

It follows that the homographic correspondence between t\\o 
pencils of conics is entirely determined if three pairs of cone 
spondmg conics (^/, ^2') » (^i^ ^2'') » ^2'") fbe pencils. 
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are given For then in the homographic pencils \u{], [w^] we have 
three pairs of corresponding rays {ui\ u ^') , (ui", 
and these determine the homographic relation between [ttj], 
and hence between [h^ 

Again, consider a fixed come Tc through four pomts A, B, C, D, 
and the pencils of comes [^i] through Ai, B, C, D and [^2] through 
^2, B, C, D, where Ai, A 2 are fixed points different from A If 
the comes ^1, ^2 are so related that they both pass through the 
same variable pomt P of A, [ybi] and [>^2] are homographic For, 
if li IS given, its fourth mtersection P with A is umque and this 
fixes ^2? and conversely 

In the same way as for pencils of comes, so ranges of comes 
which have a one-one correspondence between them be said to 
be homographic 

In like manner a range of comes may be homographic with a 
pencil of comes, for example, such a one-one correspondence 
IS given by associatmg the come through four given pomts A, B, 

B which touches a variable hne u through A with the come touclung 
four fixed Imes a, 6 , c, d which touches the same Ime u — or which 
touches the Ime v correspondmg to w m a pencil of first or second 
order homographic with \u] 

Agam either a range, or a pencil of comes, may be homographic 
with any other type of one-dimensional geometric form, or with an 
mvolution 

209 The quartic and cubic derived from pencils of conics 

[^i[j [^2] homographic pencils of comes, these will determme 

on a general straight Ime u two homographic mvolutions, which 
have four self-correspondmg pomts (Art 200 ) These self-corre- 
spondmg pomts are pomts of the product of the two pencils This 
product therefore meets any straight hne at four pomts, and so is a 
quartic curve It is clear that the four base points of each pencil 
he on this quartic 

It will now be shown that any quartic may be derived m 
manner Take any four points A^, Cj, on q and through 
these describe any conic Using the proposition that two curves 
of degrees m and n intersect in mn points, lc{ will intersect q at four 
points P, Q, /S, besides 4 j, Cj, Take now a second 
conic passing through P, Q, R, 8 , 1 / will meet q again at four 
points ^^2, B^, 0 ), I>2 Let now 2 ’, U be any two other points on q 
Let ki", k/" be the comes of the pencil defined by the base quaa- 
rangle which pass through T, V respectively, and let 
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^2^ be the conics of the pencil defined bv the base quadrangle 
A2B2C2P2 which pass through T, U respectnelv The triads 
(ii'j Jci \ hi”) and ^2”) define a homograph\ between 

these two pencils of conics, which we now denote by [ij], [^-2] 
The product of [ij], [Ao] ^ ^ quartic, Tvhich necessarily passes 
through the eight base points Ai, Bi, C'l, Di, A2, B^, Co, Z>2> 
through the intersections P, Q, P, S of the corresponding conics 
hi, i2^ through the intersection T of the com- )oncliT j conics 
h^', h^" and through the intersection V of the corresponding conics 
hi”, h^"' These give fourteen pomts on the quartic locus But 
the general equation of a quartic contains fifteen coefficients, whose 
fourteen ratios determine the quartic Thus through fourteen 
pomts only one quartic can m general be drawn As, however, 
two quartics mtersect m sixteen pomts, it follows that there must 
exist sets of fourteen pomts on any quartic through which more 
than one quartic can be drawn Ve notice, however, that, for this 
case of exception to arise, there must be some relation between 
the fourteen pomts But, m this case, we can obviously vary 
arbitrarily one of the pomts, say TJ, without affectmg any of the 
thirteen others, and therefore arrange so that the case of exception 
shall not arise Thus, m general, the quartic product of [Xi], [^o] 
is identical with q 

It will be noticed that this does not necessitate that the quartic 
considered should have double pomts, as m the case of a quartic 
obtamed as the product of homographic mvolution pencils of the 
first order 

Note also that the twenty pomts obtamed from the eight base 
pomts of two pencils of comes and the tvehe mtersections of an\ 
three pairs, each consistmg of one come from each pencil, lie on i 
quartic 

If now we consider a cubic c and proceed in a similar manner, 
takmg four arbitrary pomts A, B, C, D one and a come I ' through 
them, h' will meet the cubic at two other pomts P Q Jom 
PQ=u\ meetmg the cubic agam it Z If P, -S be two other 
pomts on the cubic and we deiiott I" V” the conics ABODE, 
IBCDS iespecti\el\ , ind b\ u', the Ime-^ ZP respectnelv 
thtn if X homogi ipliK coirebpondmicc is tst ibli-lit-d between the 
pencil ot conics [^] thiough .1 B 0 B ind tlu pencil of ia \5 [^/J 
thiough Z, in which coiicbpond to/' / /' 'icspecti\eh 

the product cieaily passes thiough the nine points Z -A, B 0 D 
P, Q, P, S Now nine pomts, m generxl, determine a cubic here 
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arise, wbcli may be removed by varymg R ox S Thus, generally, 
tbe product of [k] and [u] is the origmal cubic c 
We obtam at once the foUowmg important theorem on the cubic 
if, through four given pomts -4, 5, A\ jB' of a cubic a pencil of comes 
be drawn, and any come of the pencil meets the cubic agam at 
pomts P, Q, the hues PQ pass through a fixed pomt Z of the cubic 
Take the Ime-pairs (AB, A'B') and (AA\ BB') as two of the 
comes Let them meet the cubic agam at (7, C' and at Z, Y 
respectively Then 00\ XY meet at Z on the cubic Thus 
if any two straight hnes meet a cubic at A, B, 0 , A\ B\ G' 
respectively, and if AA\ BB\ CG' meet the cubic again at 
Z, y, Z, then Z, 7, Z are colhnear 
As a particular case let the two straight hnes comcide Then the 
tangents at the three pomts where a hne meets a cubic mtersect 
the cubic agam at three colhnear pomts If the hne is the line at 
mfimty, we have the result that the mtersections of a cubic with its 
asymptotes are colhnear 

It should be noticed that the pomt Z can be arbitrarily selected 
on the cubic, instead of the four pomts P, (7, i) For we can 
draw any hue through Z meetmg the cubic agam at P, Q and 
through P, Q a come h' meetmg the cubic at -4, P, 0, P, and then 
proceed as before 

In a similar manner we can derive the general envelope of the 
fourth class from two homographic ranges of comes and that of the 
third class from a range of comes and a homographic range of 
the first order 


Examples 

1 Show that a quartic determined by two homographic pencils of comes 
or a cubic determmed by a pencil of comes and a homographic pencil of first 
order cannot have double pomts unless one of the pencils of conics reduces 
to an mvolution pencil of the first order 

2 Show that through any 13 given pomts on a quartic a pencil of quartics 
can m general be drawn, which meets the ongmal quartic at three other fixed 
pomts, and that, through any other given pomt of the plane there passes 
]ust one quartic of the pencil, m general 

3 If Tc-i, Jc 2 ^2 he four conics, prove that through the 16 intersections 
of tvpe SK pass an mfimte number of quartics, and that 10 of these 16 points 
may be arbitrarily assumed 

4 Prove that, if Ajg be two conics of a pencil through A, B, C, D and 

^1, ^2 two rays of a pencil of the first order vertex 0 , and if Ui meets ki 
at P 1, and -Wg meets ^ 2 ^ 62 infinite number of cubics can be 

described through the nme pomts A, B C D P^ P^ Oi, 0 , and that 
through any general pomt of the plane there passes just one of these cubics 
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210 Points conjugate for a pencil of conics If two points 
S, S' are conjugate for two conics i|, 1 2 of a pencil, they are con- 
jugate for every conic of the pencil For let li, U meet SS' at 
Qi^ -Psj Q 2 respectively then, smce S, S' are harmomc with 
respect to Pi, Qi and Po, they are the double points of the 
mvolution determined on SS' by the pencil (Art 207) Hence, if 
any other conic k of the pencil meets SS' at P, Q, these latter are 
mates m the above mvolution, and S, S' are harmomc with respect 
to P, Q and therefore conjugate for k 

Clearly there must be m general one pair of pomts conjugate for 
the pencil of conics on every straight Ime I of the plane , they 
are the double pomts of the mvolution determmed by the pencil 
upon I 

To any pomt S of the plane corresponds, m general, one pomt S' 
and one only For let ^2 be the polars of S for ki, respec- 
tively Then S' must be a pomt common to In general 

there is only one such pomt The only exception arises when $i and 
52 comcide, m which case S has the same polar 5 for all the comes of 
the pencil If this happens, then by jommg 5 to a base pomt A of 
the pencil and produemg to A', where AA' is harmonically divided 
by S and 5 , we obtain a pomt A' which hes on e\ery conic of the 
pencil, and so must be another of the base pomts, P, 0 or D 
Such pomts S then, which have the same polar with respect to 
every come of the pencil, are necessarily at an mtersection of 
opposite sides of the base quadrangle It follows that, if this quad- 
rangle be not degenerate, the pencil of comes can ha\e only one 
common self-polar triangle, namely the diagonal triangle of the base 
quadrangle, as m Art 206 

If, however, the comes touch at A and pass through B and C, 
there are only two pomts S havmg this property, namely A and 
the mtersection of BC and the tangent at A If, m addition, B or C, 
or both, comcide with A, so that the comes ha\e three- or four- 
pomt contact at A, then A is the onh pomt which has the same 
polar for all the comes But if C coincides with B, as well as D 
with A, so that the conics ha\e double contact, S may be either 
the intersection T of the tangents at 4 and P, or an\ point of 4P 
In this case any two pomts TJ, T' of AB which are harmomcalh 
conjugate with respect to A, B are conjugate for the pencil and 
every triangle TUV is self-polar for the pencil 

Returning now to the general cise, we see thit the polar's * of /b 
for the conics of the pencil [X] form a pencil [b] of the fijbt order 
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With vertex S' Clearly if Jc is given, s is uniquely determined 
Conversely, if s is given and SA is joined, we find on SA, as 
before, a pomt A' which must lie on Ik Since by hypothesis 3 is 
not now a vertex of the common self-polar triangle. A' does not 
comcide with any of the base-pomts The conic Jc is now uniquely 
determined by the five points A, B, 0, D, A' It follows that 
the polars of S form a pencil of first order homographic with the 
given pencil of comes 

We find an immediate apphcation of this result m the case of 
the cubic If /S IS any pomt of a cubic c, we have seen that the 
cubic IS obtamable as the product of a pencil [p] of the first order 
through S and a homographio pencil [i] of conics If now s is the 
polar of 8 for the come Jc, [s]7\ [A;] by what has been proved above 
Thus rs]“[p] and $j)=R describes a come through /S, 8' But if p 
meets A at P and Q, P is harmomcally conjugate to 8 with respect 
to P and Q Now P and Q sue pomts on the cubic Thus if through 
a pomt iS of a cubic a chord 8PQ he drawn, meetmg the cubic 
agam at P, Q, the locus of the pomt harmonically conjugate to 8 
with respect to P and ^ is a come passmg through 3 This is 
known as the polar comc of 8 with respect to the cubic 

Examples 

1 Prove that if two conics of a pencil have their axes parallel, all the 
conics of the pencil have their axes parallel and one of these conics is a circle 

2 A coaxal system of circles bemg given, show that (i) An y given straight 
line IS touched by two circles of the system , (n) The polars of a given pomt 
with respect to the circles of the system pass through a fixed point 

3 A pencil of comes has three point contact with a circle at A (AT bemg 
the common tangent) and passes through a pomt B on the circle Prove 
that the axes of the two parabolas of the pencil are parallel to the internal 
and external bisectors of the angle TAB 

4 Prove that the polar comc of a pomt 0 on a cubic touches the cubic at 0 

5 Show that from a pomt 0 on a cubic four tangents can m general be 
drawn to the cubic, and that the comc through 0 and the four pomts of contact 
touches the cubic at 0 

211 Lines conjugate for a range of conics Proceedmg m a 
similar manner, or reciprocating the results of the last Article, we 
can show that 

If two hues Sj s are conjugate for two conics Jci, Jto of a range, 
they are conjugate for every comc of the range 

Two such hnes pass, m general, through any given point P of the 
plane 

To any given Ime s of the plane corresponds m general one line s' 
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and one only, which is conjugate to s for all the conics of the range, 
except when s has the same pole for all the conics of the range, m 
which case 5 is a diagonal of the base quadrilateral, provided the 
latter is non-degenerate 

The poles of a given hne s with respect to the conics of a range 
form a range of the first order homographic with the range of comes 
If the base quadrilateral is non-degenerate, its diagonal tnangle 
IS the only common seK-poIar triangle of the range 

If, however, the base hnes a and d coincide, the only Imes which 



have the same pole for the comes of the range are a and the hne 
jommg he to the point of contact of a If three or four of the 
base lines coincide with a, a is the only Ime h&vmg the same pole 
for all the conics In either of the abo\ e cases there is no proper 
common self-polar triangle 

If the base lines comcide m pairs, d with a and c with v e ha\ e 
comes havmg double contact, a case already discussed 

212 The eleven-point come proceed to find the locus of 
the point S' conjugate to S for a pencil of comes, when S describes 
a straight line (Fig d 9 ) Let 62 be the polars of S with respect 
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to two comes hii of the pencil Then S =51^2 ©1? ©2 be the 

poles of 2 with respect to ^2 describe pencils of the first 

order with Qi, 62 vertices and by Art 52, [^]^[5i]>r[52] Hence 
S' describes a come (Art 41) passmg through Qi, Q 2 
This come IS known as the eleven-pomt conic of q 
For let EFG (Fig 69) be the common self-polar triangle of the 
pencils Then E is conjugate to the pomt of q in which q is cut by 
FG Therefore is a pomt on the locus of S' siimlarly F, G 
are pomts on this locus Agam the two double pomts T, U of 
the mvolution determmed by the pencil on q, bemg conjugate to 
one another, are on the locus 

Let H, I, J, K, L, M be the pomts at which q meets the six 
sides of the quadrangle ABCD Then the harmonic conjugates 
7', J', K\ L', M' of H, 7, J, K, L, M respectively with regard 
to the two vertices on the correspondmg sides of the quadrangle 
must he on the locus For clearly CD bemg a chord of all the 
comes of the pencil (H, H') are conjugate with regard to all such 
comes 

The locus of S' thus passes through these eleven points 
Smee the eleven-pomt conic of q passes through the two poles 
Qh Q 2 of ? regard to hi, , and ^1, ^2 ^^0 any conics of the 
pencil, the eleven-pomt conic passes through the poles of q with 
regard to all the comes of the pencil 

It IS therefore also the locus of the poles of q with regard to the 
comes of the pencil 

213 The eleven-hne conic Eeciprocatmg the above theorems 
we obtam the followmg results 

The envelope of Imes < ur iT » to the rays of a pencil through a 
pomt Q with regard to a range of conics touching a, h, c, (Z is a 
come which touches (1) the three sides of the diagonal triangle of 
the quadrilateral abed , (2) the two Imes through Q conjugate with 
regard to the range, ^ e the two tangents at Q to the two conics of 
the range through Q , (3) the six harmonic conjugates to the rays 
jommg Q to the vertices of the complete quadrilateral abed, taken 
with regard to the two sides of the quadrilateral through each vertex 
This come IS also the envelope of the polars of Q with regard to 
the conics of the range 


Examples 

1 If a pencil of conics circumscribe a rectangle show that the eleven point 
conics are rectangular hyperbolas 
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2 Prove tliat the circle through the feet of the perpendiculars from the 
vertices of a triangle upon the opposite sides passes also through the middle 
points of the sides and through the middle points of the three lines joining 
the orthocentre to the vertices of the tnangle 

Show that the centre of this circle bisects the hne joimng the orthooentre 
to the eircumcentre 

3 Show that the eleven pomt come breaks up mto two straight hnes if, 
and only if, q passes through a diagonal pomt of the base quadrangle, and 
that, m this case, one straight hne is the locus of the poles of g and the other is 
the locus of the pomts conjugate to pomts of q for the pencil 

4 Prove that the eleven point conies of the hues n through a given point 0 
form a pencil of comes homographic with [y] 

214 Geometrical constructions for common self-polar tnangle 
of two conics If two real conics intersect m four real pomts B, 
C, D, or else lie entirely outside eacli other, so that they ha\e four 
real common tangents &, c, d, their common self-polar triangle 
IS at once constructed, bemg the diagonal triangle of the qindr ingle 
ABCD or of the quadrilateral abed 

If, however, two of the pomts of mtersection, say C and D, 
are conjugate imigmarv, the other two A and B bemg real, the 
line CD is a real straight Ime The vertex E (Fig 69) of the 
self-polar triangle is therefore real and its polar FG with regard 
to the two conics is also real But F and G cannot be real for 
if F were real, AF would be a real hne and its meet C with CD 
would be a real pomt, which is agamst the hypothesis In this 
case, then, two vertices of the common self-polar triangle, and also 
their opposite sides, are imagmary 

If all the points of intersection are imagmary they faU mto two 
conjugate imagmary pairs, say A, B and C, D Then AB, CD 
are real Imes and their meet E a real pomt Also A bemg con- 
jugate imaginary to B and C conjugate imagmary to D, the hne 
AC IS conjugate imagmary to BD by Art 13S, and thus their 
intersection F is real Similarly G ih real Hence when all four 
pomts of mtersection are i . , the common self polar triangle 

IS real 

Proceeding similarly v e see that the common self-polar triangle 
IS real when the four common tangents are either all reil or all 
imaginary it is imagmary when t\so of the common tangtntb are 
real and two imaginary 

Comparing these results vith the preMOus one^ ^^e ob^er\e 
that if two conics ha\e only two real intersection^ the\ ha\e onh 
two real common tmgents , but the} ma'v ha^e (1) four reil 
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intersections and four real comnaon tangents, eg two conics 
having their four real intersections on the same branch of each , 
(2) four real mtersections and four imaginary common tangents, 
e g two comes havmg real intersections on both branches of one 
of them , (3) four imaginary intersections and four real common 
tangents, eg two elhpses l 3 rmg entirely outside one another, 
(4) four imaginary mtersections and four imagmary common 
tangents, e g one come lymg entirely mside another 

In case (4) the geometrical construction for the diagonal triangle 
fails entirely We can then proceed as follows Take any two 
Imes p and q Construct their eleven-pomt comes as m Art 212 
These two eleven-pomt comes intersect m four pomts, namely the 
vertices E, F, G, of the common self-polar triangle and the pomt 
conjugate to jpq with regard to both comes The latter point 
bemg always real, we get a new proof that one of the vertices of the 
self-polar triangle is always real 

215 Given two comes of a pencil, to construct any come of 
the pencil Let s, t be two given comes , it is required to construct 
the come of the pencil of which 5, t are members, which passes 
through a given pomt P 

If s, t mtersect at four real points, the come is immediately 
constructed by Pascal’s Theorem 

In the more general case, if P hes mside one of s, t or if it lies 
outside both, but one of the tangents from P to either of these comes 
meets the other m a pair of distinct real pomts, there must be hues 
through P which meet both s and t m real pomts Four more 
pomts of the required come can be constructed by finding the mate 
of P m the mvolution deterimned on a Ime through P by the pairs 
of pomts m which that Ime meets s and t The required conic may 
then be constructed by Pascal’s Theorem 

If neither tangent from P to each of s, t meets the other m real 
pomts, then s, t must he entirely outside each other, and so have 
four distmct real common tangents 

In this case a real common self-polar triangle of s, t can be 
constructed, and three other points Q, P, S on the required 
come are known, on the hnes joinmg P to the vertices of this 
triangle, bemg the harmomc conjugates of P with respect to a 
vertex and a pomt on the opposite side The tangent at P is 
also determined, for it passes through the point conjugate to P 
for the pencil, and this, by Art 210, is the mtersection of the 
polars of P for s and t We have now four pomts P, Q, P, S and 
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the tangent at one of them P, and the come can be constructed as m 
Chapter V 

The last construction holds even if P hes on a common tangent 
to s, t If, howe\er, P lies on Uco common tangents to i, then P 
lies on a side EF of the common self-polar triangle EFG, and only 
one other pomt Q is obtamed from the above construction , this 
pomt Q is the harmomc conjugate of P with respect to E, F and 
IS the meet of the other two common tangents of s, t Smee the 
pomts of contact of 5, t with any one of their common tangents are 
double pomts of the mvolution determmed by the pencil of comes 
on these tangents (Art 207) the four harmonic conjugates of P, Q 
with respect to these pomts of contact are pomts on the required 
come, on which we now have six pomts 
In the special case where the comes 5, t touch externally at 
and P lies on their common tangent at A, the required come must 
touch AP at A and pass through P It must therefore break up 
mto a Ime-pair, one component of which is AP If now an\ straight 
Ime u be drawn, which meets both s and t at real pomts, and also 
meets AP at Q, then the mate of Q m the mvolution m which the 
mtersections of u with s and t are pairs of mates is a second pomt O' 
of the Lme pair, lymg on the component other than AP By 
taking a second position of u we find a second pomt Q' and the 
jom of these pomts Q' gives the second component of the hne-pair 
If 5 , t have double contact externally and P hes on both common 
tangents, the come through P clearly reduces to the hne-pair formed 
by these common tangents 

Example 

Show how to construct the conic of a range, which touches a given straight 
hne when two conics of the range are given 

216 Comes having double contact When two comes touch 
at A and B they define a pencil of comes touchmg the two gn en 
comes at A and B The pole E of AB is the same for all the comes , 
and if P, be any pair of pomts on the common chord of contact 
harmonically conjugate with regard to A, B, EFG is a common 
self-polar triangle of the pencil of comes There is thus an infinity 
of common self-polar triangles The three Ime-pairs of the sv^tem 
degenerate mto the doubled lme AB, occurrmg twice over, and the 
pair of common tangents EA, EB 

Also such a pencil of conics may be looked upon as forming 
a range, the four common tangents being comcident m pairs 
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Suet a set of conics possesses tte properties bott of tte pencil 
and of tte range Ttus to any point ttere is a conjugate point and 
to any line a conjugate line, witt regard to all tte conics of tte set 

Hence tte locus of poles of any straigtt hne witt regard to tte 
conics of tte set is a straigtt line and tte polars of a point pass 
ttrougt a point It is of interest to see tow ttese occur as 
degenerate cases of tte eleven-point and eleven-hne conic 
respectively 

Consider any point Q (Fig 70) on a straigtt line q Let q meet 
AB at JR and let R be tte tarmomc conjugate of JR witt respect to 


E 


Fig 70 

A, B Since R, R' are conjugate with regard to all conics of the 
set, and E, R are conjugate with regard to all conics of the set, 
R IS the pole of ER' ( =?') with regard to all tte conics of the set 
And smee q passes ttrougt R, q' is the locus of poles of q with 
regard to the comes of the set On tte otter hand consider the ray 
harmonically conjugate to EQ with regard to EA, AB Let it 
meet AB at Q\ and let EQ meet AB at T Then Q'ET is a self- 
polar triangle for all the conics of tte set, or Q' is conjugate to Q 
with regard to the set of comes 

The eleven pomt come corresponding to q therefore breaks up 
into two straight lines, of which one AB is the locus of points 
conjugate to points of q, and the other ER' is the locus of poles 
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Tims these two loci, which are the same in the general case, are 
now separated In like manner the ele\ en-lme come c orre aj^ondinc: 
to Q breaks up mto the pomt E which is the en\ elope of Imes 
conjugate to hnes through Q, and the pomt Q* which is the envelope 
of polars of Q with regard to the set of comes 

Examples 

1 If jB IS the common centre of a set of concentnc circles, pro\ e dirccth 
(i) that P IS conjugate to the pomt P'® at infinity m the direction per 
pendicular to PP, for every circle of the set , (u) that an\ hne u is conjugate 
for every circle of the set, to the Ime u' perpendicular to u through L 

Hence deduce the results of Art 216 

2 Prove that the product of pencils of first order conjugate for a 
pencil of comes havmg double contact at 4, P is a come passmg through 
A and B 

217 Construction of comes through three points and touching 
two hnes Let it be required to construct a come to pass through 



three points A, B, C and to touch tvo lines p, q (Fig 71) Let the 
conic required touch p, q s,t P,Q respective!} 

Consider the involution determined on BC bv the pencil of comes 
havmg contact with p and q a,t P and Q Up, q meet BC at Pi Qi 
then Pj, Qi are mates in this involution for the pair p q is a come 
of the pencil Also B, C are mates in this m\ olution The double 
points of this involution are therefore determined But sintt PQ 
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doubled is a come of the pencil, the point where PQ meets BC is 
one of the double pomts of this mvolution 

In like manner PQ passes through one of the double pomts 
of the mvolution on AO deterimned hy the pairs of mates (A, C) 
{Pz^ Q2) » ^2} Q2 pomts where p, q meet AC 

There are thus four possible positions of PQ correspondmg to 
the four hues ]oinmg the double pomts of these two mvolutions, 
and so there are four solutions to the problem proposed 

The reader may verify that if PQ passes through double pomts 
of the mvolutions on BO, CA, it will also pass through a double 
pomt of the correspondmg mvolution on AB 

Reciprocatmg the above construction we obtam a construction 
for the comes through two pomts and touchmg three Imes This, 
like the above, has m general four solutions 

Examples 

1 Prove tkat the problems to draw a conic touchmg two given real 
hues and passmg through three given real pomts, and to draw a come touchmg 
three given real Imes and passmg through two given real pomts have either 
four real solutions or none 

2 By projectmg the circular pomts at infmity mto any two conjugate 
imagmary pomts, prove that there are always four real comes passmg 
through two conjugate imagmary pomts and touchmg three real hues 

218 Properties of confoeal conics If two of the opposite 
\ertices of the quadrilateral ahed are the circular pomts at infinity 
Q, O', the range of comes mscribed m this quadrilateral becomes a 
system of confoeal comes The mvolution of tangents through any 
pomt P has thus the circular hues through P for mates Its double 
rays are therefore at right angles (Art 141), and they bisect the 
angles between any pair of mates (Art 101) Such a pair of mates 
are the hues joming P to the two real foci S, S' We get the series 
of theorems 

Through any pomt P of the plane two conics of a confoeal 
system can be drawn and these cut at right angles 

The tangent and normal at any point P of a conic bisect the angles 
between the focal distances 

The two tangents from P to a conic are equally inclined to the 
ia.ys joining P to the real foci 

Also, from the property above that double iiys aie at riglit 
angles, conjugate lines with regard to a system of confoeal conics 
are perpendicular Hence 

The locus of the poles of any straight line q with regard to a 
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system of confocals is tte normal at Q to the come of the system 
touchmg gr, Q bemg the pomt of contact of q with this come 
The theorem of Art 181 that coaxal circles reciprocate, with 
respect to a limitmg pomt mto confocal comes, has an instructive 
mterpretation from the pomt of view of pencils and ranges of conics 
Coaxal circles are clearly a special case of a pencil of comes, 
smee they pass through O, O' and through tvo other fixed pomts, 
say A and B 

The three Ime-pairs of the system are 

{AB, OO'), (Aa, BQ'), (AQ', BQ) 

The first consists of the radical axis and the line at mfinity , 
the last two are the circular hnes through C and Z>, where C and D 
are the pomts (AO, BO') and (AQ\ BQ) respectively, that is, they 
are by Art 140 pomt-circles at 0 and D 
The pomts C\ D are the limitmg pomts of the system of coaxal 
circles They are imagmary li A, B are real, but real if A, B 
are conjugate j , that is, if the radical axis does not cut 
the circles m real pomts {cf Art 113) 

Consider now the effect of takmg polar reciprocals of the coaxal 
circles with regard to any circle of centre C We obtam a range of 
comes touchmg the four polars oi A, B, Q, O' with regard to such a 
circle 

Now Co bemg the tangent at O to the circle whose centre is 
C, the pole of CO with regard to this circle is O Hence the polar 
of A (which hes on CO) passes through 0 Similarly the polar of 
O' IS Co' and the polar of B passes through O' Thus A, B, Q O' 
reciprocate mto Imes QF, Q,'F, Q.C, O'C The circles therefore 
reciprocate mto comes havmg C, F for foci 

219 Properties of rectangular hyperbola If two comes 
of a pencil are rectangular hyperbolas the pomts O, O' are conjugate 
with regard to two comes of the pencil Therefore thev are con- 
jugate with regard to all the conics of the pencil These are therefore 
all rectangular hypeibolas Thus e\ei’^ conic through the mter- 
sections of two rectinguhr Inperbohs is x rectxnguhr h\ptrboh 
liA,B C\ D be tlu ioiu mtcibections ot two rtet iiigiil ii l^ptr- 
bolxs, the Ime-paiis xu ilso rect uigiil u lupubol is tlieulore the\ 
aie ptipeiidicuLii 'Idle qu idi xiiglc 4B('D tlicieiuit ‘'Ucli that 
p Ills ot opposite sides xic perpcndicxdxr Vn\ one ut it^ four 
vertices is the ortliocentre ot the tiiangle foiiiicd h\ the otht r thret 
It follows that xny conic through the three xcrtice^ ot x triangle 
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and its orthocentre is a rectangular hyperbola {cf Art 93) Con- 
versely the orthocentre of any triangle inscribed in a rectangular 
hyperbola hes on the curve For if ABG be the triangle and the 
perpendicular through A to BC meet the hyperbola again at D, 
the pair AD, BC bemg a rectangular hyperbola, every come through 
A, B, 0, 23 IS a rectangular hyperbola But OA, BD is such a come, 
therefore GA, BD are perpendicular, or D is the orthocentre of ABC 

220 Centre loci The theorems of Arts 211, 212 give the 
following results when j is the Ime at infimty 

The locus of the centres of a pencil of conics through four 
pomts A, B, (7, 23 IS a come whose asymptotes are parallel to the 
axes of the two parabolas through the four pomts and which 
passes through the vertices of the diagonal triangle of the quad- 
rangle ABGD and the middle pomts of the six sides of this 
quadrangle 

Incidentally we have proved the theorem 

The six middle pomts of the sides of a complete quadrangle 
he on a come which circumscribes its diagonal triangle 

The locus of the centres of a range of comes touchmg four hues 
a, h, c,d IS Si straight hue Smee the mid-pomts of the three pomt- 
pairs are evidently centres, they he on this locus Hence, inciden- 
tally the middle pomts of the three diagonals of a quadrilateral are 
colhnear 

Examples 

1 Show how to construct the centre of a conic touching five given hnes 

2 The centre of the locus of centres of conics of a pencil is the centroid of 
the quadrangle defining the pencil 

[Eor the centre locus passes through the mid points P, Q, R, S of AB 
BC, CD DA But PQRS is readily shown to be a parallelogram Hence 
the intersection of PP, QS, which is the centroid of the quadrangle, is also 
the centre of the centre locus ] 

3 Prove that the asymptotes of any come of a pencil are parallel to 
harmomc conjugates with respect to the asymptotes of the centre locus of the 
pencil 

4 The comes of a pencil touch a given straight hne Z at a point A of it, 
and pass through two other pomts B and C Show that the centre locus 
passes through A, the middle pomts P, E, F of BC, CA, AB respectively and 
the meet H of BC and I , and also that the tangent at A is haimomcally 
conjugate to I with respect to AC, AB, and the tangents at E and F are 
parallel to Z 

5 The comes of a pencil have four pomt contact at a point A Prove 
that their centres he on a line through 4 

221 Locus of foci of conics of a range The involutions of 
tangents from two different pomts P, Q of the plane to the conics 
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of a range are clearly lioinogr<ip]ii( ilh related, since either tangent 
through P determines umquely the come of the range and therefore 
the pair of tangents from Q and the converse is true if we start 
from Q 

These homographic mvolution pencils, however, have a self- 
correspondmg ray, namely PQ, for PQ is a tangent from either 
P or Q to the come of the range which touches PQ 
The locus of mtersections of tangents JErom P and Q therefore 
reduces, by Art 203, to a cubic through P and Q 
If now P and Q be taken at O, O' this locus becomes the locus of 
the foci of the comes of the range 
The foci of the range therefore he on a cubic through O, O' 
Such a cubic is known as a circular cubic 
If P and Q he on any one of the three diagonals of the quadrilateral 
ahed which defines the range, the tangents from P to the corre- 
spondmg pomt-pair comcide along PQ , and so do the tangents 
from Q to the same pomt-pair The homogr qihif mvolutions from 
P and Q have therefore a ^ ( ( ( • mi . double rav Their 

product therefore reduces to a come with regard to which P and Q 
are conjugate (Exs XIIa, 13) 

If P, Q be O, O', the diagonal of the quadrilateral 

is at infimty , the quadrilateral is a parallelogram Hence the 
locus of the foci of all comes mscribed m a parallelogram is a 
rectangular hyperbola (for O, O' are conjugate with regard to it, 
by the above) 

If the quadrilateral, instead of bemg a parallelogram, is svm- 
metrical about a diagonal, this diagonal is ob\uouslv part of the 
locus Since it does not pass through O, O' the cubic breaks 
up mto this diagonal and a come through O, O , that is, a circle 
Smee {see Ex 2, Art 119) the components of a pomt-pan are 
also its foci the rectangular hyperbola which ib the locub of foci of 
comes mscribed m a » circumscribes the parallelogram, 

and the circle which is the correspondmg locus for the quadrilateral 
symmetrical about a diagonal passes through the four \ertices 
not on this diagonal 

222 The hyperbola of Apollonius Let s be i conn c an% 
circle m its plane, with centre 0 c meets * at tour points 4 B C,D 
Let I be the centre-locus of the pencil of conics through 4 B C D 
Clearly c meets the line at infinite at Q, Q' Let 6 ind I meet the 
line at infimty at J'^ and it A^, 1 ^ iespcctnt]\ Then 
5 cc double ]>omts ot the iinoluTiun dchned ^ht nuis ot 
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mates 1^, and O, O' Thus correspond to perpendi- 

cular directions harmomcally conjugate to those of 7°°, thafc is, 
they bisect the angles between the latter, namely between the 
asymptotes of s hence they are parallel to the axes of s Accordingly 

IS a TLf rai giil ir hyperbola passmg through the centre of s and the 
pomt 0 , it IS called the hyperbola of Apollonius for 0 

Now I meets s at four pomts P, Q, P, S At one of these four 
pomts, say P, draw the tangent to s, meetmg the Ime at infimty at 
By the property of the centre-locus, the point conjugate to P 
for the pencil of comes through A, B, C, D ib on the Ime at infinity, 
and since PT^ touches a come of the pencil, the point conjugate to 
P for the pencil also hes on PT^ Hence it must be 

Since is conjugate to P for all comes through A, P, (7, P, it is 
conjugate to P fox the circle c Hence the polar of with regard 
to the circle, that is the Ime through 0 perpendicular to the direction 
of T^, passes through P, and OP is normal to 5 at P Similarly 
OQ, OR, OS are normals to s 

Thus from any pomt 0 four normals, real or imaginary, can 
be drawn to the conic, of which the feet are the intersections 
of the conic with the hyperbola of Apollonius for 0 

Note that any hj^perbola k whose asymptotes are parallel to the 
axes of s and which passes through the centre (7 of 5 is a hyperbola 
of ApoUomus for some pomt of s For let P be any one mter- 
section of k and s , let the normal at P to meet k agam at 0 
Then the hyperbola of ApoUomus for 0 passes through 0, C and P, 
and also the two pomts at infimty on the axes It is therefore 
identical with the hyperbola k Accordmgly any such hyperbola 
meets the come s at four pomts the normals at which are concurrent 
at a pomt of the hyperbola 

Examples 

1 Piove that, if a circle centre 0 meet a come s at four iDomts A, B, C, D, 
the vertices of the diagonal triangle of the quadrangle ABGD lie on the 
hypeibola of Apollonius for 0 and s 

2 Show that the pencils of conics defined by a conic s and any of a set of 
circles with a common centre 0 have the hyperbola of Apollonius for 0 and s 
as their common centre locus 

3 B\ taking the circle with centre 0 as the Ime pair OO, OQ,' prove 
that the Eregiei point of 0 for the hyperbola of Apollonius for 0 and a conic s 
IS the point at intinity on the polar of 0 with respect to s 

4 Shew that the tangent at 0 to the hyperbola of Apollonius for 0 and s 
is peipendicnlar to the polai of 0 with respect to s 

6 Show that if 5 be a conic whose centre is C, and 0 is any point the 
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tangent at C to the hyperbola of Apollonius for 0 and s lis the dianic ter of s 
conjugate to the direction perpendicular to OC 
6 The feet of the perpendiculars from a point 0 on the axes of an ellipse 
are M, Ny and the perpendicular from 0 on the diameter conjugate to CO 
meets MN at L Show that the pomt A harmomcally conjugate to L with 
respect to M, N jb the centre of the h}’perbola of ApoHomus for 0 

223 Joachimsthars Theorem Let L, M, A, A" (Fig 72) 
be the feet of four concurrent normals to a conic s Consider the 
mvolution determmed on the axis A A' by the pencil of conics 
through LMNK The Ime-pair iif/, NK determines two points 
P, P' The conic s determines A, A' The hyperbola of Apollonius, 
having its asymptotes parallel to the axes of s and p isMng tlirough 0 



determines C and the pomt at mfimty on A A' C is then the centre 
of this mvolution Thus 

CPCF^-CA^ ( 1 ) 

But if T be the pole of LM with regird to 6 md Jl be drawn 
perpendicular to AA\ TL is the polar of P f- , P are therefore 
mates in the m\ olution on AA' of conjugate points with regird to s 
and A, 4' are double points m this im olution 
Hence CPCU = Cr- (2) 

From (1) ind (2) 

CF^ -Cl 

feimilarl} if TV be dravn peipendicular to the other axib CB 
and A A meet this ixis at Q' 

CQ'^-C\ 
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Hence P'Q', te NE, is parallel to W But VTJ and CT, 
being diagonals of the rectangle CVTV, are equally mclined to 
the axes CA, CB Therefore NK and CT are equally inclined to 
the axes But GT is the diameter of s conjugate to the direction 
of LM If E be the other extrennty of the diameter CL, L'M 
(bemg a supplemental chord to LM) is parallel to CT and there- 
fore equally mclmed with NK to the axes Hence by Art 77 a 
circle will go through L', M, N, K This is Joachimsthars Theorem, 
that if four normals to a eonic be concurrent, the circle through 
the feet of three of them passes also through the point diamet- 
rically opposite to the foot of the fourth 

224 Geometrical constructions for transforming any two 
conics into conics of given type We have already seen (Art 149) 
how to transform any two conics mto circles 

Any two comes may be transformed mto concentric comes by 
a real projection For we have seen that there is always one side 
of the common self-polar triangle which is real Projecfcmg that 
side to infinity the opposite vertex projects into the common 
centre 

If two vertices of the common self-polar triangle of two comes 
be projected mto Q, Q', the conics project into concentric rectangular 
hyperbolas 

Any two conics which do not touch may be projected mto 
coaxial comes Thus if EFG be their common self-polar triangle, 
project FG to infimty and the angle FEG mto a right angle 

Two coaxial comes Si, $2 can be transformed mto one another 
by reciprocal polars 

Let C (Fig 73) be their common centre, AiA{ and BiBi the 
axes of Si, A2A2 and B2B2 the axes of §2 Fmd the double points 
A, A' of the mvolution determmed by the pairs of mates {Ai, A2) 
{Ai, A2) and the double points B, B' of the mvolution determined 
by the pairs of mates (Bi, B2) (B/, B2) Then from symmetry 
about 0 a come s exists havmg AA', BB' as axes Form the re- 
ciprocal polar come S2 of Si with regard to s S2 passes through 
A2, A2i B2, B2i and its tangent at A2, being the polar of Ai 
with regard to s, is perpendicular to CA2 and so is the same as the 
tangent to §2 at A2 S2, S2 are thus identical 

Clearly either extremity of each axis of Si may be denoted by an 
accented letter hence the above construction can be carried out in 
four separate ways Projecting back, we see that there are four 
conics w ith respect to which the original conics are reciprocal polars 
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'We ha\e thus proved that, if Aj, ^3 are two comes \^ith four 
distinct intersections P, Q, R, S, and therefore also four distinct 
common tangents 2h ?, 'r, s, there exists at least one conic I with 
respect to which li, are reciprocal polars Thus i is a come 
with respect to -v^hich P, Q, P, S are the poles of p, q, r, s , this 
really gives more than enough conditions to deter min e I , but these 
are necessarily consistent It will be foimd that there are four 
ways of correlatmg P, Q, P, S with p, q, r, $ , these are settled 
by the consideration that pq hes on the side of the common 
diagonal triangle opposite to the \ertex through which PQ 
passes 

If now one or more of the pomts P, Q, P, S (and therefore also of 


^2 



the tangents p, q, r, s) are made to appro ich one another, the 
abo\ e pioposition will still hold good in the Imiitmg c i^es pro\ ided 
enough conditions arc left to determine the come A, and in this wav 
w e c in take into account the c ise of conics in cont ict, w hicli c imiot 
be tnnsfoimed into coi\ial central conics 

Thus, if two conics touch it 0, jl being the common tuigent 
and it P, Q be their other common points, p q their other common 
tingents, the come I is now such that it has (P p) ind iko (Q q) 
as pole and polar, and touches a at 0 This is in fict more th m 
enough to determine it, but these conditions cm be shown to 
remam consistent, by proceedmg to the limit from the more 
general case 
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If the comes have three-pomt contact at 0, they have only 
one other common pomt P and one other common tangent f 
The come h is now determined from the condition that it has 
three-pomt contact with the given comes at 0, and that P is the 
polar of f with regard to it These are ]ust enough conditions to 
fix Tz 

If the comes hi^ ^2 four-pomt contact at 0, all we get from 
the general condition above is that h has also four-pomt contact 
at 0 with hi, h 2 , and this is not enough to determine h In this 
case, however, we can proceed as follows Let a given ray through 0 
meet hi, h^ at Ai, A 2 and let A be harmomcally conjugate to 0 
with respect to (Ai, A 2 ) Let the come h be taken through A 
Then, smee comes havmg four-pomt contact at 0 are m plane per- 
spective, 0 bemg the pole and the common tangent x at 0 the axis 
of perspective (Art 46), if an arbitrary ray through 0 meet hi, h 2 , h 
at Pi, P 2 , P we have that -iiPi, ^ 2 -P 2 > meet on x, and 
{0PiPP^=^{0AiAA2}= -1 Hence the polar of Pi with respect 
to h passes through P 2 But the tangents at Pi, P 2 , P concur at a 
pomt T of X, which is the pole of OP with respect to h Since 
Pi hes on OP, the polar of Pi with respect to h passes through T , 
therefore it is TP 2 and touches ^2 Hence hi , ^2 are polar reciprocals 
with respect to h 

Fmally there is the case of comes having double contact These 
can be projected mto concentric circles of radii ai, a 2 Applymg 
now the construction of Fig 73, where any pair of perpendicular 
diameters can now be taken as axes, the circles are polar reciprocals 
with respect to two concentric circles of radii V ± aia 2 and two 
concentric conjugate i hyperbolas, whose semi-axes are 
V ± aia 2 If we vary the axes, the circles remam the same, but 
there is an infimty of - . hyperbolas, which are possible 

comes h 

In every case a conic h exists for which two given conics are polar 
reciprocals, though such a come is not necessarily real 

Example 

Prove that two conics which have simple contact may be projected into 
two coaxial parabolas, but that if they have three pomt or four pomt contact 
this is not possible 

225 Two triangles self-polar for the same conic Let 

ABC, A'B'C be two triangles self-polar for the same conic Tc 
Then we have AB, AC, AB' , AC are conjugal*' to A'C, A'B, A'G\ 
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A B respectively Hence, since conjugate pencils through A A' 
are projective 

A{BGB'C') '7^A'{CBC'B')—A'(BCB'C '), 
by double » rrb'ij' 

But tlie above is tbe condition that B, C, B\ C he on a conic s 
througli A and A' 

Hence, if two triangles are self-polar for a come I, their 
SIX vertices he on a conic s 

Keciprocate the above theorem with regard to the conic I, 
the self-polar triangles reciprocate mto themsehes, the vertices 



Fig 74 


reciprocating mto tbe sides, so that tbc si\ -^ides of the triingh touch 
the come s\ which is the reciprocal of s with respect to 1 

Thus, If two triangles are self-polar for a conic J, their 
SIX sides touch a conic s' 

226 Two triangles inscribed in a conic are self-polar for a 
conic We now' proceed to prot e the com er^e of the theorem of the 
last Article 

Let ABC, 4'5'C' (Fig 74) be two tinngleb imcribed iP 1 LUllit 6 
We shall first show' that a iimqiit conic / lor wl ich iBL 

IS self-polar and A' is the pole of BC' Let u- tir^^t i- uim that 
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sucli a conic exists Join AA\ and let it meet BO, jB'C' at D, Z)' 
respectively Then (A, D) and {A', D') are pans of conjugate pomts 
for h on the Ime AA' Let P, Q be the double pomts of the mvolu- 
tion on AA' of which {A, B) and (A', B') are pairs of mates Then 
P, Q are the pomts at which AA' meets Ic 
Let {BP, CQ)^n, {BQ, OP)=S, and (BP, GA)^B Smce 
A, B are harmomcally conjugate with respect to P, Q, then, by the 
property of the complete quadrangle BCPQ, the side RS of the 
diagonal triangle passes through A Also, smce {PAQB}^ -1, 
C{PAQB} = - 1, and, cuttmg by the transversal BP, {PERB} == - 1 
Therefore, smce B, E are conjugate for h (ABC bemg seK-polar for 
h), and P hes on h, R hes on h Similarly S hes on k 
Hence k belongs to the pencil of comes through P, Q, R, S 
Jom A'S meetmg B'O' at F', and let T be the harmomc conjugate 
of S with respect to A\ P' Smce P'(7' is the polar of A' with 
respect to k, A', F' are conjugate for k, and T must be a pomt of k 
Conversely, the come through P, Q, R, S, T, which is umquely 
determined, satisfies all the conditions for k 
For (i) ABC, bemg the diagonal triangle of a quadrangle PQRS 
msenbed m this come, is self-polar for it , (u) A' is conjugate for 
this come to both P' and P', and therefore is the pole of P'P', 
that IS, of P'C' Hence PQRST is the come k required , this come 
ac( oiding v exists and is umque, though not necessarily real 
Let now, if possible, the pomt of BV' conjugate to P' for k be 
some pomt C' other than O' Then A'B'C" is self-polar for k 
Hence, by Art 225, A, B, C, A\ B', 0" he on a conic But this 
last come passes through five pomts of s, namely A, B, C, A', B\ 
and so is identical with s Hence s passes through both 0' and C", 
so that, if these were distmct, B'G' would meet s m three pomts, 
which IS impossible Thus 0" and C' comcide and the triangles 
ABG, A'B'G' are self-polar for k 

Eeciprocatmg this theorem we see that if two triangles are 
circumscribed to a conic, they are self-polar for a conic 

In the above, and m Art 225, it has been assumed that the 
triangles m question do not have either a common vertex or a 
common side The theorems are, however, capable of mterpretation 
even m this case Thus, if A =A', the triangles ABG, AB'G' are 
self-polar for the line pair x, y where x, y are the double rays of the 
mvolution pencil of which (AB, AO) and (AB', AG') are pairs 
of mates Similarly if BO, B'G' are in a Ime, the triangles are self- 
polar for the point-pair X, Y where Z, Y are the double pomts of the 
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involution determmed by {£, C) and {B', C’) In this last case 
the conic on which A, B, C, A', B', C he itself degenerates into the 
hne-pair AA', BG 

AMPLE 

Prove that only one circle can be drawn for which a given triangle is 
self polar 

227 Outpolar and mpolar conics If a triangle ABG self- 
polar for a come h is inscribed m a conic s, tben there ezist an infinite 
number of such triangles, one \ertex of which may he selected 
arbitrarily upon s 

Take any pomt A' of s and let the polar of A'^ with respect to 
I meet 5 at B', C' Then ABC and A'BV' are self-polar for a 
come I, for which ABO is self-polar and A' is the pole of B'C' 
But this come 1, by Art 226, is umquely determmed, and is 
therefore identical with the come 1 Hence A'B'C' is msenbed m s 
and self-polar for I 

The come 5, which is such that a triangle msenbed m s is self- 
polar for k, IS said to be outpolar to I 

Similarly, if a triangle ahe self-polar for I is circumscribed to h' 
there exist any number of such triangles, and any tangent to s' 
may be taken as a side of such a triangle, which is then determmed 
The come s' is then said to be inpolar to I 

We ha\ e seen m Art 224 that it is always possible to transform 
one come mto another by reciprocal polars If t be the come 
with respect to which s and L are reciprocal, then the triangle ABU 
which IS self-polar for I, reciprocates with respect to t mto a 
triangle AiBiCi which is self-polar for s Also the pomts A, B, C 
of s reciprocate mto Imes ai, hi, Ci which touch I, and form the 
sides of the triangle AiBiGi Thus AiBiOi is self-polar for s and 
circumscribed to I Hence k is mpolar to s 

Similarly, if s' and k are reciprocated mto one another, it ib found 
that k IS outpolar to s' 

The relations of outpolarity and mpolanty are therefore re- 
ciprocal, so that if a conic is outpolar to a second conic, then the 
second is mpolar to the first, and conversely 

E\a:mples 

1 Prove that, if a conic s-^ i& outpolar to 5, and P Q are two points of 
which are conjugate for then the pole R of PQ for * hets on i, and 
coneersel} , that the polar with regard to *2 ot a point of ^ meet^ ^ at pcinti 
conjugate for 
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2 Prove that, if is inpolar to and q are two tangents to which 
are conjugate for then their chord of contact r touches 5^, and, conversely, 
if i? be the pole with regaid to of a tangent r to s-^, the tangents from It to 
§2 are conjugate for 

3 Prove that the locus of the centre of a rectangular hyperbola which is 
mscnbed in a given triangle is the circle for which the triangle is self polar 

[For the hyperbola is mpolar to the circle, i e triangles self polar for the 
hyperbola are inscribed m the circle, takmg 12 or 12' as a vertex of such a 
triangle, the centre of the hyperbola lies on this circle ] 

4 Prove that all circles through the centre of a rectangular hyperbola are 
outpolar to the hyperbola 

A circle is drawn to pass through the centre of a rectangular hyperbola, 
and P IS the pole of an asjrmptote with respect to the circle Show that the 
tangents from P to the hyperbola are harmomcally conjugate with respect 
to the tangents from P to the circle 

5 If a Ime pair have its double pomt on a come, show that the come is 
outpolar to the hne pair , also that, if the hne joining the pomts of a pomt 
pair touches a come, the come is mpolar to the pomt pair 

6 Prove that, if a hne pair is outpolar to a come, the hnes of the pair are 
conjugate for the come, and that, if a pomt pair is mpolar to a come, the 
pomts of the pair are conjugate for the come 

228 Come triangularly mseribed m a conic Poneelet’s 
Porism Since two triangles ABG^ A'B'C' inscribed in a conic s 
are self-polar with respect to a conic h (Art 226), and two triangles 
self-polar with respect to a conic I are circumscribed to a conic 5 ' 
(Art 226), it follows that, if two triangles are inscribed in a 
come, they are circumscribed to another come For a direct 
proof of this theorem, see Exs IIIa, 17 

It follows that if one triangle ABC can be inscribed in s and 
circumscribed to 5 ', any number of such triangles exist 

For take any pomt A' on s and from A' draw the two tangents 
A'B\ A'G' to s\ meetmg s agam at 5', G' respectively Then, 
smee ABC, A'B'G' are mscnbed m s, their sides touch a conic t 
But s' and t have five tangents the same, namely BG, CA, AB, 
A'B', A'C' Hence t coincides with s' and B'C' touches s' 

We shall then say that s is triangularly circumscribed to s', 
and that s' is triangularly inscribed in s 

A similar result is easily shown to hold for tetragons, this being 
a four-sided figure in the Euclidean sense, whose sides and vertices 
are taken in order 

For let a tetragon 4 BOD be inscribed in s, and let its sides AB, BO, 
CD, DA touch 5 ' Let {AB, CD) =Z, {BG, DA) = Y, and {AC, BD) = 
0, so that OX Y is self-polar for s Let s meet Z 7 at C7, F Project 
V V into the circular points, then, since ZF are harmonic for V, V, 
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they project into points at infinity in perpendicular direetion^, -while 
s projects into a circle Si Also 0 is the pole of XY with respect 
to 5 ', as well ^s with respect to s Hence s' projects into a conic s/ 
concentric with the circle, and ABCD projects into a rectangle 
AiBiCiDi circumscribed to Si and inscribed m Si Thus Sj is 
the orthoptic circle of Si' But if we now draw any two parallel 
tangents to and also the two perpendicular tangents, we obtam 
another rectangle Ai'Bi'Gi'Di' circumscribed to whose \ertices 
must lie on the orthoptic circle Si Any number of such rectangles 
can be drawn Projectmg back, we obtam an infinite number 
of tetragons inscribed m s and circumscribed to i>' We may say, 
m such a case, that s is tetragonally eircumscnbed to 6' 

Nor need this conception be limited to four-sided figures F or it is 
clear that, if two circles are inscribed and eircumscnbed to a regular 
polygon of n sides, any number of such polygons can be obtained 
by rotatmg the ongmal one through an arbitrary angle about 
the common centre Proj ectmg the circular pomts mto two arbitrary 
pomts 3, T, we obtam two comes s, s' havmg double contact 
at S, T, which possess the property that an in fi nite number of 
polygons of n sides can be inscribed m $ and circumscribed to s' 
We may then speak of 5 as polygonally circumscribed, or 
?i-gonally circumscribed, to s' 

The theorems of this Article are pirticular cases of a more 
general theorem, due to Poncelet, and known as Poncelet’s 
Porism, m which the restriction, which has been mtroduced 
above m the case that the comes ha\e double contact, is 

removed 

Examples 

1 Show that a unique conic can be drawn triangularly eircumscnbed to a 
given come and touching it at two given pomts H, K 

If comes s, s' touch at // A, and ABC a triangle inscnbcd in c id cir 
cumsenbed to .s' show that BC meetb HR at the pomt vho-i harmonic 
conjugate with regard to (P, G) im the point of contact D ot h( with & , 
and show also that DII, DR are harmonic ill\ conjUj^ate v tli rt.ird to D 4 
DB 

[Project II K mto the circular points ] 

2 From the theorem that if two triangles are ciicumfccribed to a conic 
they are inscribed in another come prove, h\ taking tv o vertices of one tnansle 
to be the ciicuUi pomts at infiniU that the ciicle LirLum-ciitjnu a tMiiuk 
foimed b> three tangents to a paiabola pa'>ses tluou.h the focu- 

3 Pro^e that an> circle belonguig to either of the coasal ‘'\-tuns which 
ha\e the real foci of a come ( 1 ) as real intersection^, or ( 11 ) 1 n d hi itm_ 
points, IS tetiae;onally circumscribed to the come 
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229 Polar quadrangles and quadrilaterals Let ABGD (Fig 
75) be a quadrangle, of which two pairs of opposite sides, AB and 
AD^qsjid BC=q' are con]ugate with regard to a conic I 
We will now prove that in this case the third pair of opposite 
sides, AO =r and BD=r'^ are also conjugate with respect to h 
Let P, P\ Q, Q' be the poles of jp, f \ q, q' Then P lies on OP, 
P' hes on AB, Q lies on BO and Q' hes on AD Also, since A ^pq, 
the polar of A is PQ 

Consider now the ranges of conjugate pomts on AB, AD e 
p, q) These are projective by Art 52, and, smce A corresponds 



to the intersections of p, q with the polar of A, this polar is the cross- 
axis of the above ranges 

But further, B =pq' has PQ' for its polar, and D =2/q has P'Q 
for its polar Hence in the conjugate ranges on p, q P' corresponds 
to D and B to Q' Therefore BD, P'Q' meet on the cio&s axis, or 
P'Q', PQ, BD are concurrent But {P'Q', PQ) is the pole R of 
M) IS, of AO Hence the pole of AO lies on BD, and the 
lines r, r' are conjugate for I Similarly the pole R' of BD is a 
pomt of AO through which pass the Imes PQ', P'Q 
A quadrangle such as ABOD, which is such that any pair of 
opposite sides are conjugate for a conic h, is said to be a polar 
quadrangle for the come 
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Similarly (or by ^'(^l)»oc n oni if two pairs of opposite vertices 
of a complete quadrilateral are conjugate pomts, so is tie third 
pair and the quadrilateral is said to be a polar quadrilateral for 
the come 

A polar quadrangle can clearly be constructed with three of its 
vertices A, B, C arbitrarily chosen For, draw through A a hne 
conjugate to BC, and through C a hne conjugate to BA If these 
hues meet the fourth \ ertex of a polar < ^ ‘ ‘ 

Similarly any three sides of a polar quadrilateral can be arbitrarily 
selected, and the fourth side is then determinate 
Any seK-polar triangle ABC forms with an arbitrary fourth pomt 
D of the plane a polar quadrangle For smee A is the pole of 
BO, AD, which passes through A, is conjugate to BG , similarly 
CD IS conjugate to BA and BD is conjugate to AC 
In like manner a self-polar triangle ale forms with an arbitrary 
hne d of the plane a polar quadrilateral 

It should be carefully noted that, m general, two \ ertices of a 
polar <iuadrangk are not conjugate pomts for the come 
If, however, two of them, say A and B, are conjugate pomts 
then the polar of A, namely PQ (Fig 75) passes through B Hence 
either Q oi R comcides with B Clearly Q, R cannot comcide with 
one another smee q, r are different hues If R comcides with B, 
QR comcides with BC, and P with G Thus A is the pole of BG 
and G the pole of AB and the triangle ABC is self-polar If Q 
comcides with B, QR comcides with BD and P with D A is 
the pole of BD, D is the pole of AB, and the triangle IBD is 
self-polar 

Hence, m such a case, three of the vertices necessarily form a 
self-polar triangle 

Similarly, if two sides of a polar quadrilateral are conjugate 
lines, they form with one or other of the two tliti lining sides a 
self-polar triangle 

It should be noted that, if three of the vertices A, B, C of a 
polar qi nb ingh form a self-polar triangle, the fourth \ ertex D 
cannot be conjugate to any one of the three other % ertices For if 
it were conjugate, say to -^1, it must he on BC and ABCD would no 
longer be a proper quadrangle 

A similar conclusion holds for the polai quadriliteril foimtd 
by three sides of a self-polar trungle and in\ fouith liiu not 
passing thiough a \erttx of the triangk 

We shall refer to a polar quadiuigk three of wlio^t \titiLe^ 
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form a self-polar triangle, as a degenerate polar quadrangle, and 
faumlarly to a polar quadrilateral, tkree of whose sides form a 
self-polar triangle, as a degenerate polar quadrilateral 

Examples 

1 If a coiuc has A, C for a pair of conjugate points, and B, D for another 
pair, where AC, BD are the diagonals of a rectangle, prove that the axes of the 
conic aie parallel to the sides of the rectangle 

2 Prove directly that, if two pairs of opposite vertices of a quadrilateral 
are conjugate pairs for a conic Jc, then the third pair are also conjugate for 7 

230 Polar quadrangles inscribed in a conic Let now ABGD, 
ABC^U be two polar quadrangles for a come k, having two 
vertices A, B common By the property of the polar quadrangle 
{AG, BD) {AD, BG) {AC', BD') {AD', BC') are conjugate pairs 
Hence (Art 52) 

A{GDG'D')'kB{DCD'C') 

aB{CDC'D') by Art 21 

Therefore G, D, C', D' are mtersections of corresponding rays 
of two projective pencils of four rays through A and B, that is, 
they he on a conic passing through A and B 

The above theorem fails li A, B are conjugate pomts for k, for 
then {see Art 52) the conjugate relation does not define projective 
pencils through A and B 

In this case we know by Art 229 that a third vertex of each 
quadrangle forms with A and B a self-polar triangle for k If we 
call this vertex C, then C' =0 and D, D' are any arbitrary points of 
the plane The two quadi ingks have then three vertices common 

In this case it is still true that both quadrangles are inscribed 
m a come, for there are only five vertices, and a come can always 
be drawn through five pomts 

Let now s be any conic circumscribmg a quadrangle ABCD 
polar for h It is clear from Art 229 that it is always possible to 
find two vertices of such a quadrangle which are non-conjugate 
vith regard to k, even when the quadrangle is degenerate Let 
C and D be tvo such non-conjugate vertices Take any given 
pomt A' on s, and complete the quadrangle A' BiGD, self-polar for k 
Then Bi must lie upon s Also both C and D cannot be conjugate 
to A', for otherwise the quadrangle would be degenerate, with A' CD 
as a self-polar triangle, so that C and D would be conjugate for k, 
vhich by hvpothebis is not the case Let C be non-conjugate to A' 
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If we now take a second given point B' on s, and complete the 
quadrangle A'B'CDi, polar for h, then Di is a point of $ 

If now A' is not conjugate to B\ let C' be any third given pomt , 
complete the (n c .i A'B'G'D' -polsir iox I Then Z)' is a pomt 
of s, so that a quadrangle A'B'0'D\ polar for I, has been inscnbed 
m s, with three arbitrary pomts A\ B', C\ as vertices 
If, however, ,4' is • (‘m » a ^ to B\ then the quadrilateral A'B'CDi 
IS degenerate, and one of C, Di is the pole of A'B' Since G is not 
conjugate to A\ Di must be the pole of A'B\ and A'B'Di is a self- 
polar triangle for I, inscribed m s 

If now the third given pomt G' is not the pole Dj of A'B\ then 
A'B'G'Bi is a degenerate polar quuli rngle for h inscribed m s, 
with the three given pomts A'B'G' as vertices In this case the 
fourth vertex Dj is determinate, and only one qii idr n gl( satisfies 
the conditions 

But if C' IS itself the pole Di of A^B\ then A'B'CG' is the quad- 
rangle required It may however, m this case, be replaced by any 
other degenerate polar quadrangle A'B'G'D', where D' is any pomt 
of s, other than A\ B\ or G' The solution therefore m\ olves an 
arbitrary element 

It follows, takmg all cases together, that if a conic s circumscribe 
any quadrangle polar for Z, it circumscribes an mfimty of quadrangles 
polar for k, m any of which three vertices can be arbitrarily selected 


ons 

Suppose now we take for B\ G' the two pomts where the polar 
of A' meets s Then two vertices (A', B' or A', C') of the polar 
quadrangle are conjugate The qi < dr ingk is therefore degenerate, 
and clearly A'B'G' forms a self-polar triangle The come s therefore 
circumscribes a triangle seM-polar for A and therefore is outpohr 
to h 

Conversely, if s is outpolar to A, we can find a triangle ABC 


self-polar for k and mscribed m s This triangle forms with an\ 
fouith vertex L Ivmg on s a polar n <rl for / mscribed m s, 

so that if any three pomts A', B\ G' are arbitririh taken on s, 
not being \ertices of a self-polar triangle for A, the fourth ^erte\ 
D' of the polar quadrangle A'B'G'D' lies on s 

Similarly it can be pro\ ed (1) that tvo polar quadrilateral for 
A, having tvo non conjugate sides common, touch i conic f mpolaii 
to A , (2) that etii} three tangents a, 5, c to / being gi\ tn nut fuimiri 
a triangle sell polar lor A, the luurth bide d ot tin qu idiilateial abfM 
polar lor A, touches t m 
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231 Relations between triangularly inscribed, outpolar and 
inpolar conics Let Si, S2 be two conics sucb that ^2 is triangularly 

inscribed in Si Let ABC, A'B'G' be two of the triangles inscribed 
m $1 and circumscribed to S2 ^ conic k exists with 

regard to which ABC and A'B'C' are both self-polar Hence Si is 
outpolar to I and ^2 is mpolar to h 
If now PQR be any other triangle which has any two of the 
following properties (1) it is mscribed m , (2) it is circumscribed 
to ^2 , (3) it IS self-polar for k, then it possesses also the third 
property 

Take first the case where PQR is self-polar for k and mscribed 
m Si 

Apply a transformation by reciprocal polars with k as base come 
Smee ABC, A'B'C' are self-polar for k, they transform mto them- 
selves Therefore the come Si through their six vertices transforms 
mto the come touchmg their six sides, that is, mto §2 Further, 
PQR bemg also self-polar for k, transforms mto itself, and the 
vertices P, Q, R lymg on Si transform into the opposite sides 
touchmg the reciprocal come $2 Thus PQR is circumscribed to $2 
A similar argument shows that if PQR is self-polar for k and 
circumscribed to ^2, it is mscribed m Sy 
Agam, let PQR be mscribed in Si and circumscribed to §2 
Construct the self-polar triangle for k which is inscribed m Si 
and has P as its vertex (Art 227) Let it be PQ'R By the 
previous results PQ'R' is circumscribed to ^2 Hence PQ\ PR' 
are the tangents from P to ^2, and so are identical with PQ, PR 
Thus Q^Q\ R=R' and PQR is self-polar for k 
An important result m this connection is that the common self- 
polar triangle ZYZ of Si, ^2 is also self-polar for k For, taking 
reciprocal polars with respect to k, as before, XYZ reciprocates mto a 
triangle self-polar with respect to S2, Si, that is, mto itself It is 
therefore self-polar for k Hence XYZ and any triangle ABC 
mscribed m Si and circumscribed to §2 ^^e both self-polar for k, 
so that the vertices X, Y, Z, A, B, C lie on a conic 
If m the above the conics Si, S2 are coaxial, their common self- 
polar triangle is formed by the common axes and the line at 
mfimty If then ABC is a triangle inscribed m Si and circumscribed 
to $2 a come can be drawn through A, B, C passing through the 
centre of and having its asymptotes parallel to the axes But 
this is a h3^erbola of Apollonius for Si Hence if such a triangle 
exists the three normals to at its vertices A, C are concurrent 
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232 Comes outpolar (or inpolar) to the same come If 

two conics Si, S 2 are outpolar to the same come L then their four 
pomts of mtersection form a * „ polar for I For let 

A, jB, 0, D be these four pomts Consider the quadrangle polar for 
Ic havmg A, 5, C for three vertices In general its fourth vertex Di 
IS umquely determmed, and it must lie on both Si and ^ 2 , so that it is 
identical with D If, however, ABC is itself a triangle self-polar 
for Di IS arbitrary, but if we take it at 2>, we still have a quadrangle 
polar for I The result therefore holds m all cases 
It follows that, m general, comes through three gi\en pomts 
A, B, C, which are outpolar for 1, form a pencil of comes through 
the four pomts A, jB, C, D, where D is the fourth vertex of the 
quadrangle ABCD polar for h We have an exception when ABC 
IS a triangle self-polar for A, when every come c irc iiiU'-c nbing ABC 
IS outpolar to Jc 

In a similar manner, the four common tangents to two comes 
mpolar to h form a quadrilateral polar for L and comes touchmg 
three given Imes and mpolar to a given come form, m general, a 
range of comes mscribed m the quadrilateral polar for I, of which 
the three given Imes are sides 

It follows from the above that through four given pomts A, J5, 
0, E of the plane, one come s can, m general, be described, outpolar 
to a given come h For complete the quadrangle ABCD polar for 
h Then the come through A, B, C, D, E satisfies the conditions, 
and, in general, is the only come which does so 

In like manner there exists, m general, one come through three 
given pomts A, B, C which is outpolar to two gi\en comes li, 1 2 
For, complete the quadrangles ABCDi, ABCD 2 polar for li, L 2 
respectively The come through A, B, C, Di, D 2 is, m general, the 
only one satisfying the conditions 
In like manner, one come mpolar to I can m general be drawn 
to touch four gi\en Imes, and one come mpolar to to touch 

three given lines 

233 Faure and Gaskin’s Theorem If we take two circles 
outpolar to a conic s their mtersectioub form a quadrangle self- 
polar for s Hence their radical axis is conjugate vith regirJ to ^ 
to the opposite side of this quadrangle, niinelv the line at iniinit^ 
This radical axis therefore passes through the centie of s The 
tangents from the centre of s to all circleb outpohr to ^ ire thtu 
equal, that is, a circle concentric vith 6 ciitb orthogonalh t\ tr\ circle 
outpolar to s This circle is therefore the locu^ ot the point circles 
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outpolar to s But a point circle is simply two circular lines, and a 
Ime-pair outpolar to $ reduces to a pair of conjugate lines for s 
Hence the above locus is the locus of pomts the circular Imes through 
which are conjugate for s, that is, the orthoptic circle of $ by Art 144 
Hence every circle outpolar to a conic cuts orthogonally the 
orthoptic circle of the conic 

Examples 

1 Prove the converse of Faure and Gaskm’s Theorem, namely that any 
circle which cuts orthogonally the orthoptic circle of a conic is outpolar for 
the come 

2 If a circle cut harmomcaHy the sides of a triangle circumscribed to a 
come, it cuts orthogonally the orthoptic circle of the come 

[For the circle is outpolar to the come ] 

3 Show that the orthoptic circles of the comes of a pencil are orthogonal 
to a fixed circle 

[For the circle circumscribmg the common self polar triangle of the pencil 
IS outpolai to every conic of the pencil ] 

234 Nets and webs of conics The set of comes outpolar to 
one, two, three or four conics will be said to form a net of the 
fourth, third, second or first grade respectively, and the set of 
comes mpolar to one, two, three or four comes will be said to form 
a web of the fourth, thud, second or first grade respectively 

We hai^e already seen (Art 232) that a come outpolar to a given 
come can be made m general to pass through four given pomts in 
one way only The condition that a conic is outpolar to a given 
come must therefore be equivalent to a linear relation between the 
coefficients in the equation of the conic, a conclusion which is con- 
firmed by the result already proved in Art 232 that a conic outpolar 
to two comes IS free to pass through three given points 

Hence a conic belonging to a net of the first grade has already 
to satisfy four Imear relations between its coeflficients One such 
come can then be made to pass through any point of the plane 
But the mtersections of two such conics form a quadrangle polar 
with regard to each of the four comes determining the net The 
come through any pomt P and the vertices of this quadrangle is 
a come of the net , and it is the only conic of the net through P 
The net therefore reduces in this case to a pencil of conics Similarly 
the web of the first grade reduces to a range 

A come belonging to a net of the second grade may in general 
be made to pass through two given pomts of the plane, and one 
belonging to a web of the second grade to touch two given lines 
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of the plane The corresponding results for the nets and webs 
of the third and fourth grades have already been obtained 

235 Similar comes Two coplanar conics are said to be similar 
and similarly situated if they correspond in a plane perspective 
of which the axis is at mfimty It follows that the pomts at 
infinity of two such comes comcide, or their asymptotes are 
parallel 

Conversely if two comes Si, have their asymptotes parallel 
they are s imil ar and similarly situated For let be their 

two common pomts at mfimty, t one of their common tangents 
touchmg Si at Pi, ^2 at Through Pi, P^ draw any two parallel 
hnes meetmg Si, agam at Qi, respectively, and let Qi, 

meet t at 0 With 0 as pole of perspective, the Ime at mfimty 
as axis of perspective and Pi, P 2 as a pan of correspondmg pomts, 
construct the come ^ 2 ^ m plane perspective with Sj Then ^2 
have m common the pomts P 2 ^te tangent at Po 

They are therefore identical, that is, ^i, §2 are sumlar and similarly 
situated 

Any two comes may be projected mto similar comes by projectmg 
one of their common chords to infinity Projectmg back we see 
that any two comes correspond m a plane perspective m which 
any one of their common chords is taken as axis of perspectn e {cf 
Exs IIl4, 11) 


EXAIVIPLES XIIIa 

1 Show that the cross ratio of the flat pencil formed by the polarb of a 
point TJ with regard to four comes of a pencil ib mdependent of the position 
of 27 m the plane 

2 Show that the cross ratio of the range formed by the poles of a Ime ?/ 
with regard to four comes of a range is independent of the position of u m the 
plane 

3 Prove that the harmomc conjugates of a variable pomt with legard to 
four given pairs of pomts m involution have a constant cross ratio 

4 Prove that if P, Q are the pomts of contact of a vanable comt of a range 
with two sides of the base quadrilateral PQ passes through a lived point 

5 Prove that the conics for which two given pointb 4 B are the 

two given lines a, h respective!} , form a pencil of comca haMng double 
contact 

6 Prove that the pioduct of a pencil of comcb and a honiographic flat 
pencil is a cubic cuive and show how to find the tangents to the curve at the 
vertices of the base quadrangle of the pencil of conicb and at the ^ ertev ot the 
flat pencil 
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Show that a cubic of this type can m general be made to pass through eight 
given pomts of the plane 

7 Show that the locus of pomts of contact of the tangents drawn from an 
arbitrary fixed pomt P to the comes passmg through four given points 
A, B, Gy D passes through P, A, B, G, D, through the vertices P, P, G of the 
diagonal tnangle of ABGD and through the mtersections of PP, PP, PQ 
with FG, GEy EF respectively Show further that this locus is a cubic 
curve 

8 Two confocal comes s and s' are such that there is a tnangle ABO 
insenbed m s and circumscnbed about s' , show that the normals to s at 
Ay By G are concurrent, and that the normals to s' at its points of contact 
with the sides of ABG are concurrent 

9 0 is a fixed point in the plane of a central come L prove that the 
envelope of the polars of 0 with respect to conics confocal with A; is a parabola 
fy whose directrix is the Ime joining 0 to the centre of h 

Prove also that if ;Sf is the focus of p, the relation between the pomts 0, /Sf 
IS mutual 

10 Show that m a range of comes two are rectangular hyperbolas and that 
their orthoptic circles are the point circles of the system of coaxal orthoptic 
circles of the range 

11 The locus of centres of rectangular hyperbolas circumscribing a tnangle 
IS the nme pomts circle of the tnangle 

12 Reciprocate the theorems of Art 219 with respect to (i) one of the 
vertices of the base quadrangle, (u) any other point 

13 Sly 52 and 7 are three given comes Prove that the polar reciprocals 
of I with respect to the comes of the pencil, of which 5^, 53 are members, 
envelop a quartic curve havmg double pomts at the vertices of the common 
self polar tnangle of 5^, 53 

Show also that three of the above system of polar reciprocals degenerate 
mto Ime pairs, every Ime of which touches the same come 

[Prove that the envelope is the locus of pomts conjugate to points of I vith 
regard to the pencil ] 

14 Two conics have three pomt contact at G , CP and GQ are the 
diameters of the two comes through C Prove that PQ passes through the 
mtersection of the tangent at G and the other common tangent 

15 Prove that, if two comes have four pomt contact at 0 and Q is the pole 
with regard to the second of the tangent at P to the first, 0, P, Q are collmear 

16 The comes of a pencil have three pomt contact at A with a circle c 
and pass through a pomt B Prove that their centre locus touches c at A, 
passes through the middle pomt C of ABy and touches the line through 0 
parallel to the tangent at A 

Prove also that the circle of curvature to the centre locus at A touches c 
externally at A, and that its radius is one half that of c Hence show how to 
construct the centre locus 

17 The normals at K, L, M, N to an ellipse whose centre is 0 each pass 
through the point H Prove that the locus ot the centres of all conics 
through Ky P, My N is & hyperbola passmg through 0 and having as the 
tangent at 0 the Ime perpendicular to OH 

18 Prove that from any pomt 0 m the plane of a parabola three normals 
can m general be drawn to the cuive 

What becomes m this case of the hvnerbola ot Anollomus for 0 ’ 
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19 If a point 0 describes a normal to a come the feet IT, A, iT of the 
three other normals drawn from 0 to the come form a tnangle circumscnbmg 
a parabola touching the axes 

[If T (Fig 72) describe LT, the ranges lU] [F], and [P'], [Q'] are similar 

NK envelops a parabola ] 

20 A hyperbola touches a come I at P, passes through the centre C of I 
and has its asymptotes parallel to the axes of I Show that it meets the 
normal at P at the centre of curvature of I, at P 

21 Prove that the eleven Ime come of a pomt P with respect to a system 
of confocal comes whose foci are H is & parabola touching the common 
axes, the bisectors of the angle SFH, and the perpendiculars through JS, H 
to 8P, HP respectively 

22 Through a fixed pomt 0 a come s is drawn havmg double contact 
with a given come L Show that the common chord of 5, / meets the tangent 
at 0 to 5 on a fixed straight Ime 

23 are two triangles inscribed m the same conic Comes 

5i, ^2 are described about AJB^G^ respectivel;y , havmg double eon 

tact with one another Show that their common chord of contact touches 
the come for which A 1 B 2 C 1 , A^B^G^ are self polar 

24 Show that circles passmg through a given pomt which are outpolar to a 
given come, pass through a second fixed pomt 

25 The tangents to a come 1 at P and Q meet at D Comes 2 ;, q pass 
through D and touch PQ at P, Q respectively If A, P C are the remainmg 
intersections of p, q, prove that ABGD is a polar quadrangle for 7 

[Show that p, q are outpolar for Ic ] 

26 If triangles exist which are msenbed m a circle c and circumscnbed 
to a circle c' it is necessary and sufficient that the rectangle contamed by seg 
ments of chords of c through the centre of c' should be numencally equal to 
twice the product of the radu 

27 Show how, by a real projection, to project two comes which mtersect 
m only two real points mto two similar and similarly situated elhpses 

28 From a given pomt A a variable chord 4PQ is drawn to a given come s 
Through P, Q and another given pomt B a come is drawn similar and similarly 
situated to s Prove that this come passes through a certam fixed pomt 
other than B 

[Project the pomts at infimty on s mto the circular pomts ] 

29 If two coaxial comes be such that a triangle exists which is circum 
scribed to one come and msenbed m the other prove that the axes and the 
sides of the triangle touch a parabola 

30 If P be the pole of a fixed hue I with respect to a variable come of a 

pencil, and t the tangent at P to the conic of the pencil w hich passes through P 
piove that the envelope of the Imcs f is a cui\c of the third which 

touches the six common chords of the conics of the pencil 

31 Prove that 111 general the lines which meet three gnen cophnai 
conics in three pairs of points m imolution form an envelope of the third 
class touching each of the eighteen Imes which are common chords, of two 
of the conics 

How IS tins result modified when the three conics ha\e one 01 more points 
in common ? 

32 If ABC be a triangle circumscribed to a come s P P tht points of 
contact with s of the sides a, b, c of 4 PC then if QB RP PQ mett u b, c 
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at L, 31, N respectively, L, M, iV' he on a straight line u , and AP, BQ, GB 
meet at a pomt U 

Show that if, as 5 IS varied, w passes through a fixed pomt, then U describes 
a conic and that m this case the comes s touch a fourth fixed Ime 

33 Kfi IS the harmomc envelope of two comes ^2, and s' is the reciprocal 
polar of s with respect to prove that s' passes through the four intersections 
of 52 and either has no other mtersection with 52, or entirely comcides 
with it 

What IS the relation between Si, 53 m the latter case ? 

State the theorem obtamed by reciprocatmg the above 

EXAMPLES XIIlB 

[The axes of co ordmates are rectangular ] 

1 Construct five pomts on the locus of pomts conjugate to the pomts of 
y=0 with regard to the comes through (0, 0), (0, 2), (4, 1), (5, 3) 

Emd also both asymptotes of this locus m position 

2 ABC is a tnangle with BC=*1 mches, OA=6 mches, AjB= 4 mches, 
jD IS an mtemal pomt oi AG such that AD =2 mches and D is an mtemal 
pomt of AB such that AB= 3 mches , F and G are the pomts of tnsection 
of BE Obtain enough pomts or tangents to determme umquely each of the 
comes passmg through F and G and touchmg BG, GA and AB 

3 Construct the come of which the pomts (±1, 0) are the foci and for 
which the Imes 2/—I, a;+y=3 are conjugate 

4 The comes of a pencil have three pomt contact with the circle 

x^-Qx-\-y^=0 

at the ongm, and pass through the pomt P (2, 4) Construct (1) the centre 
of the come of the pencil which touches the parallel through P to the axis of 
y, (u) the intersections of this come with the Ime y=2 

5 The comes of a pencil have four pomt contact with the eUipse 


at the pomt P > 1^ on il' Construct (1) the pomt of contact Q of the 

come of the pencil touchmg the axis of x, (u) the centre of this come, (111) one 
pomt on this come, other than P or Q 

6 A parabola has its axis paiallel to 2/=0 passes through the origin and 
touches the hue 2y--a.= 3 at the pomt P(l, 2) Doteiimno the directions of 
the as\ mptotes of the rectangular hyperbola w hich has four point contact 
with the parabola at P 

7 Construct the circle outpolar to the hyperbola 

ct -2y2=4 

and passmg through the pomts (1, 4), (3 0) 

Find the other pomts of contact with the hyperbola of the tnangle, self 
polar for the circle, of which one side is the tangent to the hyperbola at 

(2V2, V2) 

8 A conic is outpolar to the circle 

x^-\-y^=:^ 

and passes thiough the pomts (4, 1) (0 5), (2, 2) and (6, 3) 

Construct (1) a fifth point on it, (u) the tangents at this pomt and at the 
four given pomts, (111) the centre 



CHAPTER XIV 

THE CONE AND SPHERE 


236 The geometry of the star The lines and planes through 
a point 0 form a set of elements, which we shall term a star 
(cf Arts 1, 134, 135), foUowmg the modern practice, though the 
name sheaf is still often used The hnes and planes of the star 
meet any plane not passmg through 0 m the pomts and hnes of 
the plane respectively To every geometrical theorem concerning 
pomts and hnes of the plane there is a correspondmg theorem 
concernmg hnes and planes of the star 
A range of the first order m the plane corresponds to a flat 
pencil m the star , a flat pencil m the plane corresponds to an 
axial pencil in the star, of which the axis is the hne jo inin g the 
vertex of the star to the vertex of the flat pencil 
We note further that, if a pomt of the plane hes on a hne of 
the plane, the correspondmg hne of the star hes m the corresponding 
plane of the star Thus properties of mcidence are preser\ ed when 
we pass from the plane to the star 

Smee flat and axial pencils of the star are mcident respectn ely 
with ranges and flat pencils of the plane, and mcident forms are 
equi-anharmonic, it follows that properties m\olvmg cross-ratio 
are preserved when we pass from the plane to the star 
Further the correspondence betT\een the Imes of the star and 
the pomts of the plane, as also between the planes of the stai and 
the hnes of the plane is one-one and algebraic m the sense explamed 
inArt 158 

To the points of a plane curve coirespond the gtneidtoifc) of a 
cone of vertex 0, standmg upon the curve as base To the tangents 
to this curve correspond tangent planes to the cone, their pomts of 
contact correspondmg to the generators of contact of the corre- 
spondmg tangent planes to the cone Thus properties of t mgenc} 
are preserved m the passage from the plane to the star 

It follows from the above that all projective properties of pluie 
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figures, that is, properties of incidence, tangency and cross-ratio, 
lead to corresponding properties of the star In what follows we 
shall enumerate the most important of these properties The 
proofs will m general he obvious from the above principles , where 
they are not so obvious, a few hmts will be given to enable the 
student to supply the demonstration for himself 

As, however, a star cannot be projected mto another star, as a 
plane figure can be projected mto another plane figure, it is hardly 
legitunate to use the term projective of star figures, and we shall 
therefore use the more general word homographic m this connection 

The figure m the star which corresponds to a triangle m the plane 
IS a trihedral angle, that is, a sohd angle with three plane faces 
meetmg at a pomt This we shall call a three-edge The plane 
faces correspond to the sides of a plane triangle , their mtersections 
are the three edges, which correspond to the vertices of the plane 
triangle The angles between the edges are the plane angles of 
the three-edge, and are analogous to the lengths of the sides m a 
plane triangle The dihedral angles between the plane faces are 
analogous to the angles of the plane triangle 

Correspondmg to a complete quadrangle m the plane we have a 
complete four-edge m the sheaf Such a four-edge has six faces 
and the meets of the pairs of opposite faces form its diagonal three- 
edge 

Similarly to the complete quadrilateral corresponds the complete 
four-face, with six edges and three diagonal planes, which form 
its diagonal three-edge The harmomc properties of the complete 
quadrangle and quadrilateral are transferred at once to the four- 
edge and four-face Thus two faces of the diagonal three-edge 
of a complete four-edge are harmomcally conjugate with regard 
to the two faces of the four-edge through their intersections , and 
two edges of the diagonal three-edge of a complete four-face are 
harmomcally conjugate with regard to the two edges of the four- 
face in then common plane 

The reader should note that flat pencils in the star, although they 
ha\ e a common vertex, are not in general coplanar and therefore 
are not cobasal (Art 24) Two such non-cobasal flat pencils are 
analogous, m the star, to two ranges on different straight lines in 
the plane 

We note also that the properties of two projective ranges or 
pencils, given m Chapter III, transfer at once to the star Thus 
if two homographic flat pencils with a common vertex, but m 
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different planes, have a self-corresponding ray, then corresponding 
rays lie in planes throngli a fixed axis, so that the two flat pencils 
are sections of the same axial pencil Agam if two homographic 
axial pencils whose axes mtersect at 0 have a seM-correspond- 
mg plane, correspondmg planes meet on a fixed plane through 
0 , so that the axial pencils are mcident with the same flat 
pencil 

Also any two homographic non-cohasal axial pencils [a], [a'] of 
the star have a cross-axiS through which passes the plane ]oimng 
the cross-meets aia2^ ai'a2 of any two correspondmg pairs of 
planes ai, (x,2 and ai', cc2 Similarly two homographic non-coplanar 
flat pencils of the star have a cross-plane, on which the planes 
aia2\ 0^1 o>2 meet, where ai, a2 and ai\ are any two correspondmg 
pairs of rays of the flat pencils 

237 Star perspective Homographic and reciprocal star- 
fields If we consider two coplanar fields m plane perspective, 
and form the correspondmg star of vertex 0 , we obtain two star- 
fields homographically related m such a way that the plane through 
any two correspondmg hnes passes through a fixed Ime, and the 
meets of correspondmg planes he m a fixed plane We may 
describe such a relation as star perspective, the fixed Ime bemg 
the axis of star perspective and the fixed plane the plane of 
perspective 

As m Chapter I, a star perspective is defined if we are given 
the axis and plane of perspective and either a pair of correspondmg 
Imes, or a pair of correspondmg planes 

The property of Desargues’ perspective triangles is immediately 
applied to the star If abc, a'Vc' be two three-edges of the star, 
whose faces are a, jS, y , a', j 8 ', y' respectively, then, if aa' &&', 
cc' are concurrent through a line x, then aoc', jS^S', yy' are coplanar 
m a plane tt , and conversely 

We can also have the more general case where two star-fields 
are homographically related by a one-one algebraic relation, m 
which lines correspond to Imes and planes to planes Two such 
star-fields meet any plane m homographic plane-fields The 
correspondence is uniquely determmed when two correspondmg 
four-edges are given 

In a similar manner, reciprocal fields in the plane gi\e rise to 
reciprocal star-fields, havmg analogous properties The principle 
of duality also applies to the star, Imes and planes being now inter- 
changeable 
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Examples 

1 Prove that the homography between two star fields is entirely determined 
when two corresponding four edges are given 

If the star fields have the same vertex, show that they have, in general, 
one self correspondmg three edge and that this three edge, together with 
a pair of correspondmg points, determmes entirely the homography 

2 Prove that if two star fields are reciprocal, these are two cones which 
are the locus and the envelope, respectively, of incident correspondmg hnes 
and planes 

3 Prove that the transformation, m which any hne corresponds to the 
plane of the star perpendicular to the given hne, is a reciprocal transformation 
m the star, and show that it corresponds to a pomt reciprocation m the plane, 
the radius of reciprocation bemg a pure imaginary 

238 Representation of the star on a sphere If we describe 
a sphere of arbitrary radius, whose centre is the vertex of a star, 
every plane of the star determines a great circle on the sphere Also 
every line of the star determmes a pair of antipodal pomts on the 
sphere From many pomts of view it is desirable to associate two 
such antipodal pomts as one unit, and we shall refer to them as 
a dyad, which may be denoted by either of its pomts Two 
distmct great circles have only one dyad m common, and two 
distmct dyads deterrmne a smgle great circle Correspondmg to 
any figure of pomts and Imes m a plane there is a figure of Imes and 
planes m the star, givmg rise to a correspondmg figure of dyads 
and great circles on the sphere 

An axial pencil of planes of the star determmes a spherical 
pencil of great circles passmg through a dyad and a flat pencil 
of Imes of the star determmes a spherical range of dyads on a 
great circle The cross-ratio of four elements is determined from 
four arcs of a spherical range, or from foui angles of a spherical 
pencil, by a formula mvolvmg the sines of these arcs or angles, 
identical with that proved for flat pencils m Art 22 It is easily 
seen that the cross ratio of four dyads on a great ciicle is inde- 
pendent of which particular point of any one dyad is chose ii to fix; 
the aics m question Also all great ciicles meet a spheiieal pencil 
of four great circles m spherical ranges of the same cross-ratio 

We have thus a whole theory of projective (^ e homographie) 
and perspective forms of the first order on the sphere which corre- 
sponds to the theory already developed for the plane There 
are certam differences, for example, bearing in mind that two pomts 
of a spherical range correspond to one line of the defining flat 
pencil through the centre of the sphere we see that there are two 
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points (but only one dyad) of a spherical range determining a given 
cross-ratio with three given points of the range 
The reader will notice that dyads on a great circle form an 
mvolution on the circle, so that homographic spherical ranges are 
a particular case of homographic mvolutions « 

Also the principle of duahty will hold for figures on the sphere 
For since the angles between two great circles are equal to the 
arcs ]ommg then poles (measured by the angles subtended at the 
centre), if we make a great circle correspond to its pair of poles 
and conversely, we have spherical pencils corresponding to eqm- 
anharmonic spherical ranges and conversely 
In order to avoid confusion with pole and polar with respect 
to a come (which, as we shall see, has its analogue on the sphere) 
we shall speak of the poles of a great circle as its spherical poles ; 
the great circle will be spoken of as the equator of either of these 
pomts 

A three-edge of the star corresponds to a set of three dyads, 
forming a spherical triangle and its complements , the arcs which 
form the sides of the spherical triangle measure the plane angles 
of the three-edge, and the angles of the spherical triangle are the 
dihedral angles of the three-edge 
The four-edge and four-face lead to a spherical quadrangle of 
dyads and to a spherical quadrilateral respectively These have 
clearly the same harmonic property as the plane « and 

quadrilateral 

We thus have a luither correspondence between the star and the 
sphere, besides that between the star and the plane The corre- 
spondence between the star and the sphere is, however, more 
complete and mtimate, for ifc preserves the symmetry round the 
centre In fact, the difterence between the geometry of the star 
and that of the sphere is merely one of language It is, however, 
\ery convenient to use the sphere to represent pioperties of the 
star, because it enables us to use the same language as thit of 
plane geometry, the great circle replacmg the sti light line, and the 
analogies between the geometry of the star and that of the jilane 
are thus brought out m a striking manner 
It follows that, so far as 'purely protective properties are concerned, 
the spherical and the plane geometry must be entirely identical 
For example, the theorems of the cross-centre and cross axis, proved 
m Chapter 11 for projective ranges and pencils in the plane, apply 
equally to homographic great circle ranges ind pencils on the 



298 


PROJECTIVE OEOMETRY 


sphere, and so do the constructions for corresponding triads, and 
for harmonic pomts and hues 

It IS only when so-called metrical properties begin to come m, 
that IS, the magnitudes of hues and angles, that the analogy breaks 
down Thes^ properties, m the plane, mvariably depend on the 
mtroduction of a special hne and pomts, namely, the Ime at mfimty 
and the circular pomts at mfimty These have no direct analogues 
on the sphere , and it is for this reason that correspondmg metrical 
theorems m the two geometries are often so widely different 

We may note that the methods of plane perspective are im- 
mediately apphed to the sphere, for star perspective leads at once 
to a spherical perspective, m which the great circle jom of two 
correspondmg pomts passes through a fixed dyad (the pole of 
spherical perspective) and the mtersection of correspondmg 
great circles hes on a fixed great circle (the axis of spherical 
perspective) 

As m the plane, pomts on the axis, and great circles through 
the pole, are self-correspondmg There are, however, no great 
circles correspondmg to the vamshmg Imes, smce no great circle 
IS the analogue of the hne at mfimty 

If two figures m plane perspective are ]omed to a pomt 0 outside 
their plane by hnes and planes, and the whole cut by any sphere 
centre 0, we obtam two figures m spherical perspective on the 
sphere 

Similarly two homographic plane fields project from a pomt 0 
outside both their planes mto two homographic star-fields with a 
common vertex , from which we obtam, on the sphere centre 0, 

two homographic spherical fields 

Examples 

1 Three great circles of a sphere through V arc met by a transversal afc 
A, B, C respectively Prove that sm AB sin AG— sin VB sin A VB sin VG 
smAVC 

2 Prove that m two homographic fields on the sphere, the ratio 

sin BL sm G3I sm AN 
sm LC smMA sm NB* 

\\ here L M N are any points on the sides BG, GA 4.B of a siihcrical tiiangle, 
IS the same for coirespondmg figures m the two fields 

3 State and prove the theorems corresponding for the sphere to the 
theorems of Ceva and Menelaus for the plane 

239 The cone of the second order and the sphero-conic A 

cone of second order is defined as one which is cut m two points 
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only by any straiglit line u in space Joining u to the %ertes 0 
of the cone we see that the cone is cut by any plane through its 
vertex in two lines of the star through 0 Hence its intersection 
with, any plane is a curve of the second degree or conic 
Conversely to a conic in the plane corresponds a cone of the 
second order in the star 

The twin curve m which a cone of the second order meets a con- 
centric sphere is called a sphero-comc The properties of sphero- 
conics are merely a restatement m suitable language of the properties 
of the cone of second order The student will find it a useful 
exercise, as he proceeds, to tabulate, in parallel columns, corre- 
spondmg properties of the plane conic, the cone of the second order 
and the sphero-comc 

Now two coplanar comes 5, s' can always be derived one from 
the other by a plane perspective If the comes touch, this has been 
shown m Arts 41-43 If they do not touch, let two of their common 
tangents a, 6, whose pomts of contact with s, s' are A, A' and 
jB, JS' respectively, meet at 0, and let any other hne through 0 
meet s and s' at C and 0' respectively (each of these bemg arbitrarily 
selected from two mtersections) Then the triangles ABC, A'B'C' 
define a plane perspective, m which the conic s (AABBC) corre- 
sponds to the conic (A'A'B'B'C'), 2 e to s' 

Accordmgly any two cones of the second order with the same 
vertex can be brought into star perspective, that is, any cone of 
the second order can be derived in this way from a right circular 
cone 

In like manner, any two sphero-comes on the same sphere 
may be related by a spherical perspective, and any sphero-comc 
may be derived from the trace upon the sphere of 1 right circular 
cone whose vertex is at the centre of the sphere, that is, from a 
small circle of the sphere, such a small circle playing a part m the 
theory closely (though, for the reasons already explamed, not com- 
pletely) analogous to that played by the circle m the plane theory 
Since the line at infinity in the plane coirespondb to a plane 
of the star, and to a great circle of the sphere, y huh ha\ e no bpecnl 
significance, it follows that the two regions, into which the iiibide 
of a hyperbola is divided in the plane, cease to be separated in the 
star Thus, all the lines of the star, which belong to the inbide 
of the cone, form a single continuum, and the bound n\ oi the cone 
encloses it entirely But although the luies foim i continuum, 
the points (m virtue of the cential symmeti} ot a cone) fill into 
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two vertically opposite and symmetrical half-cones, connected at 
the vertex Thus all cones of the second order have the same 
topological characteristics 

Consequently there is only one t 3 rpe of sphero-conic, consistmg 
of two antipodally situated ovals, the mtersections of the sphere 
by the opposite halves of the cone The distmction between 
the three -^es of plane come, elhpse, parabola and hyperbola, 
is not reproduced on the sphere, smee there is no special great 
circle correspondmg to the hne at infinity 

24f0 Projective properties of the cone of second order We 

may enumerate a few of the purely projective properties of the 
cone of the second order, and of the sphero-comc, which follow 
immediately from those of the come 

In the case of the sphero-conic, no change of wording is even 
required, the theorems applying unchanged, with the one alteration 
that, where straight hne is used m the case of the conic, great 
circle should be read m the case of the sphero-conic and also that 
we remember that a pomt m the plane really corresponds to a 
dyad on the sphere 

For the cone of the second order we have the following 

Chasles’ Theorem gives if a be a fixed tangent plane to a 
cone of vertex 0, oj a fixed generator, tt a variable tangent plane, 
p its generator of contact, the flat pencil a[7r] is homographic with 
the axial pencil x[jo] 

We deduce, as m Chapter III, that a variable tangent plane tt 
cuts four fixed tangent planes in a flat pencil of constant cross-ratio , 
or takmg any tangent Ime t lying in tt, t cuts these four tangent 
planes m a range of constant cross-ratio 

Also a variable generator to the cone determines with four fixed 
generators an axial pencil of constant cross-ratio 

Conversely the product of two homographic axial pencils whose 
axes (Ti, mtersect at 0 is a cone of the second order veitex 0, 
havmg Xi, x^ for a pair of generators, and the envelope of the planes 
determined by the corresponding rays of two homographic flat 
pencils havmg a common vertex but not lying m the same plane 
is again such a cone 

If the two homographic axial pencils have a self-corresponding 
plane, their axes intersect m this plane The flat pencils in which 
they mtersect any plane are perspective and the product of the 
two homographic axial pencils is a plane, together with the self- 
corresponding plane 
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PascaFs Theorem gives if a six-edged solid angle be inscribed 
m a cone of second order, the bnes of mtersection of opposite faces 
are coplanar 

Brianchon’s Theorem gives if a six-faced sohd angle be cir- 
cumscribed to a cone of the second order, the planes ]ommg opp<^ite 
edges pass through a hne By taking arbitrary points on the six 
edges of this sohd angle and joinmg them we obtam the somewhat 
difierent enunciation if a skew hexagon be circumscribed to a 
cone of the second order, the three diagonals joining opposite 
vertices mtersect a hne through the vertex of the cone 

241 Pole and polar properties of the cone of second order 

To any hne p through the vertex of a cone of second order corre- 
sponds a plane tt through the vertex which is called the diametral 
plane of the cone conjugate to the diameter p This is obtamed 
by jommg to the vertex of the cone the polar of the pomt m which 
p cuts any plane a with regard to the section of the cone by a 
Also since cross-ratio is unaltered by projection, if P be any pomt 
of p and a hne through P meet the cone at Q, R and tt at P' then 
P, P' are harmonically conjugate to Q,R tt is therefore 

also called the polar plane of P, and conversely P is a pole of tt 
We see that any plane through the vertex has an mfimte number of 
poles, which all lie on its conjugate diameter 
If P' hes on the polar plane of P, conversely the polar plane of 
P' passes through P 

Such planes are called conjugate diametral planes They meet 
any plane in two lines which are conjugate with regard to the 
section of the cone by that plane From the property that two 
such conjugate lines are harmonically conjugate vath regard to 
the two tangents from their intersection, we see that two conjugate 
diametral planes for the cone are harmonically conjugate with 
regard to the two tangent planes through their mtersection 

Similarly conjugate diameters of the cone are harmomcallv con- 
jugate with regard to the two generators of the cone m their plane 
The polar plane of the vertex is indeterminate com erbelv e^ erv 
plane not passing through the vertex has the ^ ertex for pole 
To a triangle self-polar with regard to any plane section of a 
cone of second order corresponds a trihedral angle or three-edge 
self-polar with regard to the cone, the edges of which pass through 
the vertices of the triangle These edges form a set of three 
diameters conjugate pair and pair, and such thit each is conjugate 
to the opposite face of the three-edge 
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Chords parallel to any diameter of the cone e any Ime through 
the vertex) are bisected by the conjugate diametral plane This 
plane also contams the generators of contact of the two tangent 
planes to the cone through the diameter m question 
A diameter of the cone passes through the centres of the sections 
of the cone by planes parallel to its conjugate diametral plane 
For let V, v, w he si. self-polar three-edge, it will meet a plane 
parallel to vw in the vertices U, Tf of a self-polar triangle 
for the section V is thus the pole with regard to this section of 

yco ffrco^ of thc Imc at infinity in the plane of the section 

U is therefore the centre of the section 
Usmg the representation on a sphere, previously explamed 
(Art 238), it follows that all the usual pole and polar properties 
of the come hold also for the sphero-comc, the Ime jommg the 
centre of the sphere to a pomt P bemg t » for the cone 

correspondmg to the sphero-comc, to the diametral plane through 
the polar great circle of P with respect to the sphero-conic The 
property of diameters bisectmg conjugate chords, and also of the 
tangent at P bemg parallel to the diameter conjugate to that through 
P depend on the Ime at infimty and are not transferable to the 
sphere, where, mdeed, there are no analogues to parallel Imes 
The generators of a cone of the second order form a conical 
pencil of the second order, and four rays of this pencil have a 
cross-ratio defined by the cross-ratio of the axial pencil formed 
by the planes through the rays and any given generator of 
the cone 

Such comcal pencils have properties corresponding strictly to 
those of ranges of the second order on the conic In particular, 
two such homographio pencils on the same cone have a cross- 
plane, which meets the cone m the self-corresponding rays of the 
pencils 

The mvolution properties, so far as they do not involve the special 
elements, are also transferable to the star Thus, an involution 
of rays on a cone of the second order has an axis of involution, 
through which passes the plane containing any pair of mates, md 
an mvolution plane, containing meets of planes (jjq, j/q') or (pq', p'q), 
where y, , q, q\ are any two pairs of mates 
Similarly the set of planes tangent to a cone of the second older 
have properties i < ’ '•to those of the pencil of second order 
in the plane We may apply, to such a set of tangent planes, 
the name of wrap of the second order 
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It would be tedious to multiply such examples , once the general 
prmciple has been grasped, no difficulty will be found m transferring 
to the star any property which does not depend upon the special 
elements 

Examples 

1 a, 1) are two fixed lines of a star, I is a variable line of tbe star sucb that 
the planes al, hi meet a fixed plane of the star in lines p, q, which make a 
constant angle with one another Show that I describes a cone of the second 
order 

2 Find the envelope of a plane of a star which moves so that its traces 
on two fixed planes of the star subtend a fixed dihedral angle at a fixed hne 
of the star 

3 Prove the analogue of Carnot’s Theorem for the sphere, namely that, 
if the sides of a spherical tnangle ABC meet a sphero come at non anti* 
podal pomts P, P' , Qy Q' , P, P', then 

sm BP sm BP' sm CQ sm G Q' sm-dPsmi4P^ 
sm CP sm CP' sm AQ sm-4§' sm PPsmPP'~^ 

4 Investigate an analogue on the sphere and m the star of Newton’s 
Theorem on parallel chords of a come 

242 Outpolar and mpolar cones If a cone ki of the second 
order be circumscribed about a three-edge self-polar for another 
such cone ac, it contams an infinity of such three-edges, and is said 
to be outpolar to k Similarly if a cone k2 be inscribed in a three- 
edge self-polar for k, it is inscribed m an infinity of such three-edges 
and IS said to be mpolar to k 

If Ki IS outpolar to k, then k is mpolar to ki 

If we take two three-edges self-polar for a cone k, there exist 
a cone ki, circumscribed about both three-edges, and therefore 
outpolar to k, and a cone /<£, msenbed m both three-edges and 
therefore mpolar to k ki is then trihedrally circumscribed to 
/C2, and any number of three-edges can be described, each of which 
IS inscribed in ki and circumscribed about k2 

Conversely, if ki is trihedrally circumscribed to K2f then a cone 
K exists which is mpolar to /cj and outpolar to k2 

In a precisely similar manner we have sphero-comes outpolar, 
mpolar and tri ingiil iily ciicumscribed to other sphero comes 

243 The circle at infinity and the spherical cone We now 

proceed to considir special curves and surfaces, which play m 
three-dimension il space a part similar to that played by the circular 
pomts and lines m the plane, and which will enable us to obtam 
metrical results in the geometry of the star and sphere We ha^e 
alreadv mentioned e'Arf fbA nf mfim-f-v wbipb TUP TTill 
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denote by Tins plane cuts any sphere cr in an imaginary 
circle, which it will be convement to denote by O 
Now consider any plane tt This meets cr m a circle c, which 
contains the circular pomts at infimty of w, and 1^ 
and therefore he on a and on that is, they he on O , O is 
therefore the locus of the circular pomts at infimty m all planes 
Conversely, if are any two pomts of O, a plane tt through 

J0OJC3O xneets o* m a circle c and are the circular pomts in 

that plane, it follows, mcidentally, that parallel planes have 
the same circular pomts at infimty 
It now appears that the circle O is a locus mdependent of the 
choice of the sphere a, so that it is the common mtersection of all 
spheres with the plane at infimty 

But, m any plane, every circle can be obtamed as the mtersection 
of the plane with some sphere, applying this to the plane at 
infimty, we see that O is the only circle m this plane It is there- 
fore known as the circle at infinity 
If we ]om any pomt 0 to the pomts of the circle at infimty, we 
obtam a cone, which is termed the spherical cone through 0 
Every plane w meets a spherical cone in a circle For take the 
hne at mfimty of tt It meets the cone on the circle at infimty 
The two circular pomts at infimty of tt are therefore on the section 
hence the latter must be a circle 

Such a cone, bemg a surface of the second order passmg through 
the circle at in finity, is to be also considered as a sphere It is, 
m fact, a point-sphere and is the hmitmg case of a sphere of 
vamshmgly small radius — ^precisely as a pair of circular Imes form 
a pomt-circle Hence the name spherical cone 
Smce the two circular pomts at mfimty m any plane are con- 
jugate imagmary, it follows that the conjugate imaginary pomt 
to any pomt of O is itself a pomt of O, so that O is its own 
conjugate imagmary locus 

The reader may ask why this does not make it a real circle, 
m the same way that a straight hne which is its own conjugate 
imagmary can be shown to be always real The answer is that 
the circle at infimty is indeed determined by two real equations, 
namely that of any sphere and that of the plane at infinity 
But the locus determmed by such real equations need not itself 
be real, unless the equations are both linear, which is the case for 
the straight line 

Similarly the spherical cone with a real vertex is its own con- 



THE CONE AND SPHERE 


305 


]ugate imaginary Here there is only one equation, which is real, 
hemg of the form but which has no real non-zero 

solutions 

244 Rectangular directions are conjugate for the circle at 
infinity Let be two pomts at infimty corresponding 

to perpendicular directions Let tt be any plane through 
meetmg the circle at infinity at Then are circular 

pomts of 77 Also, if P be any pomt of tt at a finite distance, 
PXJ^, PV^ are perpendicular, and therefore harmomcally con- 
jugate with respect to P2°°, PJ^ Hence Z7^, are harmomcally 
conjugate with respect to the pomts at which the Ime at 

infinity of 77, that is meets O Hence are 

conjugate pomts for O 

Conversely, if XJ^, are conjugate pomts for O, ht L^’V^ 
meet O at I^, then {XJ^1^Y^J^}=^ -1 If 77 be any plane 
through Z7^, then and are circular pomts of 77 and, 
P havmg the same meanmg as before, PD"^, PY^ are harmomcally 
conjugate with respect to the circular hues through P, and there- 
fore perpendicular Thus 7°^ correspond to rectangular 
directions 

Transferrmg the above results from the plane at infimty to 
the star of vertex 0, we see that any two rectangular hues through 
0 are conjugate for the spherical cone through 0, and, conversely, 
that any two Imes through 0 conjugate for this spherical cone are 

It follows that any self-polar three-edge for the spherical 
cone IS trirectangular, which mvolves that its three faces are 
mutually perpendicular 

Smee any two conjugate diametral planes can alvavs be taken 
to form two faces of a self-polar three-edge, it follo'^s that any 
two conjugate diametral planes of the spherical cone are perpen- 
dicular 

Transferrmg back the last property from the star to the plane 
at infinity we see that any two Imes at infinity, conjugate for the 
circle at infinity, lie m perpendicular planes 

Conversely, any rectangular three-edge is self-polar for the 
spherical cone through its vertex, and any two perpendicular 
planes through this vertex are conjugate for the spherical cone, 
and meet the plane at infinity m Imes conjugate for C 

Since the circle at mfinity lies on an} sphere, it a particular 
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case of a sphero-conic, and as such, plays a fundamental part 
m the metrical geometry of the sphere It follows at once from 
the above that any two points of the sphere, conjugate for o, 
are separated by a quadrantal arc, that any two perpendicular 
great circles are conjugate for O, and that any trirectangular 
spherical triangle is self-polar for O , the converse results bemg 
also true 

Examples 

1 Show that if one rectangular three edge can be inscribed in or cir 
oumscnbed to a cone of the second order, an infinite number of such three 
edges can be so mscnbed or circumscribed 

2 Show that on a sphere the pomts of contact of great circle arcs through 
P which touch the circle at infinity are the mtersections of this circle with the 
equator of P 

3 Prove that the tangent planes through any straight Ime in space to the 
circle at infini ty touch this circle at the circular pomts m the plane per 
pendicular to the given Ime 

4 If C be any ongm on a sphere, CX and GY two perpendicular great 
circles through G, M and N the feet of the great circle perpendiculars from 
any pomt P on GX, GY respectively, prove that the equation to any small 
circle, centre G and angular radius GA is given by 

tan^ GM 4- tan^ GN = tan® GA 

Hence, or otherwise, prove that the equation to the circle at mfimty, m 
these CO ordmates, is 

tan^CM+tan^Oi^r^-l 

6 Prove that, if two great circle arcs OA, OB on the sphere meet at an 
angle 6, and 01, OJ are the two tangents from 0 to the circle at mfimty then 
0{AIBJ}=e^^O 

245 Principal axes and principal diametral planes of a cone 
of the second order Smce two conics have m general one 
common self-polar triangle, by considermg the two cones having 
the same vertex and standmg on these conics as bases, we see that 
two cones with a common vertex have, in general, one common 
self-polar three-edge Takmg one of the cones to be spherical we 
see that any cone of the second order has one rectangular self -polar 
three-edge The faces of this three-edge are then clearly planes of 
symmetry for the cone, since each bisects chords of the cone 
perpendicular to itself, and any one of them cuts a section made by 
a plane parallel to another in an axis of this section 

A degenerate case arises when the given cone and the spherical 
cone have simple contact along a generator In this case the 
common self-polar three-edge is degenerate, two of its faces com- 
cidmg with the common tangent plane, which is then to be regarded 
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as perpendicular to itself This case cannot, however, occur if 
the given cone of the second order is real, for, if it touches the 
spherical cone along an imaginary generator, it must also touch it 
along the conjugate imagmary generator, so that the cones have 
double contact 

But if two such cones have double contact, the comes m which 
they mtersect any plane have also double contact, and have an 
infinity of common self-polar triangles with a common vertex 
The cones have therefore an infinity of common self-polar three- 
edges with a common edge 

We deduce that if a cone has double contact with the spherical 
cone having the same vertex, it has an infimty of rectangular self- 
polar three-edges with a common edge and therefore (because tri- 
rectangular) with their other edges all coplanar A plane per- 
pendicular to this common edge will meet the given cone m a come 
for which all pairs of conjugate diameters are perpendicular, that 
IS, m a circle, through the centre of which the common edge m 
question passes The cone is then , i v ( I't* cone, the common 
edge of the self-polar trirectangular three-edges bemg the axis of 
the cone 

A cone of the second order which has double contact with 
the spherical cone is therefore right circular, and conversely a 
right circular cone has double contact with the spherical cone 

Sinularly, a sphero-conic has, m general, three mutually conjugate 
quadrantal dyads Ci, Oi , C2, 0 ^ , C^, Os', which are the mter- 
sections of three mutually conjugate perpendicular great circles 
These latter may be spoken of as the three axes of the sphero-comc, 
and their intersections as the three (dyad) centres If, tlirough 
any centre Ci, a great circle arc be drawn, meetmg the sphero-comc 
m two dyads (P, P') (Q, Q') and the axis O2O3, which is the polar 
of Cl, at R, then Ci, R are harmonically conjugate with regard 
to the dyads (P, P') {Q, Q ') , but smee Oj, R are separated by a 
quadrant, Ci, R bisect the angles between PP' and QQ' Thus 
the points of the sphero-conic fall mto pairs symmetrically situated 
with respect to Ci The centres are thus pomts of symmetry 
Similarly, P, P', Q, Q' fall into pairs symmetrical with respect to 
R Since R is on an axis 62^3, and the great circle CiR is per- 
pendicular to this axis, the sphero-conic is symmetrical with rchpeeb 
to this (gi eat circle) axis 

If the sphere conic has double contact vith the circle at infinite 
it becomes a piir of antipodal circles If ve take the centres 
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Cl, Cl of these as one dyad centre, then equator is an axis, but any 
two quadrantal points on this equator are possible centres, and 
any two perpendicular great circles through Ci, Ci are possible 
axes Thus the other centres and axes are indeterminate 

246 Foci of sphero-conic and focal lines of a cone Any 

sphero-conic s has four common great circle tangents with the 
circle O at infinity These form a complete spherical quadrilateral 
with SIX dyad vertices The twelve pomts of these are called the 
foci of the sphero-conic 

Clearly two great circles through a focus which are harmonically 
conjugate with regard to the common tangents through that focus 
are conjugate for both s and O? and therefore perpendicular 
The foci are therefore pomts such that great circles conjugate for 
s, and passmg through a focus, are perpendicular 

The foci lie in fours on the axes of the sphero-conic , for a 
pair of opposite dyad vertices he on a diagonal of the spherical 
quadrilateral above mentioned, that is, on a side of the common 
self-polar triangle of s and Oj and this is an axis of the sphero- 
conic 

The polars of the six focal dyads with respect to s are called the 
directrices of s 

Smce we have seen that O is its own conjugate imaginary, and 
the same is true of 5 if 5 is real, the four common tangents x, x\ 
y, y' must be conjugate unagmary in pairs Let x, x' be conjugate 
as also y, y' Then there can be only two real focal 
dyads (S, &') {H, H') given by xx' and yy' respectively Since 
these are opposite vertices of the spherical quadrilateral xx'yy\ 
they lie on an axis, which may be called the focal axis of the sphero- 
comc Of the other focal dyads, xy and x'y' are conjugate 
imagmary, so that the arc joimng them is real , similarly xy' 
and x'y are conjugate imagmary, and the arc joinmg them is real 
The three axes and the centre dyads are thus always real The 
directrices are real only when the corresponding focal dyads are 
real 

Transferrmg these results to the star, we see that a cone of the 
second order has three real principal axes and three real principal 
diametral planes, on which lie m pairs six focal lines, but only 
one pair of these is real The focal lines are the edges of the four- 
face formed by the common tangent planes of the given cone and 
the spherical cone Each of them has the property that conjugate 
diametral planes through it are perpendicular 
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Since tlie tangent planes from tlie real focal lines to the spherical 
cone are clearly imaginary, no real tangent planes can be drawn 
to the given cone of the second order through the real focal Imes, 
and these must therefore lie entirely inside the cone Hence the 
real foci of a sphero-comc lie in pairs inside the two antipodal ovals 
of which the curve consists 

Because a diagonal of a spherical quadrilateral is harmonically 
divided by the other two diagonals, the centre dyads (Oi, C/) 
(C 2 , C 2 ') m the focal axis of a sphero-comc are harmomcally divided 
by the focal dyads (jS, S') (H, H') and, bemg quadrantal, bisect 
the angles between these pans Hence the focal dyads are sym- 
metrical with respect to the centre dyads 

Sumlarly m the cone, two focal Imes m a principal diametral 
plane are equally mclmed to the axes m that plane 

247 Focal properties of the sphero-comc A number of focal 
properties of the come are repeated m the sphero-comc 

If P be any pomt of the sphere, there are, m general, two arcs 
u, V through P which are conjugate for both O and the sphero- 
comc s, bemg the common mates of the mvolutions of conjugite 
great circles through P for O and s respectively They are thus 
<on|Ug<iu arcs at right angles Smee they are conjugate for O, 
s, they are also conjugate (by Art 211, transferred to the sphero- 
comc) for all sphero-comes of the range defined by Os ^ m 
particular for the dyad-pair defined by two focal dyads (S, S') 
{H, H') on the same axis Accordmgly PS, PH are harmomcally 
divided by the perpendicular arcs u, v These latter are accordmgly 
the bisectors of the angle SPH 

Further, if tangent arcs ti, t 2 be drawn from P to the sphero- 
comc, ti and t 2 also are harmonically conjugate with respect to 
u and V and so the angle between ti, t 2 is bisected by u and v 

The same is true of the pair of tangents from P to any 
sphero-conic of the range (Oj 5 ), all of which sphero-comes are 
confocal 

In particular, if P be on the conic s, ti and t 2 comcide with the 
tangent at P to s, so that u, v comcide with the tangent and normal 
We have thus the result that the tangent and normal bisect the 
angle between the focal distances 

Proceeding on these lines we can prove the properties of A.rt 218 
for confocal sphero-conics 

Again, if the tangents ti, ti from P to s touch s at Ti, To? ^ 1^2 
IS the polar arc of P If it meet the directrix correspondmg to 
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the focal dyad {8, S') m the dyad {Y, Y'), then SP is the polar 
of the dyad {Y, Y') and SY, SP are conjugate arcs for s and 
therefore perpendicular But if Z is the meet of the arcs TiT^ 
and SP, Ti and are harmomcally conjugate with regard to Z 
and Y Hence SP, SY are the bisectors of the angles between 
STi, ST 2 ,, so that two tangents subtend equal or supplementary 
angles at a focus It is easily shown that the angles are equal if 
Ti, T 2 are taken on the same oval of the sphero-conic, and supple- 
mentary if taken on different ovals , the two cases, however, corre- 
spond here to the same tangents, and merely involve a selection 
between antipodal pomts 


Exahtles 

1 Show that if a pair of tangent planes through a diameter of a cone 
of second order touch the cone along s, t and / be a focal hne, the planes 
fs, ft are equally mclmed to fd 

2 If a tangent plane to a cone of the second order meet the tangent planes 
perpendicular to a prmcipal diametral plane in hnes x, y, the lines x, y subtend 
a right dihedral angle at a focal hne situated in the given principal diametral 
plane 

State the corresponding theorem for the sphero come 

3 Show that a plane perpendicular to a focal hne cuts the cone m a como, 
the focal hne m question passmg through a focus of this conic 

4 Prove that, on an axis of a sphero come, any number of pairs of 
dyads (P, P') (Q, Q') can be found such that all conjugate great circles 
through (P, P') and [Q, Q') respectively mtersect at nght angles and 
that these dyads form an mvolution, of which the focal dyads are double 
elements 

248 The focus and directrix property for the sphero-conic 

Let 0 (Fig 76) be a focus of a sphero-conic s, % its directrix, its 
equator, x any great circle passmg through the intersections X, Y 
of % and and which may conveniently be taken as passmg 
through 0 

Then 0 as pole, x as axis of perspective, and i, %' as a pair of 
correspondmg great circles define a spheiical perspective Let 
8' be the sphero-conic correspondmg to s in this perspective Since 
^ IS the polar of 0 for s, and 0 is self-corresponding, i' is the polar 
of 0 for s', and, smee the arc from 0 to any point of is a quadrant, 

IS also the polar of 0 for O Therefore 0 and %' are a centre and 
axis of s' respectively But, smee conjugate arcs througli 0 for s 
(which are perpendicular) correspond to themselves, they are also 
« iji . I • for s' , hence all conjugate ares through 0 for s' are 
perpendicular This is the case where the axes of s' through 0 are 
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mdetermmate, so that s' reduces to a pair of antipodal small 
circles centre 0 

Let the great circle orthogonal to i, %' (and wbch passes through 
0) meet ^ and at I, F respectively Let P be any point of s 
Jom the great circle IP, meeting x at Z, and jom ZF meeting the 
arc OP at P' Note that m all these constructions each pomt 
may be either element of a dyad 
By the properties of spherical perspective P' is a pomt of s' 
corresponding to P Let the arc OPP' meet i at J and at J' 
If now we project (spherically) the range OPJ'F from F upon 


X 



Fig 76 


the great circle ZI, we obtain the range IPK'Z, if Z' is the pomt 
where the circle ZI meets We have then 
{OPJ'F} ={IPK'Zi 

Next project IPK'Z from X back upon the great circle OP, we 
obtain the range JPJ'O, so that 

{IPK'Z} ={JPJ'0} 

Combining those two results 

{0PJ'F}= {JPJ'O} 

Writing out the cross-ratios, this gives 

sm OP sin J'P' sin JP sm J'O 
sill OP' siiiJ'P "" sm JO sm J'P 
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CanceUing out the common factor sin J'P m the denominators, and 
remembering that J'O is a quadrant and that OP' and P'J' are 
complementary arcs, so that sm P'J' =cos OP', we have 
sm OP sm JP 
tan OP' sm JO 

If now the arc PM is drawn perpendicular to the directrix ^ of s, 
meetmg t at M, PJM and OJI are two right-angled spherical 
triangles, havmg a common angle at J By a well-known result 
sm JP sm PM 
sm JO ~ sm 01 
sm OP sm PM 
tan OP' “ mnOI 
sm OP tan OP' 

Smce 6' IS a pair of antipodal circles centre 0, OP' is a constant 
arc Also 01 is clearly mdependent of tte clioice of P Hence, 
m the last written equation, the right hand side is a constant, 
which we can denote by e, and which may be called the eccentricity 
of the sphero-comc 
We have thus 

sm OP —e sin PM, 

or the smes of the distances from the focus and directrix respectively 
are to one another m the constant ratio of the eccentricity 
It is to be noticed, however, that the numerical value of the 
eccentricity is not necessarily, as m the plane, an indication of the 
shape of the curve Thus, if the sphero-conic is a small circle 
0, the directrix is the equator of 0, so that the arcs OP, PM make 
up a quadrant, and sm PM = cos OP, so that 

e =tan (angular radius of circle) 

The eccentricity of a circle is thus not zero on the sphere, unless 
the angular radius of the circle tends to zero 

Example 

If ^ IS a focus of a sphere conic, X the point whore the focal axis meets 
the directrix corresponding to X 0 a centre on the local axis, A a vertex of 
the curve lymg between S and X, prove that 

tan OA cos GS=e sm OX 
cot CA sin GS=e cos GX 

and hence that 

cos 2 GS sm® GS ^ 
cos2(74'*"sm®CA""^'^® 
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249 The sum and difference of the focal distances To 

prove that, if P be any point of a sphero-conic, 8, S two non-anti- 
podal foci, then the sum or difference of the arcs SP, HP is constant 
Suppose, to begm with, that 8 and H are foci lying within the 
same oval of the sphero-comc (Fig 77) 

Let TP, TQ be two tangent great circles to the sphero-comc 
from T, the pomts of contact P and Q being taW on the oval 
belongmg ia 8, E Then the angle 8TP is equal to the angle HTQ, 



Since, by Art 247, the perpendicular conjugates through I bisect 
both angles STH, PTQ 

Let F, G be the points symmetrical to S, H with regard to TP, 
TQ respectively Then the angles FTP, PTS, HTQ, QTG are 
all equal, and the angle FTS = angle HTG 

Adding angle STH we have angle FTH =angle ST6, arc FT = arc 
ST and arc TH^e^xc TG 

The spherical triangles FTH, STG are congruent and arc 
FJy = arc SG 

Now if the tangent great circle PT move round the cur\e, TQ 
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remaining fized, G remains fixed and SG remains fixed, arc 
FH -a constant length 

Joining PF, PS, PH, angle FPR^SPR by symmetry, and 
SPR^TPH (Art 247 ) Hence angle FPR = TPH or FPH is a 
great circle Thus SP + PH = FP 4- PH == PH == constant 
If we take two foci S', H not inside the same oval, then SP = semi- 
circumference — S'P Titus PH — S'P = constant 
We notice therefore that, from the pomt of view of focal distances, 
antipodal ovals of a sphero-comc behave as opposite branches of a 
hyperbola 

250 Cyclic planes of a cone and cyclic arcs of a sphero-conic 

A sphero-comc s determines with the circle O at infimty four 
common dyads {Ai, Ai) {A2, A2) (Hi, Hi') (H2, B2), which if 
s is real fall mto conjugate imagmary pairs (Ai, Ai), (Aq, A2) 
and (Hi, Hi'), (H2, B2) The six great circles which join pairs 
of these four dyads, and which form the sides of the complete 
(piculraiigc determmed by s and O are termed cyclic lines or 
arcs of the sphero-comc 

Clearly the mtersections of opposite cyclic lines are dyad vertices 
of the common self-polar triangle of s and O, that is, each pair of 
opposite cychc Imes pass through a centre-dyad of the sphero- 
comc 

Of the SIX cychc Imes, only two are real, namely those which 
jom the conjugate imagmary pairs, that is, the great circles 
AiA2Ai'A2' and B1B2B1B2' The others are conjugate imagmary 
m pairs 

Any two dyads which are conjugate for both s and O, that is, 
any two quadrantal conjugate dyads of s, are conjugate for the 
great circle pairs formed by opposite cyclic arcs 
Obviously two such quadrantal dyads are any two non-anti- 
podal centres, Cj, C2, say These must be conjugate for the 
great cncle pan passmg through Hence Ofii, G^C2 
harmomc with regard to the cychc lines through Since C^Ci, 
0^62 are rectangular, the cychc lines are equally inclined to them 
Since the cychc lines all meet the sphero-conic in imaginary 
points, it IS clear that the real cychc lines do not pass through the 
dyad centres (Ci, Ci) mterior to the ovals 
The reader will have no difficulty in proving that, in the case 
where the sphero-conic 5 is a small circle, that is, has double contact 
with O, four of the cychc arcs coincide with the equator of the 
centre of s, which is real if s is real, and the remaining two are the 
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common tangent great circles of O and s, v^hich are conjugate 
imagmarj if s is real 

Considermg similarly the six faces of the common four-edge 
of a cone of the second order and the spherical cone, we see that 
a cone of the second order has six cychc planes, which pass m pairs 
through each of the three axes, each pair being equally mclmed 
to the prmcipal diametral planes through that axis Only one 
such pair is real 

Smce a cychc plane contains two circular pomts at infinity on 
the given cone, a plane w parallel to a cychc plane contains the 
same two cmcular pomts, which therefore he on the section of the 
cone by tt , this section is accordingly a circle Thus the cyclic 
planes are planes parallel to the planes of circular section 

Let a be any plane through the vertex 0 of the cone, meetmg 
the cone m two generators a, 6, and a pair of cychc planes m rays 
(T, y There are two rays u, v m on which are conjugate for the 
pencil of cones through the mtersections of the given cone and the 
spherical cone Hence they are - and harmonically 
conjugate with respect to u, b But they are likewise conjugate 
for the plane-pair formed by the two given cychc planes, smce 
these are a cone of the pencil Therefore u, i are harmomcally 
conjugate with respect to x, y, as veil as with respect to g, b 
Being rectangular they bisect the angles between x, y, and also 
between a, b Hence the angles between a and x are equal to the 
angles between b and y 

Projecting this result upon the sphere, if a great circle meet the 
sphero-conic at -4, jB and a pair of opposite cychc arcs at Ai , the 
arcs AX, BY are either equal or supplementary It v ill be noticed 
that this result is analogous to a property of the asymptotes of a 
hyperbola (Art 67) so that the cychc lines correspond, but only 
in this limited sense, to the asymptotes 


EXAMPLES Xlt 

1 Discuss the natuie of the homographs on the sphere m sihich the .elf 
corresponding tri ingle is tnrcctangular and the mtcRectioiis ot 

through one of its vertices 1.1th the circle at infimti are couesponding 

^°aow how to construct m this case, the gieat cucle corre»pondiiu to am 
given gieat circle and the dyad correspondmg to anv given d\ ail 

Provo also that a second pair of conjugate imagman points un the circle 

at infinity correspond 

2 Show that piopeities ot a spherical fagme inaj be reciprocated be uwkmg 
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a great circle correspond to its spherical poles and conversely Either figure 
may then be called the sphencal polar figure of the other 

Prove that the spherical polar of a sphero come is a sphero come, the 
cychc Imes of the one reciprocatmg mto the foci of the other 

Show that this corresponds to polar reciprocation with regard to the 
circle at mfimty 

3 Through two fixed pomts of a sphere great circle arcs are drawn which 
mtersect at right angles Prove that their mtersection hes on a sphero 
come passmg through the two fixed pomts 

4 If a prmcipal diametral plane of a cone of the second order meet the 
cone m a, a' and p be any generator of the cone, the planes pa, pa' meet 
either cychc plane through the axis perpendicular to the given principal 
plane m two Imes at nght angles 

5 If one side of a sphencal tnangle move so that the area of the tnangle 
remains constant, it envelops a sphero come of which the other two sides 
(which remam fixed) are the cychc Imes 

[Deduce from Art 249 by the method of Ex 2 ] 

6 Prove that any sphere which passes through a section of a cone of the 
second order made by a plane parallel to one cychc plane meets the cone 
agam m a plane section parallel to the opposite cychc plane 

7 Through any ray of a star through 0 two cones of a confocal system 
havmg 0 for vertex can be desenbed and these are orthogonal 

8 Prove that a quadrantal arc whose extremities move on a sphero come 
envelops another sphero come, coaxial with the first one 

[For this arc touches the harmomc envelope of the sphero come and Q ] 

9 Prove that the mtersection of two perpendicular tangents to a sphero 
come IS a sphero come coaxial with the given one 

[Reciprocate on the sphere the result of Ex 8 with respect to the circle 
at mfimty ] 

10 Cl IS the mtemal centre, Cg and the two external centres of a 
sphero come , G 1 C 2 , GiG^ meet the curve at non antipodal points Ag , 
Ri, jBj respectively P is a point on the curve, and the arcs C^P, GJP meet 
O1G2, O1O3 respectively at M, N 

Prove the foUowmg formulae 

sm^ Gj_M tan^ PM t&n^ PN O^N 

sm2 CiAi ^ tan2 G^B^ “ tan^ Cj_Aj_ sm^ 

tan^ G^M tan^ G^N _ sin^ PN _ sin^ PM 

tan2 CiAi tan2 G^B^ “ sm^ G^Aj^ sm^ C^B^ ~ ^ 

[Apply Carnot’s Theorem to the triangles C^G^M, C^G^N ] 

11 If C IS the internal centre of a sphero conic, S a focus internal to the 
oval belonging to 0, 0 4 and CB the semi axes of this oval, CA being the focal 
semi axis, prove the following results 

sin** CS sec2 CA = tan*’ GA - tan^ CB 

e2=sec2 GB— tan^ GB cot^ CA 

Hence piove that CA is always greater than CB, and that the cccentiicity 
correspondmg to the real foci is always real 
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12 Prove that the real c} chc arcs pass through the external centre on the 
focal axis, and meet this axis at an angle a given b\ 

sm CB 
sm a= — 

smC4. 

13 Prove that m the notation of Ex 12 

a= angle CSB^ 

where ^ is a real focus 

14 If two non coplanar comes touch one another a cone of the second 
order passes through both of them 

[Use Arts 9,43] 

15 Prove that two cones of the second order which touch one another 
along the line joinmg their two vertices mtersect m a come 



CHAPTEE XV 


PEOJECTIVE METHODS IN THEEE DIMENSIONS 

251 Order, class, degree The order of a surface is the 
number of pomts m which it is met by any straight hne not lymg 
in it 

The class of a surface is the number of tangent planes which 
may be drawn to it through any straight hne not lymg m it 

The degree of a skew or twisted curve (that is, a curve which 
does not he m a plane) is the number of pomts m which it is met by 
any plane 

Note that this defimtion of degree coincides with the one 
previously adopted for a plane curve, for the intersections of the 
latter with any straight hne m its plane may also be looked upon as 
mtersections with another plane through this straight line 

Note also that a plane section of a surface of the nth order is a 
curve of the nth degree 

The followmg result will be assumed three surfaces of order 
m, n, p mtersect m mnp points, real or imaginary This is evident 
from analytical considerations if we remember that the equation 
to a surface of order n is of the nth degree in the co-ordinates 

Example 

Show that no non degenerate twisted curve can be of degree less than three 
so that a curve of the second degree in space is necessarily a conic, unless it 
breaks up into two skew lines 

252 Ultimate intersections and 301 ns Precisely as the 
intersection of two near tangents a, ^ to a plane curve coincides in 
the limit with the pomt of contact of a, when t coincides with a, 
so the intersection of a plane tt, which vanes m a specified manner, 
with a fixed plane a, when tt ultimately coincides with a, coincides 
m general m the limit with a definite line I of a, which depends on 
the law of variation of tt, assumed here to depend on a single 
parameter This line I will be spoken of as the ultimate inter- 
section of TT and oc, which may be expressed shortly by the notation 

TTCf-^l 
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Aga.iTij if a variable point P approaches a line a in a specified 
manner, and ultimately comeides with a pomt A of a, the plan aP 
will m general approach a hmitmg position a, which will be spoken 
of as the ultimate ]om of P and a, with the notation Pa-s-tx 
In like manner a variable hne x will determine an ultimate jom 
Ax-i-cf. with a pomt A 

Similarly, a variable hne x, not itself lymg m a plane w, which 
approaches m a specified manner the plane w and ultimately coincides 
with a hne I lying m w, determines on w a pomt P, whose lumtmg 
position^, which necessarily hes on I, will be the ultimate mtersection 
XTT-i-A 

In general, however, if a different plane w' be taken through ?, 
then the ultimate mtersection xn'-^A' leads to a pomt A' of I, 
different from A There is no definite ultimate mtersection of 
X and I, which must then be regarded as comcidmg without mter- 
seotmg 

But if, whatever the choice of the plane w through Z, the ultunate 
mtersection m-^-A is always the same, x and I will be said to 
intersect ultimately, and A will be then ultimate mtersection 
In hke manner, if P be any pomt of Z, the plane Px will, m general, 
approach a hmit «, which contains I If this limit a is mdependent 
of the choice of P on Z, the two hues Z, x will be said to be ultimately 
coplanar, and the plane a is then ultimate jom 
We will now prove that if a variable Ime x ultimately mtersects, 
a Ime Z, then it is ultimately coplanar with Z 

Take any sphere centre 0, of umt radius , draw from 0 a radius 
parallel to a given direction Then the pomt m which this radius 
meets the sphere gives a convement representation of that direction 
directions which are parallel to a plane are represented by pomta 
lymg on a great circle, which also represents the plane 

Assign on Z, x positive directions which ultimately comcide , 
this IS done to a\oid the ambiguity which would result from haimg 
a given line represented by a d}ad 

For clearness wo will denote, on ihs ocaibion only reprebenta-^n e 
points and great circles on the sphere (Fig 78) b\ the letters which 
denote the corresponding lints and phiiis in space 

An arbitrary plane p, is taken through I meeting < it 1/ I is 
the ultimate intersection o± i ind 1, P tm othei point on I 4 U=a, 
PM=J) Then, as a \aries, p ultimatch coincides with I V- ign 
on p the direction which ultiniatcly coincides with that ot I Let 
A be the plane through Z which is par ilkl to both a and I t is is 
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represented by the arc xl on the sphere A is clearly independent 
of the choice of both fi and P, and it will, m general, approach 
some limitmg plane j8 through I Let tt, oc be the planes Px, Ax, 
shown by the arcs px, ax m Pig 78 These are independent of 
the choice of /i, and a is independent of the choice of both ja 
and P 

Clearly a, i?, ? he in /x Further, A is the limit of M, whatever 
fx may be smce P remams constant as x varies, AMjMP 
approaches zero in the limit, or, from the plane triangle AMP, 
sin plj^m al approaches zero 

But, smce m the spherical triangles Ipx, lax the sines of the sides 

are proportional to the smes 
of the opposite angles 
sm pi sm Att 
smxl siUjUTr’ 
sm al sm Aa 

sm xl sm /xa 

Hence, by division 
sm Att sm [jlol 
sm Aoc sm fXTr 
approaches zero 
Now a approaches the 
limit of the plane Ax , this 
IS, m general, a defimte 
plane y through I Thus 
the angle /xa approaches /xy and sm /xa approaches sm /xy, which 
does not vamsh if /x (which is arbitrary) is taken distinct from y 
And smce sm Aa, sm /xtt are always less than unity, sm /xa/(8in Aa 
sm /xtt) cannot approach zero, hence sm Xtt must approach zero 
Thus the plane tt approaches parallelism with A, and therefore with ^ 
Moreover the hmit of tt must contain I, and so is the actual plane j8 
Hence Px tends to the Imut j8 independently of the choice of P 
Smce P may be taken as close as we please to A, considerations 
of contmuity indicate that the limit of Ax must also, %n general, 
be so that j8 and y are the same If this is not the case, the 
intersection A will be regarded as singular, and a special Jii \ < umi ion 
IS necessary ^ 

* It ill be noticed that no use has been made, in the above proof, of the 
datum that the hmit of xy is A Thus m the definition of ultimate intersection 
of X I, one plane y might be exceptional This would correspond to the 
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Reciprocating the abo\e theorem we see that ultimately coplanar 
Imes are also ultimately intersectmg 
If a pomt P approaches a pomt A along a definite path p v hich 
passes through A, then the ultimate jom AP is the tangent to p 
at ^ If a second pomt Q also approaches A along a path g, then 
the ultunate ]om AQ is the tangent to 5 at J The plane APQ 
will then approach a hmitmg position, namely the plane determmed 
by the tangents to p and A This is the ultimate jom of the 
three pomts APQ It may happen that the paths p and q coincide , 
m this case we may first make P comcide with A , the ultimate 
]om then contains the tangent t at A to p and a TUMLdbonn iir 
pomt Q, and the ultimate ]om Qt is the ultimate ]om of the three 
comcident pomts 

253 Curves and developables If P is a gi\en pomt on a 
twisted curve s, Q a variable pomt, then the ultimate ]om PQ, 
when Q comcides with P, is the tangent p to the cur% e at P If P 
be any other pomt of the curve, then the ultimate ]om PQR-^^^ 
or pR-^TT, when Q and R comcide with P, is termed the osculating 
plane to the curve at P, and may be described as the plane through 
three comcident pomts of the curve at P 

Lmes through P perpendicular to the tangent at P are termed 
normals to the curve , of these, the one which hes m the osculatmg 
plane is called the principal normal, and the one at right angles 
to the osculatmg plane the binormal The plane through P per- 
pendicular to the tangent is the normal plane at P The plane 
eon Laming the tangent and hmormal is the rectifymg plane at P 

If we apply to such a twisted cur\e s the prmciple of duabty m 
space (Art 135), we obtam the envelope o' of a plane ' t' dependmg 
on a smgle variable parameter This en\ elope is termed a 
developable The ultimate mtersection of -r' with a 

tangent plane which tends to comcide with is a Ime p' of w' 

which is the Ime of contact of V with its en\ elope and so i'. a 
generator of o' Also tt' is clearly the tangent plane to o' at e\ erv 

point T' of p' If now is a i rhoc* r'»»-r generator, then, as 

q' approaches the lints joining T to the points of q become 

tangents to a in the limit ind lie in the tuii^uit phnt - \x T 

so that tt' is tin limiting position of the ])hnt F’q 


case ^^hero 4 m tlu dthmtion of ultinntc ji m m t XLeptiuiul point 
If the definitions aie modified in tliib sense the pioof ^ueii m the text 
made general It is better hov> e^ er not to do this and to regard the iiliimate 
mtersection (or ultimate join) as of singular t\pc 111 the cxLCptiuiia ca e^s 
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Hence, by Art 252, since n is independent of the choice of T' 
on p', the generators 39 ', q' ultimately intersect If their ultimate 
mtersection is P', then P' is (agam by Art 252) the ultunate 
intersection of q' with tt', and, smce q' is itself the ultimate mter- 
section of tangent planes k, therefore P' is the ultimate mter- 
section of three comcident tangent planes tt', k\ p this follows by 
reciprocatmg the statements m Art 252 concernmg the ultimate 
]om of three comcident pomts The locus 5 ' of P' is termed the 
euspidal edge of the developable a 

Eeturnmg now to the origmal curve s, where P corresponds 
to tt', let Q, R correspond to k\ p' respectively Thus P' corresponds 
to the ultimate ]om of three comcident pomts P, Q, R on s, that is, 
to the osculatmg plane tt of 5 at P The tangent ^ at P to s corre 
sponds to the generator of the developable, and a neighbourmg 
tangent q corresponds to the neighbourmg generator q' Since 
p', q' ultimately mtersect, so do p and q, and we get the result that 
tangents to a twisted curve determine an ultimate intersection 
and an ultimate join 

Now the ultimate join of 'p\ q' has been shown to be tt' and their 
ultunate mtersection P' It follows that the ultimate mtersection 
of j IS the pomt of contact P of jp, and their ultimate join is the 
osculatmg plane tt at P 

But further, it is now clear that we may look upon a twisted curve 
s as being generated by the ultimate intersections of its system of 
tangents p The correlative twisted curve s' is therefore generated 
by the set of correspondmg lines p' as tangents Thus the tangent 
at P' to the cuspidal edge of the developable a' is the generator p' 
of the developable 

Now p' IS the ultimate jom of two points P' of the cuspidal edge 
in question, which approach comcidence Hence p is the ultimate 
mtersection of two osculating planes tt of $, which approach com' 
cidence Accordmgly two neighbouring osculating planes at P 
ultimately intersect in the tangent at P 

Moreover the planes n themselves envelop a developable, which is 
termed the osculatmg developable or of the curve s There is a 
complete reciprocity between the two systems, and the curve $ is 
the cuspidal edge of its osculatmg developable 

The meaning of the term developable applied to such i type of 
surface may be illustrated as follows, but the argument is not to be 
taken as rigorous 

A succession of planes tt^, tto, 77 - 3 , etc , selected in order, according 
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to a law of variation involving a single parameter, determme a 
succession of mtersections Successive 

Imes sucli as g^z uieet at a pomt 7ri'7r27r^-Pi2z^ and so on 
Tlie set of lines g are edges or creases of a polyhedral surface , this 
surface may be unfolded about the successiv e Imes g and so spread 
out or “ developed ’’ upon a plane, the skew polygon formed by the 
^’s becoming a plane polygon 

If now the number of planes tt is mdefimtely mcreased, successn e 
planes bemg taken closer and closer together, ve approach, in 
the limit, a contmuous distribution, the g's tendmg to ultimate 
mtersections, the pomts P to pomts of the cuspidal edge, which then 
becomes the hunt of the skew polygon, and the polyhedral surface 
to a developable, which can still be unfolded mto a plane 

The class of a developable is defined to be the number of 
tangent planes to the developable passmg through a general pomt 
of space 

The class of a twisted curve is the number of osculatmg planes 
which pass through a general pomt It is clearly identical with the 
class of its osculatmg developable It should be noted that the 
order of a developable (the number of pomts m which it is met by 
any straight hne) is necessarily equal to the number of its generators 
which mtersect any straight hne If we define the order of a tv isted 
curve as the number of tangents which meet any straight Ime, 
the order of a developable will be the same as the order of its 
cuspidal edge, though difierent, m general, from the degree of 
the latter 

The normal planes to a twisted curve s form a set of planes 
dependmg a smgle parameter (which might be the arc of the curve) 
These planes therefore envelop a developable, which is termed 
the polar developable of s The mtersection of the normal 
planes at P and Q is at right angles to the tangents g at P and Q 
Proceedmg to the hmit, smce p, q are ultimately coplanar, the 
ultimate intersection of the normal planes vhen Q approaches P 
IS perpendicular to the ultimate 30m of p, q, that is, to the osculatmg 
plane at P Any generator of the polar de^elopable is thertfore 
parallel to the binomial at the corresponding point ot the curie 

Similarly the rectifying planes at points ot a cur it ciiitlop a 
developable, termed the rectifying developable Ihe aenerator:. 
of the rectifying developable are the ultimate inttrseetions of the 
rectifying planes , the generator corresponding to a point P of the 
curve IS said to be the rectifying line at P 
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The limiting position of the circle through three neighbouring points 
P, Q, P of a curve s, when Q and R comcide with P, clearly hes in 
the osculating plane at P This circle, its centre C and its radius 
P are termed the circle, centre and radius of curvature of 5 
at P 

If we make R first comcide with P, it follows that the circle of 
curvature is the limit of the circle which touches 5 at P and passes 
through Q, and therefore 0 hes on the normal plane at P But, if 
we make R first comcide with Q, the circle of curvature is the 
limit of the circle which touches s at Q and passes through P 
The centre of this last circle hes on the normal plane at Q Hence 
the centre of curvature C, which hes on the normal plane at P, 
IS the hunt of a pomt on the normal plane at Q It must therefore 
he on the ultimate mtersection of the normal planes at P and Q 
and so is the mtersection of the osculating plane at P with the 
correspondmg generator of the polar developable 

If, m like manner, fi, v, tt are three osculatmg planes of s, four 
right circular cones can be described, with pum as vertex, to touch 
them , if fc, V are made to comcide with 77, the ultimate mtersection 
fjLVTT becomes P, where P is the pomt of s at which tt is the osculatmg 
plane Also, when fi, v comcide with tt , three of the above right 
circular cones shrink mto Ime-cones along the tangent at P, but 
one remams a proper cone of fimte vertical angle This will be 
termed the oseulatmg cone at P to either the curve s or its osculat- 
mg developable , it is easily seen to touch the osculatmg plane 
along the tangent at P 

The same land of argument which has been employed above to 
show that the centre of curvature lay on the ultimate mtersection 
of two neighbourmg normal planes which tend to coincide will 
show that the axis of the osculatmg cone is the ultimate inter- 
section of rectifying planes which tend to coincide 

This axis IS therefore what has been called the rectifying line m 
Art 253 Thus the rectifying Ime at P passes through P 

If rj is the angle between the binormals at P and Q, or, what is 
the same thmg, between the osculating planes at P and Q, the limit 
of the ratio (arc PQ)jy] when Q tends to coincide with P is termed 
the radius of torsion of s at P, and is denoted by cr 

The sphere which has four-point contact with s at P is the 
osculatmg sphere at P, and its radius is the radius of spherical 
curvature, which we will denote by R This sphere is the limit of 
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the sphere througli P and three other points Q, S, T of the curve s, 
when Q, jS, T coincide with P It is also the hmit of the sphere 
which touches s at P and Q and therefore has its centre K on the 
generator of the polar developable corresponding to P We may, 
however, go further than this For by making T coincide first with 
P, or with 0, or with S, we find that K is the centre of a sphere 
which IS the limit of all three spheres which pass through P, S 
and touch s at one of these pomts Thus the normal planes at 
each of P, Q, S pass through K m the limit, so that K is the ultimat-e 
intersection of three comcident tangent planes of the polar develop- 
able and so is the pomt < to P on the cuspidal edge of 
this developable 

Smce the centre of curvature (7, as well as Z, hes on the generator 
of the polar developable, which is perpendicular to the plane of the 
circle of curvature, a circle with C as centre and passmg through 
P will he entirely on the sphere centre K passmg through P 
Hence the circle of curvature is a small circle on the osculating 
sphere, whose spherical centre is the dyad determmed by the 
diameter parallel to the bmormal at P 

255 The spherical mdicatnx • relations between radii of 
curvature and torsion If through any pomt 0 hah-ravs OT, 
ON, OB are drawn parallel to the tangent, prmcipal normal and 
bmormal at a point P of s, m senses defined, m the case of the 
tangent by a prescribed sense of description of the curve, m that of 
the prmcipal normal by the sense from P towards the centre of 
curvature, and m that of the bmormal by a righr-handed rotation 
of ON through a right angle about OT, these half-rays meet a 
given sphere of centre 0 and arbitrary radius at pomts T, N, B 
(Fig 79) The successive positions of the t-uvCT ^^gihr spherical 
triangle TNB on the sphere, as P moves along the cur\ e 5, constitute 
the spherical indicatrix of s 

Let now T'N'B' be a near position of TNB, correspondmg to a 
pomt P' on the curve near to P The arcs T^ , ^ B, BT represent, 
on the mdicatrix, the osculatmg, normal and rectifvmg planes at P 
If these arcs meet the correspondmg arcs T'A', A'P' B'T at 
X, Y, Z respectively, then, smce the ultimate mter^ectioiib of 
the correspondmg planes are the tangent at P, a hne parallel to 
the bmormal at P, and the axis of the osculatmg cone at P, the 
points X, Y, Z approach T, B, A m the limit, where A represents on 
the mdicatnx the axis of the osculatmg cone Also, the angles at 
X and Y bemg very small, the arcs IT BF (not shown m Fis 79) 
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diverge very little from the arcs T'X^ XT and BY, YB', and so 
are approximately at right angles to both BT and B'T' Thus, if 
(f) IS the angle at Z, by a well-known result in spherical geometry, 
we have, to a first approximation 

arc rr=^sm ZT 

and arc BB' sm ZB -</> cos ZT 

_ arc TT' 

By division =tan ZT 

arc Jjjj 

But if 6 be the angle between the tangents at P, P' (which are here 



Eig 79 


not the points shown m Fig 79) and r] the angle between the 
bmormals 


arc TT' 9 

fare PP'\ l(‘ 

arc BB' ~ ~ 

\ ^ // v 


f arc PP'\ / /arc PP'\ 

Thus 

and, proceeding to the limi t 


a/p=tan Jr=tan a ( 1 ) 

where 20 - is the vertical angle of the osciil iting cone Tins is a 
veil knovn formula connecting a and p 


PROJECTIVE METHODS IN THREE DnrE\SIO\S 


327 


Consider now a curve s winch lies on a sphere , then this sphere 
IS the osculating sphere at every point of the cur\ e, and may be 
taken as mdicatmg sphere , P, P' are now points on the sphere 
itself and they are the pomts shown m Fig 79 Smce the normal 
plane at P passes through the centre of the oscuhtmg sphere P 
hes on the arc BN (Fig 79) and similarly P' hes on the arc ' 
Also B and B' are the spherical centres of the circles of curvature at 
P, P' And smce the circle of curvature at P is the limit of the 
small circle touchmg the curve at P and passmg through P\ 
BP ^ BP' to the first order of approximation 
With the convention adopted, P, P' are on opposite sides of jB, B' 
to iV, N' respectively Thus the difierence between the angular 
radn PP, B'P' of the circles of curvature is to the first order equal 
to BB' The actual radn are given by 

p =R sm BP (2) 

p'=Psm {BP-BB') 
so that, to the same order of approximation, 
p' p= —R cos BP arc BB' 

= cos BP 


Dmdmg by arc PP' 


Rt] 


- cos BP 


and m the limit 


or 


P -P 
arc PP' arc PF 


dp 

— = — — cos nr 
as (T 

cr^ = - P cos BP 
as 


(3) 


Squaring and adding (2) and (3) 'we obtain 



for any curve lying on a sphere 

If now two curves h'i\e three-point contict at a point P, thev 
have the same osculating phne and circle of cur^atu^e at P If 
they have four-point contact at P, thev hxv e also the same osculatmg 
sphere at P 

But further a curve I which has four-point contict with * it 1 
IS the limi t of a curve A' pissing thioiigh P iiid thiougli thret 
neighbouring points Q, S, T on * 'Making the thiee 1 itter points 
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coincide at Q, the curve ¥ has the same osculatmg plane and cncle 
of curvature at Q as the curve s In the limit h has the same 
/ ’'ii X plane and circle of curvature as s, to the first order 
approximation, at pomts m the immediate neighbourhood of P, 
as well as at P itself Thus h has also (i) the same radius of 
dp 

torsion, (n) the same as s 

By takmg the curve Ic to he on the osculatmg sphere of s at P, 
the formula (4) holds for"' it But smce every quantity occurrmg 
m the formula is the same for 1c and s, the formula also holds for s, 
and therefore for any curve whatever Formula (4) then gives a 
second fundamental relation between P, p, fl- 
it is sometimes stated * that there is no actual circle connected 
\vith the curve, whose radius is equal to the radius of torsion 
This, however, is not the case , for formula (1) shows that if with 
P as centre a sphere is described to pass through the centre of 
curvature G and to meet the axis of the osculatmg cone at C/, 
the tangent plane at TJ to the sphere ]ust mentioned meets the 
osculatmg cone m a circle, whose radius is the radius of torsion 

256 Quadrics A quadric is a surface of the second order 

Every plane section of a quadric is a come There are three mam 
types of quadrics, to the nature of their intersections 

with the plane at mfinity The quadrics of the first type do not 
meet this plane m real pomts , they lie entirely at a fimte distance 
and every plane section of them is an ellipse , they are called 
ellipsoids The quadrics of the second type meet the plane at 
infinity m real comes but do not touch it, and are called hyper- 
boloids The quadrics of the third type, vhich touch the plane at 
mfinity, are called paraboloids Subclasses of these exist, which 
will be described more fully m Art 257 

Notice that the sphere is a special case of the ellipsoid and 
the (real) cone of the second order a special case of the hyperboloid 

A quadric being a surface, we shall denote it by a Greek letter, 
eg ip The equation of a surface of second order contams ten 
coefiS-Cients, the nine ratios of which determine the equation A 
quadric is therefore, in general, determined by nine points 

257 Generators and tangent planes of a quadric Consider 
a pomt P on a quadric ip Let tt be the tangent plane to ip at 

* Salmon, Geometry of Three Dimensions, 4tli ed p 335 
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P Then w meets ^ m a conic s Bnt since every Ime through P 
m w IS tangent to it is also tangent to s, which must accordmgly 
reduce to a hne-pair p, q Thus through any point P of the quadric 
there pass two hues p, q which he entirely m it These lines p, q 
are termed generators of the quadnc 
Let Pfl he a given pomt of tji , po, jo the two generatora through 
Pq If Pi he any other pomt on the generator po, then p^ is one 
of the two generators through Pi The second generator is a Ime 
ji Also qi cannot mtersect q^, for then Pq, qQ, qi would he the sides 
of a plane triangle and we should have a quadric mtersectmg a plane 
m a tnangle, which is unpossihle 

Hence all the generators qi, which mtersect Pq, do not mtersect 
one another 

Similarly all the generators pi, which mtersect q^, do not mtersect 
one another 

The two generators through any pomt Q of the quadnc belong 
one to the system p and the other to the system q This is clear 
from what has ]ust been proved if Q hes on Pq or jo If Q <10 
not he on po or q^, the plane poQ meets the quadnc m a come, 
which consists partly of po and so must be a hue pair The other 
Ime of the parr, on which Q must he, is coplanar with po, and there- 
fore meets po at a pomt R Thus Q hes on the generator of the 
system q through R Similarly Q hes on one generator of the 
system p 

It follows that each of the two sets of generators p, q contains 
all the pomts of the quadnc 

Further, every generator p meets every generator q For let pi, ?i 
be the two generators through any pomt Pj of the quadnc, and g-i 
any other generator of the system q As aboie, the plane P1J2 
meets the quadnc m a Ime-pair, of which q^ is one member The 
other IS a generator which must meet 52 pass through Pi 

and therefore is one of the generators through P 1 Smee qi, 
cannot meet, it must be pi Thus 52 must meet any generator pi of 

the system p , i. j 

If one generator, say p, of a real quadric is real, then the secon 

generators q at the real pomts of p are necessarily real, and the 
generators p through the real pomts of a real generator q are likewise 
real Exammation of the arguments gnen pre\uously shows that 
the generators p and q through any real pomt of the quadric are 
then real 

It follows that, if the two generators through an^ real pomt 
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oi the quadric are imaginary, the quadric can have no real generators 
On the other hand a quadric with real generators has any number 
of imagmary generators, but these pass through imaginary pomts 
of the quadric 

If a quadric has real generators, the points at mfimty on these 
generators are real pomts of the quadric Such a quadric cannot 
then be an ellipsoid On the other hand a quadric may have 
real pomts at infinit y and not have real generators If the quadric 
be a hyperboloid and the tangent planes through the pomts at 
infimty meet the quadric m real hues, the quadric has real generators 
and is called a hyperboloid of one sheet , but if they do not 
meet the quadric m real Imes, the quadric is called a hyperboloid 
of two sheets The reason for these names will be apparent 
later 

In the case of paraboloids, we have also two classes, accordmg as 
the plane at infinity meets the quadric m real, or in imagmary, 
Imes at infinity In the first case we are said to have a hyperbolic, 
in the second case an eUiptlC paraboloid 

The imaginary generators of a sphere have, however, an important 
property, namely, that they are the circular hues through P m 
the tangent plane at P For clearly they must pass through the 
pomts at infimty on the sphere, lying in the tangent plane at P, 
and these pomts must be on the circle at infinity (Art 243) and 
therefore circular points 

An important particular case is when two generators through a 
pomt P of the quadric are coincident In this case the quadric 
must reduce to a cone of the second order This we can prove as 
follows 

Let {p, p) be the coincident generators through P, Q any other 
pomt of the quadric i/j, not lymg on p As before, the plane pQ 
meets the quadric in a line pair (p, q) and q both meets and 
passes through Q Let it meet p V Let r be the second 
generator through Q, and let it meet the tangent plane tt at P m 
R Since P is a pomt of the quadric xjj lying in tt and all the pomts 
of 0 m 77 he on (doubled), P is a point of p, so that r meets p at R 
Thus, if P is distmct from F, we have a tiiangle VQR lying cntiiely 
in a quadric, which is impossible, unless ip breaks up into two planes 
Hence r must pass through F 

Thus all the generators of the quadric are double and any two 
of them intersect Therefore, by Art 7, they either all pass through 
the same point F , in which case the quadric reduces to i cone of the 
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second order having V for vertex, or they all he m one plane m 
which case the quadric reduces to a pair of coincident planes 

In the alternative, when ^ breaks up into two planes, we note 
that a pair of planes is a particular case of a cone of the second 
order , m this case there is a whole pencil of generators through 
any point of the quadric, and two such pencils through any point 
common to the two planes If any generator other than this Ime 
common to the two planes counts twice, the plane-pair must 
reduce to a pair of coincident planes 

258 Focal spheres A well-known property of the foci of a 
come can be at once deduced from the result that the generators 
of a sphere are circular hues 

Let /c be a right circular cone, o- a sphere touchmg k along a circle c, 
a any plane touchmg a at F and meetmg k m a conic $ Then F 
IS a focus of $ If aJ, 2/ c' of cr through F, these 

generators clearly touch k at the pomts I, J where they meet the 
circle c, which they must meet, smee x, y, c he m the sphere a 
Hence, smee they he m a, they must touch the mtersection of x and 
/c, that is the come s Hence ar, y are the two tangents from F 
to s 

But x, y, bemg generators of a sphere, are circular hues in x 
Hence, by Art 145, F is a focus of 5 Moreover /, J are cleirlv 
pomts common to a, ac and o, that is, to y and c Accordmgh 
they must he on the mtersection of y wuth the plane of the circle c 
But 7, J are the points of contact of a, y with /c, and therefore 
with 5 , so that IJ is the polar of F with respect to s, and so ib the 
directrix correspondmg to F 

We have therefore the foUowmg construction for the foci of a 
plane section of a right circular cone describe the spheres touchmg 
the cone and the plane , their pomts of contact are foci 

Two such spheres are real, namely those which touch the cone 
internally , their pomts of contact are the real foci If the phnt 
meets one half cone onl^, the spheres he on the same side of the 
vertex of the cone, but on oppobite sides of the plane the come ^ 
IS then an ellipse If the phne meets both h-^lt cones the S'hcrts 
he on opposite sides of the \ eite\ Imt on the s imc s de the pi iul 
s IS then a hyperboh If the plane is pinlltl to i gmer tea on \ 
one piopei real sjihere exists ind is x pinboli 

259 Regull The genentors p of Vrtick 2 >7 m ^od To lorin i 
regulus on the qindric 0 Simihrh the geiui it(»is q io in i n ju u- 
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The two sets are said to be complementary reguh The hues of 
either regulus may be spoken of as transversals of the other 
A regulus deternunes on any two transversals homographic 
ranges 

For let a, h, c, d be any four Imes of the regulus, x, y two trans- 
versals belonging to the complementary regulus Let a, 6, c, d 
meet x at Ai, Bi, Oi, Di and y at B 2 , Cut the quadric 0 

to which the reguh belong by a plane a This meets ^ m a conic s, 
which meets a, 6, c, d, x, y at A, B, C, D, X, Y respectively 
The planes x {abed) form an axial pencil which meets a m the flat 
pencil X{ABGD) Similarly y{abcd) form an axial pencil meetmg 
a m Y(ABCD) 

Because X, Y, A, B, G, D he on a conic 

X{ABGD)^Y{ABGD}, 

and therefore 

x{abcd) =y{abcd} 

Cuttmg the axial pencil of axis x by y, and that of axis y by x^ 
we have at once 

{A2B2G%1)^ =^{AiBiCiD{}, 

which shows that the ranges on the two transversals are equi- 
anharmomc and therefore homographic 
This common cross-ratio may be called the cross-ratio of the four 
hnes of the regulus The regulus, like the range, the flat pencil 
and the axial pencil, is one of the standard forms It may be 
reckoned as a form of the second order, since it lies in a surface of 
that order 

Two regull will be said to be homographic if corresponding 
hnes can be related by a one-one algebraic correspondence 
They meet any two planes m homographic ranges of the second 
order and any generators of their complementary reguh in 
homographic ranges of the first order 
Not only does a regulus determme homographic ranges on two 
transversals x, y, but it determines with x, y two axial pencils 
homographic with these ranges and with one another This follows 
immediately from the proof given above, since wc h ive seen that 

x{ahcd}^y{abcd}^{AiBiCiD^}=={A2B,V>DA 

Reguh vill be said to be cobasal if they belong to the same set of 
generators of a quadric Two homographic eobisxl reguh hxve 
two self corresponding lines, which may be real, coincident or 
imagmary 
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Similarly we may have an mvolntion regulus, which has two 
distmct double rays, real or imaginary 

260 Quadric as product of homographic ranges or axial 
pencils If, m the theorem of the last Article, we denote by p a 
variable Ime of the regulus which meets x and y at Pj, P> we ha\e 
proved that 

[i’ljAEPo] 

and 

Thus any generator ^ of a quadric (other than a cone) is (i) the 
]oin of corresponding points of two homographic ranges on two 
generators of the complementary system, (u) the meet of corre- 
spondmg planes of two nomograpb'c axial pencils through two 
generators of the complementary system 

The quadric is therefore obtamed as the product of two homo- 
graphic ranges on skew hues, or of two homographic axial pencils 
with non-mtersectmg axes 

Conversely, any such product must necessarily be a quadnc 
Take the second case first Let tt, tt' be correspondmg planes 
of the axial pencils, meetmg any straight hue I at P, P' Then 
[P] 7 r[ir]A[ir']A[P'] The ranges [P], [P'J ha\e two self-corre- 
sponding pomts, which are the mtersections of 1 with the locus 
the latter is therefore of the second order, and thus a quadnc 
The first case is immediately reducible to this , for, let P1P2 —p 
and let the bases of [Pi], [P2] be x, y respectnelv Then p is the 
mtersection of correspondmg planes m the homographic axial 
pencils a:[P2], i/[Pi] and generates a quadric by the precedmg 
We may notice that the quadric, m both cases, contams the 
bases x, y, and that the pomts Pj, P, are the pomts of contact of 
the planes xp, yp, which are tangent planes to the quadric Hence 
we obtam the followmg theorem the tangent planes to a quadric 
at the points of a generator form an axial pencil t’omographic 
with the range of their points of contact 
We are now 111 a position to free our defimtion of the regulus 
from any necessiry connection vith i quidne For let < y, 
be three non iiitii^^ctinu lines in spice (cillcd directrices) Tike 
any point P of j The plane Pz meets y at one point Q onli and 
PQ meets s it 1 unique point R Then is ucordiugli 1 uniqiu 

straight line PQR meeting a, y, ind c 

That this determines a regulus according to the pre\ lous definition 
IS immediately obvious For the relation between P and Q is 
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clearl7 one-one and algebraic , therefore [P]” [Q] and PQ is a 
generator of a quadric and therefore a line of a regulus 
Incidentally we see that a quadric is uniquely deternuned by 
any three generators of the same system 


Examples 

1 Show that a regulus projects from any point upon any plane into a 
homographio pencil of the second order 

2 Two fixed straight hues a and h meet a come $, but are not coplanar with 
s or with each other Show that a straight hne which meets s, a, b describes a 
quadric 

3 Two skew hnes u, 6 meet a come ^ at pomts A, B, but are not in the 
plane of the come If the umque transversal to a and h from a pomt P of 
the come meets them at Q, R respectively, prove that, when P describes the 
come, Q and R describe projective ranges 

In the case when ^ is a parabola, and a and h are parallel to a plane y 
through the axis of the parabola, prove that the ranges [Q]f [i2] are similar , 
and that any plane parallel to y is met by the transversals PQR in the 
pomts of a straight Ime 

4 If hit ^2 ^-re two plane sections of a quadne i/j, and any generator of 
of one system, meets ki at and at Pg, prove that [P J 


261 Homographic complementary reguh Consider a plane 
section s of a quadric ip If we relate corresponding rays p, p' 
of two complementary reguli on ip, so that they intersect at a 
point P of s, then these reguli will be homographic 
For a generator p oi ip cannot meet 5 at more than one point, 
otherwise the plane of s would meet ip m both s and p, which is 
impossible Hence, p being known, P, and therefore p^, is uniquely 
deternuned , and conversely Therefore the reguli are homographic 
Conversely the product of two homographic complementary 
reguh IS a come section of the quadric ip in which the reguli he 
For let a, 6, c and a', 6', c' be the three (arbitrarily selected) corre- 
spondmg rays which define the homography Let A —aa\ B~hh\ 
0 = cc', then BC, CA, AB are not generators of ip, and the plane ABC 
meets 0 in a proper conic s 

If now p, p' be two corresponding rays of the reguli, meeting 
s at P, P', we have <^'[p]'Aa[p'], so that, taking sections of these 
axial pencils by the plane ABC, ^[P]-a^[P'] and [P]^a[P']2 
But the last two ranges of the second order have clearly A, B, C 
for three self-corresponding points Hence the ranges must coincide, 
and P = P' or the corresponding rays p, p' meet on the conic s 
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262 Class of a quadnc Let a quadric be defined by the 
homographic ranges [P], [F] determined by one of its reguli on 
two generators x, x* of the other Let u be any straight hne 
The cobasal homogiaphic axial pencils u{F], u[F] ha\e two self- 
correspondmg planes Each one of these contams a generator 
PP' of the quadric It therefore contams a second generator and 
touches the quadnc at their mtersection 

Thus through any straight hne u two tangent planes can be 
drawn to a quadric or a quadnc is a surface of the second class 
Conversely every surface of the second class is a quadric For, 
by the prmciple of duahty m space, the reciprocal of any surface 
of the second class is a surface of the second order Smce there 
are two tangent planes to this latter surface through an arbitrary 
hne, any hne u wiU meet the origmal surface of the second class at 
two pomts Hence this surface is a quadnc 

263 Degenerate quadncs Precisely as the come, considered 
as a locus, may degenerate mto a hne-pair, or, considered as an 
envelope, may degenerate mto a pomt-pair, so the quadnc may 
degenerate m different ways, accordmg as we consider it generated 
by two homographic axial pencils, or by two homographic ranges 

Taking two axial pencils, the first type oi C t n which 
presents itself is when the axes mtersect, that is, the bases of the 
axial pencils are coplanar CortpoH ni. planes will then 
(Art 240) meet m generators of a cone of the second order, which 
is thus one type of degenerate quadric It retains the typical 
property of the quadnc that it is met (m general) by any straight 
hne in two pomts , but it is no longer true that two tangent planes 
can be drawn to it through any gi\en hne This is only possible 
when the hne passes through the \ertex In all other cases the 
plane through the given hne and the vertex of the cone has to be 
regarded as a double tangent plane, m order to mamtam artificiallv 
the quadric property 

If, further, the two axial pencils ha\e a self-correspondmg plane 
the other correspondmg planes meet on a fixed plane and the cone 
of the second order breaks up mto a plane-pair This is stiU a 
locus of the second order In this case no tangent plane can m 
general be drawn through an arbitrary Ime, e\en with the ^e^\ 
special mterpretation guen m the last paragraph No can 
therefore be ascribed to the plane-pair 

Now considei two homographic ranges If their b im ^ are mule 
coplanar, the generators of the quadric he in a phue, which thc\ 
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entirely fill up, with the exception of the inside of this come 
envelope We may think of the quadric surface as pressed flat, 
so as to form a double-sheeted plane, with a hole in it in the shape of 
the come, the two sheets ]Oinmg up on the edge of the hole Such a 
quadric will be called a disc quadnc A conic, so considered, is 
therefore a degenerate quadric It remains a surface of the 
second class, for two tangent planes can be drawn to it, m general, 
through any hne m space, but it can only be considered of the 
second order if, by an artificial convention, we consider an inter- 
section with the plane of the conic to be double, in view of the two 
sheets above mentioned 

If the two coplanar ranges have a self-corresponding pomt, the 
come m question itself degenerates mto a pomt-pair, the hole 
shrmlmig to a sht m the plane, or the disc quadric to a thin rod, 
connectmg the pomts of the pair This does, mdeed, still give us an 
envelope of the second class 

It is also clear that the cone of the second order can degenerate 
mto a Ime-pair, and so can the conic But for the cone of the 
second order to degenerate mto a Ime-pair, it must first arise as 
the product of two homographic flat pencils of a star , the product 
of two homographic axial pencils of a star cannot produce a Ime- 
pair On the other hand, a come obtained as the product of homo 
graphic ranges cannot degenerate into a Ime-pair If therefore we 
start from the quadric as above, we cannot arrive at the Ime-pair 

Moreover it is clear that, m general, a straight Ime in space does 
not meet a Ime-pair at two pomts, nor can two planes be drawn 
through it to touch the hne pair The Ime-pair, considered as a 
three-dimensional locus, is neither of the second order, nor of the 
second class (although it is of the second degree), and has no claim 
to be considered as even a degenerate quadric 

And this mdeed is borne out by analytical considerations, for 
whereas the cone and plane-pair can be represented by a single 
equation m pomt-co ordmates, and the conic and pomt-pau by a 
single equation in plane co-ordmates, the line-pair cannot be so 
represented, but always needs two equations to specify it 

264 Pole and polar plane Let P be any point and let any 
ray through P meet a quadric at P S If P' be the pomt har- 
monically conjugate to P with regard to P, S, then P' lies on a 
fixed plane 

For take two rays through P, PR^B^, PR^S, and lot P/P/ 
be the correspondmg positions of P' Join Pi'P/ Then if a be 
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the plane of the two rays PRiSi, PS2S2, P1P2 ^ 

P with regard to the conic in \vhich a meet-s the quadric Henct 
the locus of points P' 0 lO'nj to all rays through P which 
lie in a IS the straight line Pi'Po' Thus the straight line joining 
any two points on the locus hes entirely in the locus But this 
property defines a plane 

This plane is called the polar plane of P with regard to the 
quadric 

When the points P, S coincide, P' coincides with them Thus 
the tangent cone from P touches the quadne along a plane 
section This cone is therefore of the second order 
If P he on the polar plane p of R, and PR meet the quadric at 
(iS, T), then (P, R) are harmomc conjugates with regard to S, T 
and therefore the polar plane tt of P passes through R 
P, R are conjugate points andw, p conjugate planes \uth regard 
to the quadric 

Consider the poles of planes through P These he on its polar 
plane tt Similarly the poles of plane 5 through P he on p Thus the 

poles of planes through PR he on a fixed hue Trp 
Hence if be any pomt of PP, S' any pomt of wp, SS' is har- 
momcally divided by the quadric 

The symmetry of this last relation shows that the poles of planes 
through Trp he on PP 

Two such hues PP, Trp are said to be polar lines with regard to 
the quadric 

The polar plane of a point P on the quadric ib the tangent phne 
at P For the polar plane of ev ery point P m the tangent plane at P 
passes through P 

Conjugate hnes with respect to a quadric are lines such that 
each meets the polar line of the other For, if ^ meets the polar 
line q' of q, fq' determme a plane tt whose pole P lies on q But, 
smee p hes on tt, the polar line p' of p passes through P, therefore 
q meets p', and the condition is symmetrical, as stated Clearl}^, if 
P is any pomt, n its polar plane with respect to the quadric, any 
line through P is conjugate to am Ime of -r 

A line IS also said to be conjugite to au\ point m polar line, 
and to any plane thiough its polar line 

If a, y are polar lines, then y is the chord ot contact of tangent 
planes through cr For let a, r be the tangent planes through a, 
touchmg the quadne at S, T hmee cr is the polar plane of s idcI - 
the polai plane of 1 \ ST is the polar Imc of ar, that is of *4 
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If 77 , p are two otter planes through x, conjugate for the quadric, 
their poles P, E he on the polar line ST , Wt P hes on p and R 
hes on 77, therefore P, R are the meets of ST with p, 77 respectively 
Because P is the pole of 77, ST is harmonically divided by P and 77, 
that is, a, T are harmomcally conjugate with respect to 77, p That 
IS, two conjugate planes are harmonically conjugate with 
respect to the two tangent planes through their intersection 

It follows that conjugate planes through a Ime x form an mvolution 
axial pencil, of which the double planes are the tangent planes to the 
quadric through x Similarly conjugate pomts on a Lme x form an 
mvolution of which the double pomts are the mtersections of the 
quadric with x As m Chapter IV, the polar planes 77 of pomts P 
of a range on a straight lme form an axial pencil homographic 
with the range, the bases of the two forms bemg polar Imes 

If we cut the axial pencil [77] by a plane oc, and jom the pole -4 of a 
to the range P, we obtam two homographic flat pencils a[77], A[P\ 
m which corresponding hnes are polar Imes Thus, to any flat 
pencil corresponds homographicaUy the flat pencil of its polar 
Imes The planes of two such pencils are conjugate planes, smce 
the pole of the plane oc, hes m the plane of the other pencil, and 
likewise the vertices are conjugate pomts 

Two such polar flat pencils cannot be cobasal unless their plane a 
IS a tangent plane and then vertex A its pomt of contact In this 
case a pair of polar Imes are mates m an mvolution, of which the 
generators through A are the double Imes 

Examples 

1 If two polar hnes intersect, prove that Ihcir plant touches the quadiic> 
with their intersection as the point of contact 

2 If a skew quadrilateral is formed of four generators ol i quadiu two of 
each system, prove that the joins of opposite vertices are poKi hnes lor the 
quadric 

3 Show that polar hnes for a sphere arc peipcndicul ii 

4 Prove that a lme which is its own polar line with icspcct to i quadric 
IS a generator of the quadric, and, conversely, that every gcnciator ot the 
quadbnc is its own polar hne 

5 Show that two planes conjugate for a quadric arc conjugitc loi every 
tangent cone whose vertex hes on their intersection 

6 If two mtersectmg hnes are conjugate foi a ((uidric prove tliat they 
are conjugate for (1) the conic intersection of the quadric by th( ])l uk through 
the lines, (2) the tangent cone to the quadric from the intcisci tion of the 
hnes 

7 If a line is self conjugate for a quadiic, piovc tli it it is a tangent line 
to the Quadric 
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265 Twisted cubic A twisted cubic is a cur\e of the thu 
degree it may be obtamed as the product of three homograph 
axial pencils For take any three chords a, b, c of the twisted cubi< 
Let P be any pomt on the curve , denote the planes uP, 6P, c 
by TTi, W2, 773 Now smce a already meets the cubic at two pomi 
(bemg taken a chord), a plane tti through it can meet the cub: 
agam at one pomt P only Thus when is given, P, and therefoi 
772 and 773, are umquely detenmned Similarly if 772 or 773 be givei 
the other two are umquely determined Hence [ttj], [772], [tt 
are three homographic axial pencils of planes, of which the twiste 
cubic IS the product 

Conversely any three homographic axial pencils [771], [773], [773 
whose axes are a, &, c, determine in general a twisted cubic as the] 
product. For they detemune on any plane A three homograph 
flat pencils [pi], [^3] havmg for vertices the pomts P, 1 

in which a, 6, c meet A [pi], [^3] have as their product a conic 1 
passing through A and G , [^[>2], [p^l lia^ve as their product a conic < 
passmg through B and C If P is a pomt of mtersection of $1 and s 
other than C, P hes on three mutually correspondmg rays of Ipi 
IpIsj IPs] therefore on three mutually correspondmg planes < 
[tti], [773], [773] It IS therefore a pomt of the product-locus Sm( 
Si, $2 have three mtersections other than C, there are three sue 
pomts P 

0 is not, m general, a relevant pomt, unless AC, BC happe 
to correspond to the same hne through 0, m which case and 
touch along this Ime But 5^, $2 can then have only two oth( 
mtersections so that, m every case, there can be only three pomts ( 
A lying on the product-locus, which is accordingly a twisted cubic 

If a, c intersect and [771], [773] have a seli-corre^pondms plane / 
their product degenerates {see Art 240 ) mto ^ and another plane < 
If P2 IS the plane of [773] correspondmg to e\ery pomt of j 3 / 
IS a pomt common to three to » - planes of [^1], [^2 

[773] Further, the product of [771] [770] is a quadric ip which meei 
S in a conic h, every pomt of which hes on the product-locus ( 
the three axial pencils The twisted cubic then degenerates mto tl 
straight line ^^2 conic L, which meets ^^2 pomt ac 

If, further, a and b mtersect and [77^] and ["^2] ha'v e a ^elf corr< 
spending plane y, the product [77i77>] breaks up into / and anoth( 
plane € If 73 is the plane of [773] correspondmg to y then the thr( 
straight hues ^^2^ 773? form the locus /8 art nut rLie\an 
nnlpQQ Rc lipq in nr v/5 lips in ill which case thc\ cuintide v it 
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the lines previously found The twisted cubic then degenerates 
into three straight lines 

A non-degenerate twisted cubic cannot meet a straight hne at 
more than two points For if it meet a straight line a at points 
A, B, 0, take a point D of the cubic outside the Ime Then the 
cubic would meet the plane aD at four pomts A, B, C, D which is 
impossible 

It IS clear that every twisted cubic lies on a quadric, for the 
twisted cubic just considered hes on the product of [ttj] which 
IS a quadric of which a, 6 are generators Siimlarly it lies in the 
product of [tti] [ 713], of which a, c are generators 

Eeciprocatmg the above properties, we see that the plane 
through a set of corresponding points of three homographic 
ranges which do not all lie in one plane touches a developable of 
the third class, which may m special cases degenerate into a straight 
Ime and a cone of the second order, or mto three straight Imes 

Examples 

1 Show that a twisted cubic is entirely determined by any six points 
on it 

[For if Ai B, C, P, 0, E he the six pomts, the homographic relation between 
the axial pencils passmg through BG, CA, AB respectively is entirely deter 
mmed by the triads contammg P, Q, 22 ] 

2 Prove that any four given pomts of a twisted cubic determine with 
any variable chord of the cubic an axial pencil of constant cross ratio 

3 If u4, P, 0, P, Qf E he six pomts on a twisted cubic, show that the tangent 
at ^ to the cnhic hes m the planes through AB> AC which correspond to the 
plane ABC of the axial pencil through B€ in the correspondence between 
homographic axial pencils determmed by the triads of planes joining BO GAj 
AB to the pomts P, Q, E 

4 If ^ IS a pomt on a twisted cubic, a the tangent at , P, Q, P, R four other 
pomts of the cubic, prove that the osculating plane to the cubic at A is 
the tangent plane along a to the cone of the second order dc torniined by the 
five generators AP> AQ, AE, AS and a 

5 Prove that the chords of a twisted cubic through a given point 0 of the 
curve he on a cone of the second order 

6 Prove that a twisted cubic lying m a quadric meets the gt aerators of one 
set m two points, and the generators of the other set in one point only 

[Consider the mtersections of the cubic by a tangent plane to the quadric 
two must lie on one generator and one on the other ] 

7 Prove that two given points of a twisted cubic lying in a quadi ic dc ter 
mine, with the generators of each system, homographic axial pencils 

8 Prove that a regulus and an axial pencil homographic wiili the legulus 
generate a twisted cubic 

266 Intersections of quadrics If ifs] ifj) be two quidncs, 

of winch (j IS the mtersertinn 11 ^ - 
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conics 5 i, ^2, and q m the intersections of Sy, $2 Since the latter are 
four in number, every plane meets q m four pomts so that q is, in 
general, a twisted quartlC 

If ^ij ^2 one generator x m common, this goner<ator is 
part of the locus q The remamder of q meets any plane m three 
pomts and so must be a twisted cubic This can also be seen 
otherwise, for if Xi, X2 be two other generators of ^1, ^2 respectu elv, 
belongmg to the same system as a; m each case, iffi is obtamed as 
the product of homographic axial pencils [ttj], [tt] through Xi, x 
respectively, and ^2 the product of homographic pencils [-jt], [m] 
through X, X2 respectively The pomts common to ^1, ^2 
therefore the mtersections of correspondmg planes [^r], [tts], 
that is they lie on a twisted cubic of which x, Xi, X2 are chords 

If i/f2 have two generators x, d of the same system m common, 
the planes tti, 772 of the last paragraph may be taken to pass through 
d , 77, TTi, 772 will not m general mtersect outside x\ unless 771, 772 
comcide This will happen when 771, 772 comcide with either of the 
self-correspondmg planes a, jS of the cobasal axial pencils [ttj], [tto] 
If c7, T are the planes of 77 ( or-o^pondinL^ to a, j 3 respectively, then 
every pomt of era or is on three corresponding planes these two 
Imes, together with x, d, give the whole mtersection Also cnx, 
ojS meet both x and d and so are generators y, y' of the other 
system The mtersection of ^1, ^2 consists of a quadrilateral 
consistmg of two generators of each system 

If i[f2 have part of their mtersection m a plane, then this part 
must be a come s, which may degenerate mto a pair of generator^ 
a?, y of opposite systems, and this is part of the locus q bince a conic 
meets any plane at two pomts, the remamder of the locus ? is a 
curve of the second degree, that is, another conic A, or two Imes 
which cannot be generators of the same system , the twisted quartic 
then breaks up mto two conics which may, or may not, degenerite 
mto Ime-pairs 

Note that, since the conic ^ is a plane cur\e, if two quadrics 
have one common plane section, they ha\ e a second common plane 

section 1 k ^ 

When the mtersection consists of a quadrilatenl formed tvs a 

generators x, d of one system and two generatoii. ij y' of the other 
these lines may be associated m coplanar pair^. either a^ a ij 
d, y' or as a, , a', y, so that there are now four common plane 

sections 

Tr, thA mnrp crpnfral rase ifot iS are the planes of the ^ectioOb . h 
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tiLen s, k must mtersect on If then ( 7 , D are the points where 
aj8 meets both quadrics, the tangents to 5, A; at 0 are tangent lines 
to both quadrics and the plane through them is a common tangent 
plane at 0 to both quadrics Similarly the quadrics have a common 
tangent plane at D 

Conversely, if two quadrics ^2 touch at two pomts C, D 
and P IS any other pomt on their mtersection, not lying m CD, the 
plane PCD meets the quadrics m two comes ki, k^, both of which 
pass through C, D and P If now the common tangent planes at 
C and D do not contam CD, kiy k^ touch at ( 7 , D and have the pomt 
P common Hence they comcide entirely, so that the mtersection 
of xfsi, ^2 contams one come, and therefore two comes 

If, however, the common tangent plane at C contains CD, then 
CD is a tangent Ime to both quadrics, and, since it passes through 
another pomt D common to is a common generator of xjji, 

The comes ki, k^ then degenerate mto Ime-pairs, CD being a com- 
ponent of each pair, the other components bemg the second 
generators in the plane PCD , these intersect at P In this case 
the common tangent plane at D also contams CD But k^, k^ 
do not comcide as a whole and the previous conclusion ceases to 
hold 

If the two quadrics touch at three pomts A, B and ( 7 , and none of 
BC, CA, AB is a generator, the plane ABC cuts them m conics 
which touch at each oi A, B C and therefore comcide The meet 
of the tangent planes at P, (7 is then the pole V of the plane 
ABC with regard to both quadrics, and the cone formed by joimng 
Y to the pomts of the come m which the plane ABC meets both 
quadrics is the tangent cone from F to both quadrics The latter 
therefore touch along the whole of the common come 

By Art 251 three quadrics ijsi, iff2, ^3 will mtersect m general 
m eight pomts If the quadrics tf/2, ^3 have a common generator x, 
the remamder of their mtersection is a twisted cubic t Since u 
meets at two pomts, then six of the eight mtei sections of i/j^, 
^3 belong to t But every twisted cubic can be so obtained 
Hence every twisted cubic meets a quadric in six points 

If ^1? 03 have a common generator Xi and ^2> 03 have a common 
generator X2 of the same system as Xi, the intersection of 
consists of Xi and a twisted cubic ti lying m and the inter- 
section of ip2i 03 consists of X2 and a twisted cubic (2 lymg m 
The eight pomts of intersection of the three quadrics then consist ot 
the two intersections of with ?/ro, the two mtersectioim of 
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witli ill, and foui oiJier points, wkct are the intersections of ti 
and «2 Thns, two twisted eubics Ipng on the same qnadne and 
having the same system of generators as chords intersect, m 
general, in four points 


Example 


Show that if a twisted cubic and 
they are altogether incident 


a quadnc have seven points common 


267 HomogiRpluc spEC6S In precisely the sRme way as in a 
plane, so in space of three dimensions we can ha\ e a one-one algebraic 
correspondence between points, such that planes correspond to 
planes and therefore hues to lines Such a relation may he described 
as a space homography Two space fields €>, thus connected 
are homographic, and, as m Art 161, it may be shown that the 
relations between the point-co-ordmates are expressed by three 
equations of the form 

^'-PllP4.y'=P2lPi,Z^ = Ps/P4> 

where (r = l, 2, 3, 4) 

Similarly the equations connecimg the plane co-ordinates are 

Z =QiIQ 4) ~Q2lQ49 ^QzlQ 49 

where + (r = l, 2, 3, 4), and A,, B„ etc 

are the co-factors of b^, etc m the determinant of the coefiicients 
a, b, c, d These relations may also be expressed m the form 
I = (aiV + a^m' + ^3^' + a^)j(dil' + d^m' + d^n ' t d^), 
with two similar equations, and 

Oy = (Aix' + A^y' -\-A^z' A^)J[Dix' ■^ 1 ^ 4 ) 

with two similar equations 

In such a space homography correspondmg fields m " 1 

planes, as also all correspondmg forms such as ranges, flat or axial 
pencils, ranges and pencils of the second order, reguli, etc are 
homographic 

The planes P 4=0 and Bix' correspond to 

the plane at infinity and are termed the vamshing planes A space 
homography is entirely determined by fi\ e pomts corresponding to 
five given points, no four of each five lymg m a plane, and therefore 
no three lymg m a straight Ime 

To prove this, let ^ 1 , Bj, Oi, Bj, Ei correspond to Bj C’j 
Bo, E 2 , in the homographic spaces <l>i, O 2 no four points of either 
set being coplanar Let Pi be any point ot Oi not King lu tht 

^ i T> n ^ ^ 1,^+ T> >1 +Tio /^rvTT*AQrkr»r»rlnicr TiOlTlt of d)-, 
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Then, in the corresponding axial pencils of axes BiC^, 
Bi 0 i{AiDiEiPi)' 7 ^ BsiCzi-^z^z^z^z) 
which determines uniquely the plane B^C^B 2 Yihen BiCiP 1 is 
known, smce no two of the three planes BiGiAi, BiGiDi, B^GiEi 
and no two of the three planes BsiG2^2> B^GJD^, B^G^E^ are 
comcident 

In like manner O2A2P2, A2B2P2 are determmed If Pj is not in 
AiBiGi, then P2 is not m A2B2G2 and the three planes above must 
be distmct, and cannot have a Ime m common smce they pass through 
the sides of a plane triangle 

This fixes umquely the corresponding pomts of all pomts outside 
the plane ^iPi^i 

That this construction leads to a homography is easily verified 
For, if Pi descnbe a hne then the axial pencils ^iPi[Pi], 
AiGilPi] are homographic and have the plane AiBiGi self-corre- 
spondmg Therefore, by the construction for P2, the axial pencils 
A2B2[P2l> A2G21P2] are homographic and have the plane A2B2G2 
self-corresponding Hence A2B2P2, A2G2P2 meet on a fixed plane 
A Similaily A2C2P2, B2G2P2 meet on a fixed plane Thus P2 
describes the straight Ime A/i, which is thus a;2 Straight hues 
therefore correspond to straight Imes, and this necessitates that 
planes correspond to planes, for if two Imes PiQi, Pi^i mtersect, 
the correspondmg Imes P2Q2» ®lso mtersect, so that four 

coplanar pomts correspond to four coplanar pomts The space 
fields ^>1, <E>2 thus obtamed are therefore homographic 

The above has left the pomts in the planes AiBiGi, A2B2G2 
unrelated It is clear that these two planes must correspond m the 
homography, smce no pomt outside A2B2G2 can correspond to a 
point on AiBiCi We can complete the correspondence by making 
intersections of corresponding hues with these planes correspond 
If DiEi meet the plane AiBiCi at Fi and I>2^2 meet the plane 
A2B2O2 at F2, then Ai, By Gy Fj and A 2, B2, Gy, F^ form corre- 
spondmg plane tetrads which define uniquely the correspondence 
between the fields m those planes (Art 162 ) 

Thus the two origmal sets of five points determine the homography 
completely 

268 Self-corresponding pomts of a space homography Tt 

IS obvious from the last Article that, m geneial, two homographic 
spaces d>i, $2 cannot have more than foiu non-coplaiiai selt- 
correspondmg pomts, since five self corresponding points, no lour of 
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which are coplanar, would determine the liumogripliv as an identity 
We will now show that there are, in general, four such points 
Let ai be any straight Ime m <I>i, not passmg through a self- 
corresponding pomt, and let a2 be its correspondmg hne m <I>j; 
If m Oj corresponds to bj iQ 62==^! ^1 corresponds 

to C2 m $2? «2=^i5 &2=^i C2 can contain no self-corre- 

sponding pomt The hnes ai, might, as a special case, mterseet, 
m which case 61, 62 also cj, C2 will mterseet, but these mter- 
sections must all be different, otherwise they must all comcide at a 
self-correspondmg pomt, a case which has been excluded 
Now let ai be any plane through aj, ol2=^i the correspondmg 
plane through «2=^^i> ^2=71 ^orre^-ponding plane through 
&2=Ci, 72 correspondmg plane through Co 

Then aia2, ^1^2^ yi72 generators of three quadrics ^1, ^21 ^3 
(which may as a special case be cones with distmct vertices) 
^1, ^2 have a2=bi as a common generator , ^3 bskve 63=^1 

as a common generator , if ^1, ^2 j ^3 proper quadrics, bi, h> 
are generators of ^2 of same system 
We have therefore the case considered m the last paragraph of 
Art 266 (which apphes equally to proper quadrics and to cones 
provided the cones have not common vertices) Hence ^1, ^2, 03 
have, outside 61, 62? four mtersections A, B, 0 , D, which are not m 
general coplanar smee they he on a twisted cubic 

Every mtersection A, B, 0, D is common to six planes a2> 
jSj, ^2? Vu 72 » IS, correspondmg pomts xi^iyi, X2P2/2 comcide 
at such a pomt A, B, C, D are therefore self-correspondmg pomts 
of the ' < - 


Clearly 61 and &2 cannot contam any self-correspondmg pomts 
Conversely, every self-correspondmg pomt of the liomogT iul'\ murst 
he m 01, 02 and 03 For if P be such a pomt, the planes ajP, 
ctoP correspond and so are planes ai, a2 Similarly b^P corresponds 
to b^P, so that if biP=Pi, b2P=^2-> ^1 

Again CiP = jSs =71 and corresponds to CoP = /2 P therefore hes on 

each of 0 i, 02, 03 and so must be one of their pomts of intersection 
Two homographic space fields ha\e therefore m general four 
non-coplanar self correspondmg pomts and four onlv The facea 
of the tetrahedron formed by the^e four pointb ire the bclf-corre- 


sponding planes and its edges are the self-correbponding Ime-^ 

The homography is determined it, 111 iddition to thi four ^elf- 
((» I - M ' j points I, B C, D ve lu si^cii 1 pair ot lorre- 
spondmg pomts P| A. wliub do not lu on i t u e ot 
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coxrespondmg tetrahedron But, if they do lie on such a face, 
say ABC, the space homography is no longer determined, but only 
the homography between the plane fields in ABG Another pair 
jPi, F2 are then required, but their positions can no longer be 
arbitrarily selected For if BFi meet the plane ABC at 
IS a known pomt, and F^ must be taken on DG^ 

Tf, m such a case, the pomts j^i, are made to comcide at a 
point E, m the plane ABC but not on any side of the triangle ABC, 
the homography m the plane ABC^tt has four self-corresponding 
pomts, no three bemg m hne In this case every pomt of tt is 
self-correspondmg , every pair of correspondmg Imes meet on tt 
and every pair of correspondmg planes meet m a Ime of tt Further, 
every hne through D is self-correspondmg, so that if Pj, P^ are 
any two correspondmg pomts DPi, DP 2 comcide, and the ]oins of 
correspondmg pomts pass through a fixed pomt D 

We have then an analogue of plane perspective, and it is reasonable 
to give it the name of space perspective, smce any two corre- 
spondmg plane fields m it are m space perspective from the vertex D 
accordmg to the defimtion of Art 1 D is the pole of the space 
perspective and tt is the plane of perspective 

To define the space perspective completely we require another pair 
of pomts Fi, F2 which may be taken anywhere on a Ime through D 
The vanishmg planes then contam the line at mfimty m tt and so are 
parallel to tt, and constructions for corresponding points, planes 
and Imes can be worked out by a simple generalisation of those of 
Art 16 

If, however, we take the self-corresponding point E on an edge 
BC of the self-correspondmg tetrahedron (but not at B or C) 
then every pomt of this edge is self-corresponding and every plane 
through the opposite edge AD is self-correspondmg It is then easily 
seen that the homographic fields m each of the self-corresponduig 
planes ABC, DBC are fields m plane perspective We may refci 
to this type of homography as uniaxal To define it, we lequire 
another pair of correspondmg pomts Fj, F2, which must be taken 
m a plane through AD, but are otherwise aibitrary, s ivc that they 
must not he on AD itself or m the planes ABC, DBC If two such 
points comcide at F, then every pomt of the plane A throiigli 

AD, m which they he, is self-corresponding Every plane of &p ice 
meets A m a self-correspondmg line and BC m i self-correspondmg 
point, and so is self-correspondmg and the homogi ipliy reduces 
to an identity 
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If the plane ADF meet BG at Z and Fi, f 2 comcide at F on 
one of AX or BX, say on AX^ then there are three self-correspondmg 
pomts Ai F, X on AX and this Ime is wholly self-correspondmg 
Two hnes AX, BG m the plane ABG are then wholly self-corre- 
sponding, so that the plane ABG is wholly self-correspondmg We 
then fall back on the case of space perspective 

But if Fi and F^ comcide at F on AB, we have AB wholly 
self-correspondmg and we have the case of two non-mtersectmg 
hnes or axes of homography, every pomt of which, and eveiy 
plane through which, is * We may refer to thus 

type of homography as biaxal To define it we require another pair 
of corresponding pomts Gi, which must now be taken on a Ime 
meetmg both axes at Z, Y 

No further degeneration is now possible, for if 6?^ and were 
now to comcide at G, the Ime ZF would become wholly self-corre- 
spondmg The planes determmed by ZF, AB and by Zi, BC 
would then be wholly self-correspondmg and every plane (and 
therefore every pomt) of space would be self-correspondmg 

269 Involutory space liomojiaphios If m a space homo- 
graphy two distmct pomts correspond doubly, their jom is a self- 
correspondmg Ime, upon which the homography determmes an 
mvolution whose double pomts are the only pomts of this hue self- 
correspondmg m the homography If there be two such mvolutory 
self-correspondmg hnes a, 6 m the homography, which do not 
mtersect, the double pomts of the mvolutions on a, i form a self- 
corresponding tetrahedron If a, 6 mtersect, then the pomt and 
plane ab are a self-correspondmg pomt and self-correspondmg plane, 
and Art 168 shows that the homography determmes, m this plane, a 
harmonic plane perspective In either case, no conclusion can be 
drawn as to whether any other pair of distmct pomts, not Ivmg on 
a, b or in the plane ab when a, b mtersect, correspond doubly 
' If, however, there be a third mvolutory self-correspondmg Ime c, 
we have to consider the followmg cases 

I a, b, c are all skew to one another Let Pj, P 2 be tvo corre- 
sponding points on a, and let pi, be the hnes through Pi, Pi 
which meet b, c , Pi, P 2 are thus umquely determmed when Pi P_ 
are known, and they are correspondmg hnes, smce 6, c are self- 
correspondmg The cobasal reguh [pil [pi] are homogriphic 
and, m fact, form an involution, having double lines y vhich ue 
self-corrcspondmg in the homogrxph} On eich of ^ y ire thrte 
distinct self-correspondmg pomts, namely those m vhich or y, 
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meets a, 6, c Hence every pomt onxoiy is self-corresponding and 
the homography is a biaxal homography, with x, y as axes 

II a intersects 6, hut c does not he in the plane ab If 0 is 
the pomt ah, a the plane ah, then 0 is self-correspondmg Let A, B 
he the other seH-correspondmg pomts on a, h and let AB The 
homography determmes m a a harmomc plane perspective in which 
0 IS the pole and x the axis of perspective Now the pomt ca~2) 
must he self-correspondmg and so is either at 0 or lies onx If D 
IS at 0, a, h, and c are concurrent hut not coplanar , we reserve this 
case for further consideration If D lies on x, then, smce the 
correspondence m oc is a harmomc plane perspective, OD^d is an 
mvolutory self-correspondmg Ime in the homography, which 
therefore determmes, m the plane cd=P, another harmomc plane 
perspective, of which D is the pole, and a Ime ym^is the axis, where 
y passes through 0 and through the other self-correspondmg 
pomt 0 on c This pomt C is not m a, hence x, y are skew Imes 
Clearly every pomt of x, y is self-correspondmg m the homography, 
which IS thus agam hiaxal 

III a, h, G are concurrent at 0, hut not coplanar 0 is self- 
correspondmg , let A, B, C he the other self-correspondmg pomts 
on A, B, G As before, the homography determmes, m each of 
the three faces of the three-edge ahc, a harmonic plane perspective 
The three axes of perspective are the Imes BC, CA, AB, every 
pomt of which is self-correspondmg, whence it follows that every 
pomt of the plane ABC is self-correspondmg and the homography 
reduces to a space perspective 

If now m either a biaxal homography, or a space perspective, 
a pair of distmct pomts Pi, P 2 correspond doubly, the homography 
will be mvolutory For it is always possible to tike arbitrarily 
two pomts A, B on one axis x of the biaxal homography, and two 
pomts 0, D on the other axis y, such that of the five points A, B, 
0, D, Pi, no four are coplanar And smce P 1 P 2 meets both AB 
and CD, then C cannot he m the plane A BP 2 without also 
l 3 ang m the plane ABPi, which we have just excluded , similarly 
for the other cases Thus of A, B, C, D, P 2 , no four aic coplan ir 

In like maimer it is possible to take three aibiti 11 y jiomts I, B,C 
m the plane of perspective it of the space pcispcctivc in such i 
way that, D bemg the pole of perspective, no four of A , B, C, D, Pi 
are coplanar, and therefore, usmg the fact that P 1 P 2 passes through 
D, no four oi A, B, C, D, P^ are coplanar 

The homography is then determmed by the tiausloimation of 
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A, B, C, D, Pi mto - 4 , 5 , 0 , D, P^ But, smce Pj, Pj correspond 
doubly, if P2 = 6 i> then Pi =62 The same homography is there- 
fore determmed by the correspondence which transforms A, P, 
0 , D, Qi mto A, B, 0 , P, Q2, that is. A, B, C\ D, P^ mto A, B, G, P, 
Pi It IS therefore identical with its reverse, that is, every pair of 
distmct correspondmg pomts correspond doubly and the homography 
IS mvolutory 

Smce every pair of mates are harmomcally separated by the double 
pomt of an mvolution, any two correspondmg pomts m such an 
mvolutoiy homography are harmomcally separated (1) by the axes 
when the homography is biaxal, (11) by the pole and plane of per- 
spective when the homography is a space perspective 

An mvolutory biaxal homography is usually referred to as a 
skew involution and an mvolutory space perspecti\e as a 
harmonic space perspective 

These two are the only possible types of mvolutory space 
homography 

270 Any quadric can be transformed homographically into 
any other quadric Let ipi be a quadric, Ai, Bi, Ci any three 
points on it, ai, ai the generators through Ai, 61, bi the generators 
through Bi Let aihi be Pi, aibi be Ei These data define 
the quadric ipi entirely For, if through C'l we draw a hne Ci 
meetmg the two generators ai, 61 (unaccented generators belonging 
to the same system), then Ci' has three pomts of the quadric on it, 
and is then a generator of the accented system We ha\e thus 
three generators of the latter system and the quadric is determmed 

On another quadric ^2 ^ maimer three arbitrary pomts 

A2, B2, C2 and the generators a2, through A2 , b^^ bo through 
P2? those of opposite systems meetmg at aobo =D> and 
These data define ^2 entirely 

Consider now the homography m which Ai, Bi C'l, Pi, Pi 
correspond to A2, B2, C2, P2 transforms mto a quadric 
ijj ^' — since a homographic transformation lea\es order, class and 
degree unaltered — and ^2^ passes through U, Bo, Oo and has the Ime 
^2P2 ^^2 ^ generatoi and also 42^2 ~ ^2 ? BoE^^bi are 

generators But these data determme v hich therefore come ide^ 
with 1/^2', and corresponds ' •» h to ipi 

It follows that any property which is preser\ ed b\ ; ^ , 

such as the non-metncal properties of mcidence, tangenc^ and 
cross ratio, holds for all quadnes if it can be pro\ed for an\ (non- 
degenerate) quadric It should, hoA\e\er, be borne m uimd that 
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degeneracy is also preserved by homograpby, so that we cannot 
argue in this way from properties of a degenerate quadric to those 
of the general quadnc 

Further, any conic Sj may be transformed homographically mto 
any other come s^, with any three given pomts Ai, O-y of sj 
corresponding to any three given points A2, of $2 We have 

already seen how to do tins by a plane homography (Art 166 ) 
between fields m drSerent planes It can, however, also be done 
by a single space homography as follows Let the tangents to sj 
at Aj, Bi meet at Ti, those to Sg S't Ag, B2 meet at T2 On any 
hnes through ^i, T2, not m the planes of Sj, $2 respectively, take two 
pairs of pomts Dj, Bi , D2, E2 Then the homography in which 
^i> Si, Oi, Di, El correspond to Ag, B2, O2, -D2, E2 transforms Tj 
mto T2 and Si mto a come touchmg T2A2 at A2, T2B2 at B2 and 
passmg through O2, that is, mto $2 

Any come may therefore be transformed homographically mto 
the circle at infinity, and any quadric of which that conic is a 
plane section then becomes a sphere The non-metrical properties 
of the general quadnc may therefore be deduced from those of the 
sphere m the same way as those of the general conic are deduced 
from those of the circle 

271 Space correlation In the same way as we construct a 
space homography we can construct a space correlation m which 
pomts correspond to planes and planes to pomts, straight Imes 
as joins of two pomts correspondmg to straight hnes as meets of two 
planes The equations of transformation are obtamed from those 
of Art 267 by mterchangmg x', y', z' with V, m', n' 

Note that, m any correlation, a surface-locus of any order 
corresponds to a surface-envelope of the same class, a curve of 
any degree to a developable of the same class, an axial pencil to 
a homographic range, a flat pencil to a homographic flat pencil, a 
regulus to a homographic regulus, a cone of the second order to a 
conic, and a quadnc to a quadnc 

As m Art 173 we can consider mcident pomts and planes m 
such a correlation If a pomt Pi=R^ hes on its corresponding 
plane 77-2, then if pi is the plane correspondmg to R2, since J?2 a 
pomt of 772 , then pi passes through Pj, so that a pomt is incident, 
m whichever field we take it, and through every incident point 
pass Its two correspondmg planes Similarly in every incident 
plane lie its two corresponding points 

In general, corresponding hnes do not intersect , if, howcvci. 
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two corresponding lines Xi, X2 intersect, the point and plane which 
they determine are an incident point and plane For, let Pi 
be the intersection of two such lines Since Pi lies on Xj, its corre- 
sponding plane passes through x^ and so must contam Pj, smce 
X2 contains it Similarly pi which corresponds to Po 
through Xi and contams These planes, however, are not 
necessarily identical with the plane XiX^, Similarly if ai-jSo 
IS the plane XiX^, then smce oci passes through Xi, its ( orrespondinj: 
pomt 22 hes on X2, and therefore m ai, and the pomt Bi correspond- 
ing to ^2 on Xi and therefore m These pomts An, Pi are 
not necessarily identical with the pomt XiX, 

If now X IS any hne m space. Pi any pomt of it, 7 r 2 its corre- 
spondmg plane meetmg x at P2, the ranges [Pi] [Po] are homo- 
graphic Bemg cobasal, they have two self-correspondmg pomts 
U, V If Pi comcides with either U or 7 , it comcides with Pn 
at that pomt and therefore hes m 772 Every straight Ime has 
accordmgly two mcident pomts on it , hence the locus of mcident 
pomts IS a quadric ^1 

Similarly, if tti be now any plane through x, P2 its correspondmg 
pomt, the axial pencils x{P^ and [tti] are lomnjrifKhi Their 
self-correspondmg planes a, are such that, when treated as planes 
of the field Oi, they contam their correspondmg pomts m ^2 Thus 
through any hne x two mcident planes can be drawn, hence the 
envelope of mcident planes is a quadnc ijsn 

If P be a pomt common to 0 i, ^1 generators 

of xjsi through P Smce every pomt of gi hes on ^1, everv plane 
through g2 is tangent to ^3. so that ^2 is a generator of . similarlv 

^2 IS a generator of 4^2 Now P^gA corresponds to the plane 
and smce P is an mcident pomt it hes m this plane But P is also a 
pomt of ip2 and so hes m at least one of g2, h If ^ li^s on g^, 
then if Qi be any other point ot gi, Qi is an mcident pomt and he^ 
m the correspondmg plane K2 which passes through go , and these 
planes k 2 are all difierent But aU the pomts Qi necessarily he m 
the determmate plane gign , this requires that the pomts Qi mmt 
he on g2, that is gi and ^2 comcide Hence the mtersection of 
i[fi, xjj2 must consist entirely of common generators, so that, in 
general, it is a skew quadrilateral (Art 266 ) and ^1, 02 touch at the 
four vertices of this quadrilateral 

If however, 0 i be a cone, then 02 is a disc quadnc the en\ek>pt 
of the tangent planes to a come 53 In this case the generator <ji 
of 01 through P must correspond to a tangent g2 to s. Here agiin 
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the points of gi lie on their corresponding planes through 
which are all different, and as before gi coincides with g^ The 
vertex of corresponds to the plane of ^2 in it This plane 

meets the cone m two generators gi, which touch §2 at two 
points This case may be deduced from the more general one by 
makmg the four common generators comcide m pairs, members of a 
pair belonging to opposite systems 

As m Art 173 we may speak of ^ 1 , ^2 the base quadnes of the 
space correlation 

If the base quadrics comcide m a smgle quadric i/j, then, by the 
above reasonmg, every generator of one system on ^ is self-corre- 
spondmg m the space correlation , and, m general, the generators 
of the other system correspond homographically with two self- 
correspondmg members 

If, however, every generator of both systems on ip be self-corre- 
spondmg, then any tangent plane to ip corresponds to its pomt of 
contact, and this is still the case if the two fields be interchanged 
Hence if aj, are the tangent planes to ip through any hne pi, 
^ 2 j ^2 pomts of contact with ip, the Ime -42^2 corresponds 
doubly to Pi Thus polar hnes with respect to ip correspond 
doubly m the correlation , and by considering mtersectmg lines 
it is seen that any pomt in either field corresponds doubly to 
its polar plane with respect to ^ m the other We have now a 
transformation by reciprocal polars with respect to the base 
quadric ils 

As a particular case the quadric ip may be a sphere of centre 0 
and radius of reciprocation a, which may be arbitrary We then 
have pomt-reciprocation in three dimensions, a point Pi corre- 
spondmg to a plane 772 perpendicular to OPi and meeting OPi at P^ 
where OPi OP^^a^ 

In such pomt-reciprocation the dihedral angle between two planes 
IS equal to the angle subtended at 0 by their corresponding points , 
also two corresponding hnes are perpendicular, and the angle 
between any two bnes hi is equal to the dihedral angle between 
the planes Oa^, Oh^ 

272 Inversion with regard to a sphere Precisely as m 
Chapter XI we can define inversion with respect to x sphere centre 
0 and radius a by takmg the points Pj, Pg of tlie last part of 
Art 271 to correspond 

Such a transformation (as in the plane) is not a homography 

The following properties of inversion with regard to a b])hcre 
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are easily established, follo\\mg the lines of Chapter XI, and are 
set down below without proof, for reference 

Every sphere not passing through 0 inverts into a sphere not 
passing through 0 , and every sphere passing through 0 imerts 
into a plane , also any circle not passing through 0 m\erts into a 
circle not passing through 0, a circle m a plane through 0 inverts 
into a coplanar circle, and every circle passing through 0 into a 
coplanar straight line 

Every sphere through two inverse points is orthogonal to the 
sphere of inversion 

A sphere orthogonal to the sphere of inversion inverts into itself 
A set of spheres which intersect on a fixed plane (the common 
radical plane) have on their hue of centres two Iimitmg pomte 
which are pomt-spheres of the set, and mvert with respect to either 
of these limit ing points mto concentric spheres 

Two correspondmg surfaces or curves through mverse pomts 
Pi, P2 are equally mclmed to the Ime OP1P2, the normals to the 
two surfaces (or the tangents to the two curves) being coplanar 
with OP1P2J hu.t not parallel to each other Hence any small 
elementary solid mverts mto an oppositely similar sohd (t e with 
right and left mterchanged), and the transformation is conformal 
If two mverse fields are simultaneously mverted with respect to 
any centre, they mvert mto mverse fields, their spheres of mversion 
mvertmg mto one another 


273 The twelve-face eight-point There exists, m three 
dimensions, an analogue to the harmomc property of the complete 
quadrangle and complete quadrilateral m a plane 

Let three pairs of planes ai, a2 , ^1, ^2 » Yh 72 described to 
pass through the sides BC, GA, AB respectively of a triangle 
ABC lying m a plane 8 These three pairs of planes define a 
harmonic space perspective, of which the plane of perspectiv e is S 
and the pole is the point D of concurrence of the planes through 
BC, CA, AB harmonically conjugate to B with respect to a 1, 0^2 
yi, 72 respectively We shall denote the faces A j 
a 'bD of the tetrahedron ABGD by a, 7 

In what follows y, q, r will denote any set of suflixes each of 
which IS either 1 , 2 , p', q\ / will be the complementarv siiftixes 
to n, q, T, so that if j; = 1 , =2 and com erselv 

The points ^ number and form the vertices of a 

figure which may be called an eight-point Hmce, in a space 
harmonic perspective, every pair of correspondmg dements corre- 
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Spend doubly, lines such as correspond, and the plane 

contaunng them passes through D Denote the plane (^lyj, jSgyg) 
by Ai, (jSiyg, ^^yi) by A2 The planes ^1, ^2, Vu 72 belong to the 
star vertex A and form m this star a complete four-face, of which 
Ai, A2 and ABC are the diagonal planes, and Aj, A2 meet m AD 
By the harmomc property of the complete four-face, Aj and A2 
are harmomcally conjugate with respect to the planes DAG^ DAB, 
le ^ and y Similarly the planes A^i = (yiai, 72^2)^ f^2=={yi<^2, 
ygai) pass through BD and are harmomcally conjugate with respect 
to y, a Agam the planes 9 ^2 = (<^1^2? ^2?i) pass 

through CD and are harmomcally conjugate with respect to a, j 8 

Moreover, every vertex hes on a straight hne jS^y^ and 

therefore on a plane A^ There are four vertices in Aj, namely 
^A729 ^2^1719 ^2^2729 and four vertices m A2, namely 

^lPl729 ^l^27l9 ^2^1729 ^2^271 

A plane which contains four vertices of the eight-point will be 
termed a lace of the eight-pomt, and two faces which contam 
between them all the eight vertices will be termed opposite faces 

It will be clear from what has gone before that Ai, A2, and by 
symmetry also fii, jU2 and vi, V2 are pairs of opposite faces It is 
also immediately clear, from the origmal mode of construction of 
the vertices of the eight-pomt, that the pairs oci, 0C2 , ^2 9 7i9 72 

are hkewise pairs of opposite faces There are thus 12 faces, and 
for this reason we shall refer to the figure as a twelve-face eight- 
pomt That there can be no more than 12 such faces can be seen 
as follows There are 56 planes obtamed by takmg the 8 vertices 
3 at a time , of these each of the 12 faces contributes four coincident 
ones, making a total of 48 There remam 8 planes contaming only 3 
vertices , such vertices are readily recogmsed to be of type a^jS^y^, 
^pPq7r9 ^p^q7r9 ^^id there are as many of them as there are 
vertices oc^^^y,., for they cannot repeat themselves, as if we take, 
for example, p', q' mstead of p, q, the rule gives 
^p^q7r9 where the third vertex is new and a distinct plane is 
obtamed Accordmgly all the 56 planes are accounted for, and 
there can be no additional faces 

It now appears that the properties of the eight-pomt arc entuely 
symmetrical with respect to the tetrahedron ABCD This tetra- 
hedron will be referred to as the diagonal tetrahedron of the 
eight-pomt Its vertices, faces and edges will be termed the 
principal diagonal points, planes and hnes of the eight-pomt 

Accordmgly we may define the eight-pomt by three pairs of 
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opposite faces passing tlirougli three coplanar edges of the diagonal 
tetrahedron, e g ai, ag , fi], M 2 . >'i. H through W, BD, CD These 
pairs will correspond m a harmonic space perspective of which A 
IS the pole and a the plane of perspective 

But smce every vertex hes m one or other of a pair of opposite 
faces, any three pairs of such faces will define the eight vertices 
Vertices of the type a^jS^y,, called comple- 

mentary vertices , the same apphes to vertices of the type apM^n 
similarly m other cases Lmes joining comple- 
mentary vertices wiU be called edges of the eight-pomt An 
edge joinmg vertices aj^^y,., ocp^^y,^, which are < >-■ n> j 
points m the plane perspective of pole D, passes through D, and 
there are clearly four such edges 

Similarly there are four edges through A (of the form 
a foTTC through B and four through C, so that there are 

altogether 16 edges of the eight-pomt 

If we now consider two pairs of planes («i, x^) A 2 ) which pass 

through opposite edges BO, AD of the diagonal tetrahedron, 
each of the four hues a/, meets both BO and AD, and contains 
two vertices a^A^jS,. and (h> ^ 2 ) temg any other pair of 

opposite planes These are not complementary vertices, and the 
fines XpXg will be termed diagonals of the cight-pomt Every 
diagonal meets two opposite edges of the diagonal tetrahedron , four 
meet the same two such edges, so that there are 12 m aU 

Moreover, smce there are only 28 joins of 8 pomts two at a tune, 
the 16 edges and 12 erhaust the possible combmations 

Through any edge jSjyi pass three faces ^ 1 , yi, A 2 , no two of which 


are opposite 

Through any diagonal aiAj pass only the two faces yj, Aj 
Through any vertex ajjSjyi pass the six faces aj, yi, Aj, Mb 
no two of which are opposite, the four edges which jom tbs vertex 
to A, B, 0, D and the tbee diagonals wbch are the fines though 
this vertex’meetmg pairs of opposite prmcipal diagonal fi^s 
In any face ai fie four edges aj^i, a^^ 2 ^ “IT'D 
aiMb “‘IMS. aib. “‘i ''2 are identical with aiyi, viya, “‘ift 

respectively In the same face ai lie the two diagonals aiAj and 

aiA2 

274 The twelve-point eight-face Eeciprocatmg the argu 
ments of the precedmg Article, we can construct a figure with eig t 
faces and twelve vertices, through each one of which pas. four face^ 
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IS advised to go through it carefully for himself, usmg the method 
of translation explamed m Art 57 and adapted to the case of three 
dimensions The results will here be briefly mdicated 

On three edges j 8 y, ya, aj 8 of a three-edge of vertex D pairs of 
pomts Aiy A2 , -Bi, B2 , Cl, C2 are taken From these eight planes 
A^BjJ^ are obtamed, which form the eight faces The triangles 
AiBiGi, A2B2C2 define a harmomc space perspective with D as 
pole and a plane S as plane of perspective, meetmg ^y, ya, ajS at 
A, B, C The diagonal pomts (other than D) of the quadrangles, 
such as B1B2C1C2, give pairs of pomts Li, L2 , Mi, M2 , Ni, N2 
on BO, OA, AB, that is, on aS, j 88 , yS respectively We have twelve 
vertices Ai, A2) Bi, B2 , Ci, O2, Li, L2, Mi, M2, Ni, N2 
opposite m pairs, any three pairs determmmg the eight-face 
These are connected m groups of three by harmonic space per- 
spectives havmg A, B, C, D and a, j 6 , y, S as poles and planes of 
perspective, respectively 

Meets of complementary faces - 4 ^ 5 ^ ( 7 ^ give 16 edges 

Each edge hes m a prmcipal diagonal plane, that is, a face of the 
diagonal tetrahedron ajSyS In each prmcipal diagonal plane lie 
four edges, e g the edge given by A1B2C1, A2B1C2 lies in S and 
contains the pomts L2M1N2 Every edge has three vertices on it 
Joins of vertices such as AiLi, A1L2, A2L1, A2L2, which lie on 
opposite prmcipal diagonal Imes give the 12 diagonals 

Through every vertex pass 4 faces, 4 edges and 2 diagonals 
In every face he 4 edges, 3 diagonals and 6 vertices, which are the 
intersections of the face with the 6 principal diagonal lines 

Every prmcipal diagonal plane contains 4 edges and 6 vertices, 
formmg a complete quadrilateral of which the thiee principal 
diagonal lines m that plane form the diagonal triangle 

Through every edge and every diagonal pass only two faces 

275 Harmonic properties of the eight-point and eight-face 

If we consider a diagonal of the eight-point, say {see Art 273 ), 
meetmg two opposite prmcipal diagonal lines BC, AD, the two 
vertices on it are determmed by a pair of opposite faces such as 
Pi, p2} passmg through AC But ^i, ^2 harmonically conjugate 
with respect to the two prmcipal diagonal planes CAB, CAD, 
that IS, 8 , p passmg through their intersection CA These four 
planes meet at the two vertices on it and at its intersections 
with the Imes BC, AD, which he in 8 , jS respectively Thus 
(1) every diagonal is harmonically divided by the principal 
diagonal lines which it intersects 
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We have abeady seen that (2) every pair of opposite faces 
are harmonically conjugate with respect to the prmcipal 
diagonal planes through their mterseetion 
Further, since every face of the eight-point contains one pnnmpjtl 
diagonal line, the six faces through a vertex are the planes throng 
that vertex and the six edges of the diagonal tetrahedron Hence 
(3) they are the six faces of the complete four-e^e formed 
hy the four edges of the eight-point through the given vertex, 
and the three diagonals are the three diagonal hnes of this 
four-edge 

Consider now any edge jSjyi passing through the principal 
diagonal point A The vertices on it he on opposite faces aj, a#, 
which pass through BO and are harmonically conjugate wiih respect 
to the planes BOA =8 and BCD=x Thus the two vertices, m 
which the planes cci, «.2 of the axial pencil (aaiSaj) meet ftyj, are 
harmomcally conjugate with respect to the pomts where a, 8 
meet jSjyj, that is (4) any edge is harmomcally divided by 
the principal diagonal pomt on it and the opposite pnneipsd 
diagonal plane 

By reciprocation, or directly, we obtam the for''spo''ding 
harmomc properties of the twelve-point eight-face, as follows, 
corresponding propositions being correspondingly numbered 

(1) The two laces through a diagonal are harmomcally con- 
jugate with respect to the two planes contaimng that diagonal 
and the principal diagonal hnes which intersect it 

(2) Every pair of opposite vertices are harmomcally con- 
jugate with respect to the prmcipal diagonal pomts on their 
join 

(3) The SIX vertices in a lace are the six vertices of the 
complete quadrilateral formed by the four edges in that face, 
and the three diagonals in that face are the diagonals of this 
quadrilateral 

(4) The two faces through an edge are harmomcally divided 
by the principal diagonal plane through that edge, and the plane 
joining the edge to the opposite prmcipal diagonal point 

276 Associated eight-point and eight-face It follows bom 
property (3) of the twelve pomt eight-face m the last Article that a 
diagonal AiLi lying in a face AiBiCi is harmonically dm e at 
pomts Pu P. by the diagonals B.M^, CjAi lymg m that plane 
But A,L, afso lies m the face A.B^C., and so is harmonicam 
divided by the diagonals B 0 M 2 , O 2 N 2 lying m that plane 
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Now the faces throngli BiMi are AiBiPi^ and the faces 

through AiLi are AiB^Ci, AiB^O^ Hence AiLi^ BiM^ meet 
on the mtersection of the planes A^BiC^, AiB^C^^ that is, on the 
diagonal Therefore the non-coplanar diagonals AiL^, 

BiMi^ GJSl^ are concurrent at Pi, and similarly AiLi, B^M^, 
OiNi are concurrent at 

We see then that the diagonals of the eight-face are concurrent 
m threes at pomts such as Pi, P^ which are not vertices of the 
eight-face On each diagonal there are two such points, making 
24 in all, but m this sum each pomt is counted three tunes over, so 
that there are eight points of type Pi, P^ 

We will now prove that these eight points form a twelve-face 
eight-pomt 

The pomts Pi, P2 on ^iLi are the mtersections of - 4 iLi with 
and OiiV^i Similarly we have pomts P3, P4 on A^Li which 
are the mtersections of ^2-^1 ^^1^2 each 

of the four i-jn * 1 ^ G2N29 OiNi, GJ^i^ C1N2 there is a second 
pomt of the same class Let these be Qi, $2^ 64 

Now Pi, P2, P3, P4, he m the plane A1A2L1, which we may term Ai 
and which passes through the prmcipal diagonal line AD The 
pomts iV'i, N2 he m the prmcipal diagonal Ime AB and therefore 
m the prmcipal diagonal plane ABD^y Similarly Gi, G 2 he on 
CD and therefore m the plane AGD=p Let the plane ADQi 
be A2 Smce G2N2 is harmonically divided by Pj, Qi, we have 
itI){02PiN2Qi} = -1 ={j8AiyA2} A2 is therefore the plane through 
AD harmomcally conjugate to Ai with respect to j8, y Proceeding 
m like manner with the ranges {G1P2N1Q2) {C2Pz^iQ^) {GiP^N2Q^) 
we find that Qi, Q2, 64 all he on A2 The eight points P, Q 

thus he on two planes through AD, harmonically conjugate with 
regard to the prmcipal diagonal planes through AD 

By symmetry the same holds good of any other edge and it follows 
that these eight pomts are vertices of a twelvo-facc eight point, 
havmg the same diagonals, and the same diagonal tctr xhedron, as 
the origmal twelve-point eight-face 

We shall say that an eight-point and eight-face relited in tins 
manner are associated 

We might have arrived at the same result by proving tli it the 
diagonals of the eight-point are coplanar in threes, and Ik in ( ight 
planes formin g the associated eight-face 

277 Eight-point or eight-face with given diagonal tetra- 
hedron We will now show that a twelve-face eight-point can 



PEOJECTIVE METHODS IN THEEE DIMENSIONS 


359 


always be imiquely constructed if the diagonal tetrahedron ABCD 
and one vertex P are arbitrarily given Join PA to meet BCD at 
El on PA take Pi harmonically conjugate to P with r^ard to 
A, El In like manner construct Pg, P3, P4 

Through P draw a hue to meet the two opposite prmcipal diagonals 
BO, AD at Fi, Gi and on FiOi take Qi harmomcaUy conjugate 
to P with respect to Pi, G*i In hke manner, from the opposite 
prmcipal diagonals (CA, BE) {AB, CD) construct Q^, 

It IS clear that, smce PPg, PP3, PQi all mtersect BO, the four 
pomts P, Pa, ^*3, Cl be m a plane ai through BO Now if oj is 
the plane through BO harmomcaUy conjugate to ai with regard to 
ABO, BCD, then smce {^PPiPi}=-l and on this transversal 
A, P, Pi he on ABO, o-i, BCD respectively, Pi hes on ag Similarly 
p\ hes on ag Further, if Pg, tfg are pomts on AO, BD such that 
PgPCg IS a straight Ime and {F^PQ^Q^ = - 1 , then smce Pg, P, Pg he 
on ABC, ai, BOD respectively, Cg hes on ag Similarly Qs hes on Oj 

The eight pomts therefore he m fours on two phmes ai, og 
through BO, harmomcaUy conjugate with regard to BOA, BCD 
Similarly they he m fours on two such planes ^i, ^g through CA 
and on two planes yi, 73 through AB, etc , T>nn 

They form accordingly a twelve-face eight-pomt havmg ABCD 
for its diagonal tetrahedron 

In hke maimer a twelve-pomt eight-face is umquely detennmed 
from its diagonal tetrahedron and one face, which can be arbitrarily 


given 


Examples 


1 Prove that no new points can be obtamed by re^at^ the construction, 

starting from any of the seven pomts P*. P3, P4, Qi. Qt> 

2 ITove that any twelve face eight-pomt can be 

foLd mto any other, and also that ^y twelve pomt eight feee can be 

‘'TihX^°tharr"wdrfacre^^^^ IS ®“^^^®^£^fthSbe5 

“?*PrOTe that any twelve face eight pomt and its 

eight face can be homographioally transformed into a cube and it. inscribed 
regular octalic dron 


EXAMPLES XV 

_ , 7, /. /7 two common transversals I m , and 

1 Five skew lines a ® +>>0 tiairs of Imes a h and 

the transversals n n' from one poin P ^ of j^e 

c d respectively are coplanar with e evL pomt of e 

reguh (a, b, e) (c, d, e) have the same tangent plane at everv po 
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2 The locus of the vertex of a cone of the second order inscribed m a given 
skew hexagon is a quadric 

3 Through the points where the planes of an axial pencil meet a straight 
hne are drawn perpendiculars to these planes Show that these perpen diculars 
he in a hyperbohc paraboloid 

4 If a wrap of tangent planes to a cone of the second order be homographic 
with an axial pencil whose base does not pass through the vertex of the cone, 
but which IS such that the wrap and the axial pencil have one self corresponding 
plane, their product is a quadnc 

6 A range of pomts on a como is homographic with a range on a straight 
hne not coplanar with the conic but meeting the conic Sit A If be a self 
corresponding pomt show that the joins of correspondmg points of the two 
ranges he on a quadnc 

6 Prove that the focal axis of a plane section of a nght circular cone is 
equal to the part of any generatmg Ime intercepted between its points of 
contact with the focal spheres, and that the perpendicular axis is a mean 
proportional between the diameters of the focal spheres 

7 Prove that the latus rectum of a plane section of a right circular cone 
is proportional to the perpendicular distance of the plane of section from the 
vertex of the cone 

8 In any plane section of a right circular cone, prove that the absolute 
length of the non focal semi axis is a mean proportional between the distances 
of the vertices on the focal axis of the section from the axis of the cone 

9 Prove that the generators of a quadnc through the extremities of 
conjugate diameters of a plane section of the quadric intersect on two planes 
parallel to the plane of the section 

10 A parallelogram ABCD is mscribed m a quadnc ^ prove that any 
plane parallel to that of ABGD meets the tangent planes to ^ at yl, -B, (7, i) 
m the four sides of a parallelogram 

11 Show that if two quadncs have a common generator the generators of 
the other system in each quadnc, which intersect on their common twisted 
cubic, form homographic reguh 

12 Prove that through any point P of space a quadnc can be drawn 
contammg a given twisted cubic and a given chord of it 

Show that through P one chord, and one only, of a given tv\ istcd cubic can 
be drawn 

13 Prove that a umque quadnc surface can be drawn througli a given 
twisted cubic t and two given pomts not on the same chord of t 

14 Prove that every twisted cubic can be obtained as tlu intersection 
of two cones of the second order, whose vertices A and B lu on tlu cubic 
and that the rays joining A and B to any four points P Q H of the c iibic 
are eqm anharmonic m the conical pencils of the second ordc i for rue cl by the 
generators of the cones 

15 Two given homographic star fields have different vc itic c s Show th it 
if two correspondmg lines of the stars intersect then intc i sc i tion iic s on i give n 
twisted cubic 

16 Two given homographic plane fields he in different ])] ims Show that 
if two corresponding lines intersect the plane througli the in t nvf lojis a 
developable of the third class 
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17 Homographio ranges of the third order on a twisted cubic heme defined 
as ranges which are projected from any chord of the cubic bj hom^phio 
axial pencils, with a corresponding definition for an mvolution on the cubic 
prove that the joins of pairs of mates (P, P') of an mvolution on a twisted 
cubic are the generators of a regulus 

Show also that the mvolution (P. P') belongs to the biaxal space mvolution 
whose axes are those generators of the complementary regulus which pass 
through the double points of the involution (P, F') 


18 Jf A., JB , C, A f Sf C are six jObsed points of a twisted cubic, P any point 
of the curve, prove that the transversals from P to the nairs of lines lAB 
A'B) (BG\ B'G) {GA\ C'A) he in a plane ^ , and show t^t, as P dasmbe^ 
the curve, tt turns about a fixed chord of the cubic, which joins the self 
corresponding points of the homographic ranges of the third order defined on 
the cubic by the triads (A, B, C), (^1', B', O') 


19 Prove that a developable of the third class is entirelv determined b's 
any six of its tangent planes, and show how to construct (u) the tangent 
to the cuspidal edge, (b) the point of contact of this tangent with the cuspidal 
edge, corresponding to any one of these tangent planes 

20 Show that the common tangent planes to two quadnes with a common 
generator envelop a developable of the third class, and that through each of 
the generators of one system m each quadnc, two planes of the developable 
pass, but through each of the generators of the other system there passes 
only one plane of the developable Show further that, m general, an 
arbitrary Ime does not he in a plane of the developable and cannot m any 
case he in more than two 


2 1 Prove that the tangent planes of a developable of the third class meet a 
given tangent plane of the developable m a pencil of the second order , 
and hence that every such developable can be generated by the common 
tangent planes to two comes which have a common tangent line 


22 Two plane fields m planes tti, ir^ are m space perspective Show that 

cross joins on a fixed plane y passmg through rj- and 

that the two fields define a harmonic space perspective, in which / i* the 
plane of perspective 

23 a, j8 are two planes , a, h two non coplanar hnes m space which both 
meet Show that if Pg be points of a, j8 respectively such that P^P 
meets a and the correspondence between the plane fields [PJ [P 1 ib 
homographic 

24 Prove that, if two harmonic space perspectives have the pole of either 
lying on the plane of perspective of the other, and a field (j> corre&pondb to 

in one perspective and to ^2 other, and <j)o are related fields in a 

harmonic biaxal homography 

25 Prove that, of the six faces through each of two complementary vertices 
of a twelve face eight point three are common and thiee are opposite 

2b Two complete quadiilaterals have in common two \eitKeb on a 
diagon il and also the two vertices of the diagonal tiiande on this diagonal 
Show tint their icmaining vertices form a twehe face eight point 

27 Discuss the problem of constructing a tetrahedron of which the vertex 
() shall be m a given plane a the faces that meet at 0 shall pas>. through 
given lines Z, w, n and the base ABC shall be an eqnilatcial tiian.le 111 a 

criven iilmr R Hnw iiinnv cjrklntinnq nre theie 
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28 Show that the intersection of a plane tti of a star vertex with the 

corresponding line reciprocal star vertex Og hes on a quadric Q passing 

through Oi, Og, and the intersection of jpi and TTg hes on the same quadm 
Prove that Q meets any plane a m the locus of mcident pomts in the reciprocal 
fields determined on a by the stars 

29 If <!>, (!>' be two reciprocal fields m different planes, the plane joining a 
pomt of ^ to its correspondmg hue of <j>' envelops a quadric Q, the tangent 
cone to which from any pomt 0 is the envelope of mcident planes m the two 
reciprocal stars of vertex 0 by which are projected from 0 

30 Show that, given three skew hues a, b, c, a defimte hne d exists m space, 
which is harmonically conjugate to a with respect to &, c m a regulus 

Show further that two polar hues with respect to a quadric ^ determme 
m each system of generators of an involution, and find the double hnes of 
these mvolutions 
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278 Self-polar tetrahedron Let P be any point, -n its polar 
plane with respect to a quadnc, P a point of w, and p its polar 
plane, which passes through P Also let be a point of wp, and 
a its polar plane, which passes through both P and R and meets 
Tip at a point T Then T hes on w, p, a its polar plane t is PfiS 
A tetrahedron such as REST is said to be self-polar with r^ard 
to the quadnc Each vertex is the pole of the opposite face 
Any two of its vertices, or any two of its faces, or any two of its 
edges, are conjugate with regard to the quadnc and any two of 
its opposite edges are polar hues 

Any three-edge ajSy whose faces are mutually conjugate for the 
quadnc i/( is termed self-conjugate for ^ If S is the polar plane 
of the pomt aj8y, any two of the four planes a, y, 8 are conjupte 
for ip and the tetrahedron ajSyS is self-polar The triangle m which 
the three-edge ajSy meets the plane 8 is self-polar for the section 
of !/» by 8 , and the three-edge is therefore seH-polar for the tar^ent 
cone to iff from its vertex 

Agam any triangle ABC whose vertices are mutually conjugate 
for iff IS termed a self-eonjugate triangle for ^ , it is self-polar 
for the conic m which the plane ABC meets ^ , and if P is the pole 
of the plane ABC with regard to tp, the tetrahedron ABCD is 


l/should be noted that two edges of a seH conjugate three-edge, 
or sides of a sell conjugate triangle, are conjugate, but not polar, 
lines with respect to the quadric The polar plane of any vertex 
of a self-conjugate triangle contains the opposite side and the 
pole of any face oi a self-conjugate three edge hes m the opposite 

^^In guieral a self-conjugate three edge does not meet an arbitrary 
plane in a self-conjugate triangle, unless that plane is the pdar 
plane of the vertex of the three-edge In like manner the hue. 
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joining the vertices of a self-conjugate triangle to any point do not 
form a self-conjugate three-edge, unless the point is the pole of 
the plane of the triangle 

If, however, the quadric ifs degenerates into a cone of vertex 
0, then 0 is the pole of any plane tt, not passing through 0 If 
now a IS any Ime through 0, a its conjugate diametral plane with 
respect to the cone (Art 241), then every hne which meets a and 
a IS harmomcally divided by the cone In this case any pomt of 
a may be regarded as the pole of a If ahc be a self-polar three- 
edge of vertex 0 for the cone, then a, &, c will meet rt at points 
A, 5, C which are poles of a, jS, y respectively, so that A, B,C, 0 
are mutually conjugate m pairs , thus OABG is a self-polar tetra- 
hedron for the cone, and every such tetrahedron must have 0 for 
a vertex 

In this case the self-polar three-edge through 0 meets every plane 
77 m a self-conjugate triangle, and every self-conjugate triangle 
m a plane not passmg through 0 is projected from 0 by a self-polar 
three-edge 

If a twelve-face eight-pomt is inscribed in a quadnc \]j, then its 
diagonal tetrahedron is self-polar for the quadric For revertmg 
to the notation of Art 273, if we take the four lines ^jyi, jSjyg, 
P27ii ^272 through A, each of these is an edge of the eight-pomt , 
thus jSiyi, for example, contams the two vertices (x.iPi7i, 0^2^171 
A 18 the point SjSjyi and the pomt where the plane BCD meets 
PiYi IS oL^iyi But ai, a2 are harmomcally conjugate with respect 
to a, 8 by the property of the eight-pomt Hence the pomt ajS^yj 
is harmomcally conjugate to A with respect to oi2^]yi 

which are two pomts of the quadric on a chord through A Thus 
oL^iYi IS a pomt on the polar plane of A Similarly a^Siy^, a^S^yi, 
(x.^272 polar plane of A, which must accordingly be a 

Similarly p is the polar plane of B, y of G and 8 oi D ABGD is 
therefore a self-polar tetrahedron for xjj 

It follows from Art 277 that, if a self-polar tetrahedron lor ifs 
be given, and also one point P on the quadric , sc ven other points 
can be at once constructed, which he on the quadnc and loira a 
twelve-face eight-point For, in the construction ol Ait 277, 
the same pomts P^, P2, P3, P4, are obtumd is ])oints 

of the quadric, if we make use of the propertu s tli it cacli lace of 
ABGD IS the polar plane of the opposite vertex and that every chord 
of the quadric mtersectmg two opposite edges ol ABGD (which 
are polar hues) is harmonically divided by these Imcs 
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Examples 


1 Show how to construct a quadnc, given a self polar tetrahedron, and a 
given point and plane as pole and polar 

2 Show that an infinite number of self polar tetrahedra for a given 
quadnc can be constructed, having two given conjugate points P, Q for 
vertices, and that their other vertices form an involution 

3 Prove that, if through an edge yb of a self polar tetrahedron ajjyd 
any plane tt is drawn, meeting the opposite edge aj8 at E, the three planes 
through B, namely a, jS, n, form a self conjugate three edge 

4 Prove that, if on an edge CD of a self polar tetrahedron ABCD a point 
P IS taken, the three pomts ABP form a self conjugate triangle 

6 Prove that, if a quadnc contains seven vertices of a twelve face eight- 
pomt, it must also pass through the eighth vertex 

6 Prove that if a quadnc touches seven faces of a twelve pomt eight-face, 
it must touch the eighth face 

7 Show that, m general, one quadnc can be descnbed through three given 
pomts of space and havmg a given tetrahedron for a self polar tetrahedron 

8 If three quadncs have a common self polar tetrahedron, their eight 
mtersections form a twelve face eight-pomt, and their eight common tangent 
planes form a twelve pomt eight-face, and these have the same diagonal 
tetrahedron 


279 Centre, principal axes and planes Tie pole of the 
plane at infinity is termed the centre of the quadnc The elhpsoid 
and hyperholoids have their centre at a fimte distance The 
paraboloids have no accessible centre Lmes and planes through 
the centre are diameters and diametral planes respectively As 
in the case of the come all diameters are bisected at the centre, 
when this is accessible Diameters of a paraboloid are parallel to 
a fiLxed direction 

The polar plane v of a pomt at infinity passes through the 
pole of the plane at infinity and so is a diametral plane, which is 
conjugate to all lines p passmg through P” Such parallel lines 
p determine chords of the quadnc which are hannomcally divided 
by n and Hence chords parallel to a given direction are 

bisected by their conjugate diametral plane 

If IS a line at infinity, its polar Ime d' passes through the 
pole of the plane at infinity and so is a diameter Anv pomt C 
of d' IS conjugate to every point of d^ for the quadric hence C 
IS the centre of the section of the quadric by the plaae C d , which 

plane cenjngate to # Tin. the 1 oc;b ol 

ot the quadnc by a system ol parallel planes is the diameter 

coniusate to those planes 

A^elf-oonjugate three edge whose vertex is the centre forms a 
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system of three conjugate diameters, and its faces a system of three 
conjugate diametral planes Any one of its edges is the diameter 
conjugate to the opposite face 

In the case of an eUipsoid or hyperboloid with centre 0, any three 
mutually conjugate diameters form three edges of a self-polar 
tetrahedron OA^B^O^ Chords parallel to a diameter OA^ are 
bisected by its conjugate diametral plane OB^C^ , and the locus 
of centres of sections by planes parallel to a diametral plane OB^O^ 
IS the diameter OA^ conjugate to that plane 
The plane at infimty meets the quadric m a come In general 

and O have one and only one common self-polar triangle 
The hues 01^, OK^ are the only set of three 
mutually perpendicular conjugate diameters of the quadric, and 
are termed the principal axes of the quadric Each is per- 
pendicular to its conjugate diametral plane , these three planes 
are called the principal planes of the quadric A prmcipal 
plane is a plane of symmetry for the quadric, since every chord 
parallel to an axis is bisected by the perpendicular prmcipal 
plane 

In the case of a paraboloid degenerates mto a Imc-pair, namely 
the two generators of the quadric m the plane at infinity In this 
case there is still a common self-polar triangle but one 

vertex is now the double pomt of the Ime-pair, that is, the 
pomt of contact of the plane at infimty with the paraboloid, and 
determine two perpendicular directions m a plane per- 
pendicular to the direction of There are now two accessible 
prmcipal planes, namely those which bisect chords passing through 
, these are the polar planes of and their intersection 

IS the only accessible prmcipal axis of the paraboloid The polar 
plane of is the plane at infinity itself , the other two ixes <ire 
therefore at infimty As before, the accessible jirinoip il pianos ire 
planes of symmetry for the paraboloid, which then lore his only 
two plane symmetry In any set of three mutiiilly conjugate 
diameters of a paraboloid, two are in the plane it infinity , ind 
the plane at i n fi m ty must be one of any set of time conjugate 
diametral planes 

Eeturnmg now to the case of the general qu idru , with icc c ssiblc 
centre 0, if and O touch at two points A^'^, they li ivc iny 
number of common self-polar triangles, namely tliosc h iving for 
vertices the common pole of A^B^ vibh respect to ind O 
and any pair of conjugate points I^, on Theie is 



FURTHER PROPERTIES OP QUADRICS 367 

accordingly a determinate axis OK^, but any two rectangular Imes 
01^, OJ^ in a plane perpendicular to OK^ are also axes Further, 
any section of the quadric by a plane through contains 
Jjco^ ^00 gince these are circular pomts, this section as a circle, 
of which the centre hes on the axis OK^ Thus sections of the 
quadric by planes perpendicular to OK^ are circles, whose centres 
he on OK^ The quadnc is therefore a surface of reooliUum, and, 
in the case of an eUipsoid, is termed a spheroid 
Finally, and O may comcide, in which case every tnangle 
self-polar for O gives a set of axes The quadnc then 
contams O and reduces to a sphere, smce every plane section of 
it IS then a circle Any set of conjugate diameters of a sphere is 
trirectangular and thus a set of prmcipal axes 

The reader can easily trace for himself the modifications of the 
above necessary for the (real) paraboloid of revolution It may, 
however, be worth while to pomt out that are necessarily 

conjugate imagmary pomts, for is here real, and the planes 
perpendicular to the direction of are also real, and therefore 
must meet O m two pomts A^, which are conjugate imaginary 
Now cannot then be a real Ime-pair, for A^B^, joinmg con- 
jugate imagmary pomts, would be real, and its mtersections A^, 
jgoo ^00 ^ould also be real, which is not the case Thus 
is an imagmary hne-pair and a paraboloid of revolution must be 
an elliptic paraboloid (Art 257) 

280 Asymptotic cone and planes of circular section The 

tangent cone to the quadric ^ from the centre touches the quadnc 
along the conic k^ in which ^ meets the plane at infimty This 
cone IS termed the asymptotic cone of the quadric Smce it 
meets the plane at infinity m the same conic that the quadnc does, 
it has the same axes and prmcipal planes as the quadnc 
Also any plane tt meets the quadnc and its asymptotic cone m 
two comes q and t which have their pomts at infinit y common 
and so are similar (Art 235) 

Hence planes parallel to the cyclic planes of the asvmptotic 
cone cut the quadric m circles (Art 250) The tangent planes 
parallel to the planes of circular section meet the quadric m pomt- 
circles Their points of contact are called umblllCS of the quadric 
Smce there are six cyclic planes, of which two are real, there are 
twelve umblllCS, of which four are real , and thev lie m fours m 
the three prmcipal planes 
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An ellipsoid, since it has no real points at infinity, has clearly no 
real asymptotic cone On the other hand a hyperboloid has a 
real asymptotic cone We have seen in Art 267 that if the tangent 
planes at infimty meet the quadnc in real Imes, then the hyper- 
boloid has real generators, this requires that the hyperboloid 
should he outside its asymptotic cone, smce the tangent plane to a 
cone of the second order, like the tangent to a come, has no real 
pomts inside the cone The surface consists of a smgle sheet 
entirely surroundmg the cone Hence the name hyperboloid of 
one sheet 

If, on the other hand, the hyperboloid has no real generators, the 
tangent planes to the asjunptotic cone do not mtersect the hyper- 
boloid m real generators The quadric then consists of two sym- 
metrical portions, one inside each of the two opposite half-cones 
which make up the asymptotic cone Hence the name hyperboloid 
of two sheets {see Art 257) 

In the case of a quadric of revolution, smce has double 
contact with O? the asymptotic cone is a right circular cone 
(Art 245) whose axis is the axis of revolution 

The asymptotic cone of a sphere is, of course, the spherical cone 
through the centre 

In the case of a paraboloid becomes a line-pair, whose members 
are saj There is here no accessible centre, the asymptotic 

cone degenerates mto the envelope of the tangent planes through 
the generators that is, mto the Ime-pair k^ itself 

If V^, are the pomts m which a plane y perpendicular to 
the accessible axis meets v^, respectively, let x, y be the second 
generators of the paraboloid through Then x, y belong 

to opposite systems, so that v^, x, y form a skew quadrilateral 
of generators The tangent planes xu"^, yv^ at are termed 

the asymptotic planes of the paraboloid They mteiscet m the 
polar hne of that is, in the accessible ixis \lso tluy ire 

harmomc with respect to the two accessible juincip d ])l ints, smce 
a pair of conjugate planes through the ixis in h umouic with 
respect to the two tangent planes through tin i\is Thus the 
accessible prmcipal planes bisect the dihednl ingles between the 
asymptotic planes 

Smce Imes parallel to the accessible ixib already mei t tin p u i- 
boloid m one real pomt at infinity on that axis, th( y me ( 1 1 Ik sin lace 
at only one other real pomt Thus every ri al p n iboloul is i one- 
sheeted surface 
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The point xy is termed the vertex of the paraboloid and the 
plane xy is the tangent plane at the vertex and perpendicular to the 
accessible axis 

A plane parallel to this axis meets the paraboloid m a section 
which touches the plane at infinity at its pomt of contact with the 
paraboloid Such sections are therefore parabolas whose axes are 
parallel to the accessible axis of the paraboloid 
A plane perpendicular to the axis meets the paraboloid m a come 
passmg through 

If IS a real Ime-pair, the paraboloid is a hyperbohc para- 
boloid 5 the pomts the asymptotic planes, and the Imes 

X, y are all real, and the sections by planes y perpendicular to the 
axis are hyperbolas havmg parallel asymptotes The Ime-pair xy 
divides these hyperbolas mto two sets, which he on opposite sides 
of the plane xy and m supplementary dihedral angles formed by 
the asymptotic planes, so that the surface is saddle-shaped 

If IS an imagmary Ime-pair with a real double pomt, the 
pomts Z 7 °°, F*^, the asymptotic planes and the Imes x, y are con- 
jugate imagmary The paraboloid is then an elhptic paraboloid, 
which lies entirely on one side of the plane xy , all its sections by 
planes perpendicular to the axis are ellipses 


Examples 

1 A tangent plane to the asymptotic cone meets the quadnc m parallel 
generators belongmg to opposite systems 

2 Prove that two mtersectmg generators of a quadnc are asymptotes of 
the section of the asymptotic cone by the plane contammg the generators 


281 Common self-polar tetrahedron of two quadncs Let 

z/f2 be two quadrics, Pi any pomt, tt its polar plane with respect 
to ijji, P2 the pole of tt with respect to ^2 The relation between 
the fields [Pi], [P2] IS algebraic aad one-one Moreo^e^ ii Pj 
describes a line fi, tt revolves about the polar line p of pi vitb 
respect to i/>i, and P2 describes the polar line p« of p with rtspett 
to Straight lines therefore correspond to straight lines and tne 
space fields [Pj], [P2] are bomograpbic This >. . Las 
in general, four, and only four, self-corresponding points i, B i 
each one of which has the same polar plane, j, / S respectis 
with respect to ^2 Smce ^yS has BCD for its pohr plant .th 
respect to both ^1, tie ^ertlces of the tetrahedron a mus 
be identical with the points A, B, C, D so that the tetrahedron 
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ABGD IS self-polar for both quadrics, and is the only such tetra- 
hedron 

If we now transform the fields [PJ, by a homography, so 
that 5, Gy D become tnrectangular points at infinity, the quadrics 
become coaxial quadrics, with a common centre at the pomt 
correspondmg to A All non-metrical properties of two quadrics 
can therefore be derived from those of two coaxial quadrics 

The fields [Pi], [P2], however, may have more than four self- 
correspondmg pomts , this happens when they are related by a 
umaxal or biaxal homography, or by a space perspective 

If the homography between [Pi], [P2] is umaxal, and x is the 
axis, then ic is a Ime of self-correspondmg pomts If x meet ipi 
at A and By the tangent planes a, jS to ^1 at - 4 , B are polar planes 
of Ay B respectively with respect to both tpi and so that Ay B 
he m their polar planes with respect to 02 a, ^ touch 02 
at Ay B Hence 0 i, 02 have double contact and mtersect along 
two comes If Gy D are the two self-correspondmg pomts of the 
homography not on a?, U any pomt of Xy the plane UGD has the 
same pole V for both quadrics V is therefore a self-corresponding 
pomt of the homography, which is not m general comcident with 
UyC 01 D and therefore is a pomt of Xy which is harmomcally con- 
jugate to V with respect to A, B We have then an infinite number 
of common self-polar tetrahedra VVGD 

If the homography between [Pj], [P2] is biaxal, then, if the axes 
Xy y meet 0i at S , GyB respectively, we have, as before, that 
01, 02 touch at the four pomts Ay By Gy By in which case their 
mtersection is a skew quadrilateral of generators It is then easily 
shown that if (/S, T), (P, V) are any pairs of harinome conjugates 
with respect to {Ay B)y {Gy B) respectively, the tetiahedron iiTUV 
is self-polar for both quadrics 

If the homography between [PJ, IP2I is a plane pdspcetive, 
it is proved as before that the quadrics touch all ilong i come k 
m which they are both cut by the plane of persj)eetive The 
vertex of the common tangent cone is a self-corresponding pomt of 
[Pi] [P2] not m the plane of perspective, and so is the pole 0 of 
perspective If ABG is any self-polai tiiangk loi tlie come k, 
OABG IS a common self-polar tetrahedron for both ([uadiies 

So far we have considered those special cases wh( rc thcie ire 
more than four self-correspondmg pomts of [Pj | [P2 1 But other 
special cases also arise when two or more of the foui s( li-eoiie 
spondmg points A, By Gy B coincide, in which ease theie aie less 
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than four points which have the same polar plane for both 
quadrics 

First let A and B coincide along a line u Then A hes m its 
polar plane BOD=ACD with respect to both quadrics These 
accordingly touch at A, the plane AOD being the common tangent 
plane CD and u are common polar hnes for 
Let, further, G and D also comcide along a hne i Then A lies 
m its polar plane Av and C hes m its polar plane Cu, with respect 
to both quadrics Hence if^i and ^2 touch at A and 0 , the tangent 
planes Av, Cu passing through AC Thus AC is a generator of 
both quadrics, the remamder of their mtersection being a twisted 
cubic The lines u, v are polar hues for both quadrics 
If B, G comcide, the sides BO, CA, AB approaching a, b, c 
as limits, then A is the pole, with regard to both quadncs, of three 
planes aD, ID, cD, all passing through AD, but generally distmct 
If A, B, G, D comcide, then A is the pole, with regard to both 
quadncs, of four planes a, j 8 , y, S through A, which are generally 
distmct 

This clearly imphes that the relation between pole and polar 
plane is no longer umque for either quadric , hence ^1, ^2 
be degenerate quadncs Moreover, the [)h\ between the 

fields [Pi], [P2] would cease to be determmate 

Such cases must therefore be excluded from consideration here, 
unless the above three (or four) planes happen to comcide \\Tien 
this IS so, the pomt A will be found to be a pomt where the quadncb 
have contact of higher order , the mvestigation of this will, however, 
be omitted 

282 Pencil and range of quadncs The ten coefficients m 
the equation of a quadric through eight gi\en points must ^atl^fv 
eight linear equations , they can therefore m general be exp^e^^ed 
as homogeneous linear functions of two arbitrary parameter^ Ai A. 
The equation of any quadric through the eight pomts is therefore 

of the form 

AiSi+A2S2=0. 

where S^, are definite expressions of the second degree in the co 
ordinates Every quadric through the eight points therefurt 
thioiigh the twisted quaitic cur\e of intersection of the qindriLs 

Si = 0 , 82 = 0 

Hence the set of quadrics through eight gntn points contains in 
geiieia] a dettrniinate twisted cjuirtic 



PEOJECTIVE GEOMETRY 


372 

It should be noted that the above reasoning assumes that the 
eight given pomts are of sufficiently general position for the eight 
Imeax equations satisfied by the coefficients to be hnearly inde- 
pendent It 'Will be shown later {see Art 292 ) that all quadrics 
through seven given pomts pass also through an eighth fi^ed 
pomt 

Such a set of quadrics is termed a pencil of quadrics and their 
common twisted quartic will be referred to as the base of the 
pencil 

Through any pomt of space, not lying on the above quartic, one 
quadnc of the pencil passes 

Eeciprocatmg the above results we see that the quadrics which 
touch eight given planes touch a determinate developable of the 
fourth class They are said to form a range of quadrics, and the 
developable is termed the base of the range 

One quadnc of the range touches any given plane, which is not 
a tangent plane of the base developable 

283 Properties of a pencil of quadrics A pencil of quadrics 
detemnnes an mvolution on any straight line Two quadrics of 
the pencil touch this straight Ime at the two double pomts of this 
mvolution These two double pomts are conjugate for all the 
quadrics of the pencil and may be said to be conjugate pomts 
for the pencil Smce two pairs of mates determme the double 
pomts of an mvolution, it is clear that if two points P, P' are 
conjugate for two quadncs ipi, tp2 of a pencil, they are conjugate for 
the pencil If then wj, 772 are the polar planes of P with respect 
to ipi, ifs^i their meet p' =tti, is the locus of points P' conjugate 
to P for the pencil, and we may call this the line conjugate to 
P for the pencil 

The comes m which the quadrics of a pencil meet any plane 
form a pencil of comes passmg through the four points 111 which 
the twisted quartic which defines the pencil meets this jilane 
Three of the quadrics of the pencil therefore meet the plane in 
hne-pairs, that is, they touch the plane at the centres ol tlu liiu - 
pairs These centres are the vertices of the common self-polai 
triangle of the comes m which the pencil of qiiidiics nuds the 
plane Hence 

In every plane there is one triangle self-conjugate with regard 
to all the quadrics of a pencil Its vertices are the points of 
contact of the three quadrics of the pencil which touch the plane 

A pencil of quadrics has, in general, one, and only om ( ommon 
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self-polar tetratedron For let ABOD be the common self-polar 
tetrahedron of two of the quadrics of the pencil, and then 
any pair of its vertices, such as A, B, are conjugate for eveiy 
quadric tfi of the pencil, and therefore the tetrahedron is seK-pokr 
for every such, quadric ifs 

Cases of exception arise, as m Art 281, whenever there are one 
or more pomts where all the quadncs of the pencil touch The 
detailed discussion of these cases will be omitted 

Any ray through a vertex, say A, of the common self-polar 
tetrahedron of a pencil of quadncs, which meets the quartac base 
at a pomt P, meets it agam at a pomfe F For, if AP meet the 
opposite face of the tetrahedron at L, AP meets both quadncs agam 
at the point harmomcally conjugate to P with respect to A[ and i 
This pomt, therefore, lies m the qnartic base Hence the four pomts 
P, P\ P, P' m which any plane through A meets the quartic he 
m two parrs (P, P') (P, P') on rays through A The quartic is 
therefore projected from A by a cone which has two generators m 
any plane through A, that is, a cone of the second order A 
result holds for the other vertices S, C, P of the tetrahedron. 

Hence, m general, four of the quadncs of a peneil are eones, 
whose vertices are the vertices of the common self-polar tetra^ 
hedron of the pencil 

The above assumes that the common self-polar tetrahedron is 
both umque and proper 

Of the cases of exception we will only consider one, namely that 
when the quarfcic base breaks up mto two comes In this case the 
common self-polar tetrahedron has two distmct vertices A and B 
through which pass two cones of the pencil and an edge CD everr 
point of which has the same polar plane for every quadne of the 
pencil This edge is the double Ime of the plane-parr formed 
by the planes of the two comes The two remammg cones of the 
pencil therefore coalesce with this plane pair 

If the quartic base reduces to a skew quadrilateral, no proper 
cone can be drawn through the mtersection, but there are then two 
plane-pairs, of which the diagonals of the skew quidrilateral are 
the double lines 

If we take a pomt P on the twisted quartic common to a pencil 
of quadrics, the twelve-face eight-point of ^hich P i^ a \erte\ and 
A BCD the diagonal tetrahedron is msenbed m e\ er^ quadric of the 
pencil, and therefore m the twisted quartic By \ ar\ mg P ^ e ^ee 
that an infinite number of such eight pomts can be lUbciibed in 
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any twisted quartic which is the intersection of two quadrics In 
view of the degenerate character of the self-polar tetrahedron 
for two quadrics with a conomon generator the same result does not 
generally hold when the quartic breaks up into a line and a twisted 
cubic 

An important particular case of a pencil of quadrics occurs when 
two of the quadrics are spheres , the quartic base then breaks up 
mto the circle at infimty and an accessible cncle c (which may be 
real or imagmary) lymg m a real plane a, which is termed the 
radical plane of the two spheres 

Clearly every quadric of the pencil contains O and so is a sphere 
Also each passes through the circle c , and any two have a for their 
radical plane 

Such spheres provide an analogue of coaxal circles in a plane, and 
may be called coaxal spheres Their centres he on the line through 
the centre of c perpendicular to its plane Also any plane meets 
such a pencil of spheres m a set of coaxal circles 

It IS easily proved that the tangents from any pomt on the radical 
plane to all the spheres of the pencil are equal There are two cones 
of the system, which are spherical cones and therefore point- 
spheres lymg on the hne of centres, givmg the limiting points of the 
system All spheres through the limitmg points meet every sphere 
of the pencil orthogonally and have their centres on the radical 
plane These spheres, however, do not form a pencil of quadrics 
Their centres all he on the common radical plane of the original 
pencil, and they provide another type of three-dimensional 
generalisation of coaxal circles, namely spheres through two 
points 

284 Polar quadric of a line for a pencil of quadrics It is 

clear that the polar plane tt of P with regard to a qiixdiic i/j ot n 
pencil passes through the line p' which is conjiigitc to P for the 
pencil 

If now TT be a given plane through p', ip is umqiuly (h t^rmined 
For, if P do not he m the base quartic, let Q be any point of the 
base quartic , ]om PQ meeting tt S and let R bo liaTmonie illy 
conjugate to Q with respect to P, S Then R is i ])oint ol 0 ind, 
in general, determines p uniquely If P lies on th( bis( qu iitu, 
p' IS the tangent Ime at P to the base quartic, tt is the t ing( nt ])1 me 
at P to the quadric ip A line m tt, other than j/, gives i ])oint of 
ip ultimately comcident with P, but not lymg on tin l)is( (pi utu , 
and this also determines ip Hence, when tt is known ip is do- 
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termined, and conversely Thus the pencil of quadncs [iji] is 
homographic {cf Art 208) with the axial penal [tt] 

If now M IS any straight line, Pi, Pj two points of it, wi, irj their 
polar planes with regard to a quadnc >ft of the penal, we have 

Hence ■ 771^2 generates a regulus in a quadric in which the 
axes pi. Pi of [wi], [ 772 ] are generators of the other system 
Now 771772 IS the polar hne of u with respect to tfi and is mde- 
pendent of the choice of Pi, P 2 

Thus the polar hnes of a given line u with respect to the quadncs 
of a pencil form a regulus of generators of a quadric which is the 
polar quadric of u with regard to the pencil 

Smce Pi has been shown to be a generator of ^ of the other 
system, and Pi can be taken arbitrarily on u, the conjugate hnes 
to pomts of u with respect to the pencil form the second set of 
generators of the polar quadric 

Finally any pomt Q of the polar quadric of m hes on a Ime 
conjugate to a pomt P of w with regard to the pencil, and so is 
conjugate for the pencil to a pomt P of u, and also hes on the 
polar Ime of u with regard to some quadric ^ of the pencil, so that 
it is the pole of some plane through u with regard to ^ 

Thus the polar quadric is also ( 1 ) the locus of pomts conjugate 
to pomts of M for the pencil, (u) the locus of poles of planes through 

u for quadncs of the pencil v „ ^ n 

The polar quadric ^ of m passes through the vertices A, 3, t,V 
of the common self-polar tetrahedron of the pencil For if the 
plane BCD meet u at U, then A and U are conjugate for the pencil, 
so that A must he on (f> , and similarly for P, 0 and D 

also passes through each of the two pomts of u which are 
conjugate for the pencil ^ since each of these is conjugate to a 

pomt of M, namely the other pomt of the pair 

Note also that ^ meets any plane A through u m the eleven-po 
conic of u for the pencil of conics m which W meets A 
285 Polar cubic of a plane for a pencil of quadncs Let - be 
anv nlane A, B, C any three noncollmear pomts on it, a / 
2 pSTr planes of P, C with regard to a quadric ^ of a 

""By Art 284. A r cort»p«nd f 

whose axes are the lines a, 1), c conjugate to , 

Tb,.s the locus of th«‘ *>>« P* ^1 ,! 

,1 ” v!„e,1 ,s » cube of which », A c rtC chords This 
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cubic will be termed the polar cubic of tt with respect to the 
pencil of quadrics It passes through the pomts of contact of the 
three quadncs of the pencil which touch it, and also through 
the vertices of the common self-polar tetrahedron of the pencil, 
for, if be any such vertex, D is the pole of any arbitrary plane 
and therefore of tt, with respect to the cone of the pencil which 
has D for vertex 

Smce the pole of tt hes on the polar Ime of any Ime m tt, it 
follows that the polar cubic of tt lies m the polar quadric of any 
hue m TT 

In particular, if tt is the plane at infimty, the locus of the 
centres of the quadrics of a pencil is a twisted cubic passmg through 
the vertices of the common self-polar tetrahedron and through 
the three pomts at infimty where co^ touches the three paraboloids 
of the pencil 

If the centre-locus meet a quadric ip of the pencil at P, the 
tangent plane tt to ^ at P meets m a Ime Smce tt is the 
polar plane of P for p, and is its polar plane for some other 
quadric of the pencil, =a)^TT is the Ime conjugate to P for the 
pencil 

If now one quadric of the pencil is a sphere or, of centre 0, P 
IS conjugate to all the pomts of for a Hence the polar Ime of 
for a IS OP and consequently OP is perpendicular to all planes 
through and thus to tt Therefore OP is the normal to ^ at P 

But it has been shown (Art 266) that a twisted cubic meets a 
quadric at six pomts There are accordingly six pomts P and six 
normals OP which can be drawn from 0 to the quadric ip 

The centre-locus of the pencil defined by ip and any sphere a of 
centre 0 passes through the feet of the six normals from 0, through 
0 itself, through the centre C of ip, through the lour vertices of the 
self-polar tetrahedron of a and ip and through the points of contact 
zoo, Y^, Zoo of the paraboloids of the pencil witli 

But the last three pomts form the common self polar 

triangle of O and the come in which ip me cts Th( y thus 
correspond to three rectangular directions, mutu illy f onjugit( for 
Ip, that is, to the directions of the principal axes of i/j 

Thus the asymptotes of the twisted culnc uc paiallcl to the 
prmcipal axes of ip 

The properties of this twisted cubic are thus jnalogous to those 
of the hyperbola of Apollonius (Art 222) ind it m ly bi termed the 
cubic of Apollonius for the point 0 and the qu idric ip 
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Example 

Th.© SIX normals from a point to a q^uadnc lie on a cone of the aecxxid 
order, of which three generators are parallel to the axes, and which contains 
the centre of the quadric 

286 Prop6rti6S of e tEiigo of ^UEdrics The properties of a 
range of quadrics are immediately derivable from those of a pencil 
of quadrics by reciprocation We will note the following 
The tangent cones from any point P to the quadncs of a range 
form a system touchmg four planes of a star vertex P 
Through any pomt P three quadrics of the range can be made 
to pass, the tangent planes to which at P form a three-edge seif- 
conjugate for all the quadncs of the range 
A range of quadncs detemunes an mvolution of pairs of tangent 
planes through any straight hne not m a common tangent plane, 
the double planes of the mvolution being the tangent planes to 
the two quadrics which touch the Ime 

Two planes which are conjugate for each of two quadncs of a 
range are conjugate for every quadric of the range, and the tetra- 
hedron self-polar for two quadncs of the range is self-polar for every 
qnadnc of the range 

To any general plane n corresponds a Ime p' through which pass 
all planes conjugate to tt for the quadncs of the range and which 
IS also the locus of poles of w for the quadrics of the range 

Takmg tt at infimty the locus of centres of the quadncs of a range 
IS a straight Ime 

The surface generated by the hues p' correspondmg to planes 
77 through a given Ime p is a quadric touchmg the four faces of the 
tetrahedron self-polar for all the quadncs of the range 

The poles of any two given planes with respect to a variable 
quadric of a range correspond, m general, m two ranges of the first 
order, which are homographic with each other and with the range 
of quadrics 

Bearing in mind that a cone reciprocates mto a come we see 
reciprocating the property of Art 283, that m general 

Four of the quadrics of a range are disc quadncs, whose 
planes are the faces of the common self-polar tetrahedron of 
the range 

287 Confocal quadncs Consider the range determined bv 
any quadric >po (not a paraboloid) and the circle C ‘t iiiUnit\ (a 
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degenerate case of a quadric) There are three conics of this range, 
besides the circle at infinity Their planes a, y and the plane at 
iDfimty form the self-polar tetrahedron of the range a, j8, y are 
therefore three conjugate diametral planes of any quadric ^ of 
the range They form a self-conjugate three-edge for every quadric 
of the range, m particular for O Hence they are faces of a tri- 
rectangular three-edge, so that a, j8, y are principal planes of every 
quadric of the range 

Hence the quadrics ^ of such a range are concentric and coaxial 
There are three conics of the range lying each m one of the three 
common prmcipal planes 

These comes are called the focal conics of tfs every point of 
them IS called a focus of ^ 

The quadrics iff are said to form a confocal system 

Let F be any pomt of a focal conic Then the tangent cones 
from F to the quadrics of the confocal system form by Art 286 a 
system of cones touchmg four fixed planes through F Now 
consider the tangent cone to a conic from any point m its plane 
This tangent cone (treated as an envelope) reduces to the two 
tangents from the pomt to the conic Hence the tangent cone 
from F to the focal come consists of two coincident tangents to 
this come at F The four fixed planes therefore consist of the two 
tangent planes to any cone of the system through the tangent line 
to the focal come at F, each such tangent plane being doubled, 
that IS, its Ime of contact bemg given Hence every cone of the 
system touches two fixed planes through F along given lines through 
F m these planes, or the tangent cones from F to the system of 
confocals have double contact But one of these tangent cones is 
the tangent cone to O, that is, it is the spherical cone through F 
The tangent cones from F to the system of confocals have therefore 
double contact with the spherical cone, that is, tiny ik Tight 
circular cones 

Foci of a quadric are thus points, the tangent cones from 
which to the quadric are right circular 

Through every point P three quadiics ipy, ^ (onfoc il 

system can be drawn The three tangent plain s TT I , TTj, 77 { ioT m 
a three-edge self-conjugate for the range, md th( k foic loi (J 
Hence they are mutually perpendiculai , xnd tiu (jiiidiics iic 
orthogonal at all their points of intersection 

The Ime p', which is the locus of the poles of 7 r\ for tin f onfocal 
quadrics, contains the pole of tti foi O and so is p( ipi ndi< ul ir to 
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771 It “lust also pass tlirough the pole of tti for ijiy, that is, through 
the point P Hence the locus of the poles of a fixed plane tt, 
with respect to a set of confocal quadrics is the normal to the 
confoeal which touches tti, at its pomt of contact with ttj 


Examples 

1 Prove that if j/f is the locus of lines conjugate to planes tt through a ime 
p for a range of quadncs, the generators of ^ belonging to the complementary 
system are the polar hnes of p for the quadncs of the range 

2 Prove that a smgle focal come defines a family of confocal quadncs 

3 Show that, if t is the tangent at P to the mtersection of two confocal 
quadncs ij/i, ^ 2 > tangent planes through t to any other confocal quadne 
of the system are equally mchned to the tangent planes at P to 

4 If the quadric iJjq of the above Article be a paraboloid, prove that the 
range consists entirely of paraboloids, and that there are only two focal 
comes, instead of three 

288 lanes of curvature on a quadne A hue of curvature 

on any surface is defined as a curve on the surface such that the 
normals to the surface at the pomts of this curve generate a develop- 
able This IS sometimes expressed hy saying that the normals to 
the surface at any two consecutive pomts intersect 

If the normals to the surface at two pomts P, Q mtersect, and 
Q approaches P m such a manner that the normal at Q always 
mtersects the normal at P, the tangent at P to the locus of Q gives 
the direction at P of a Ime of curvature on the surface 

If the surface be a quadric tfi, the two generators PA, PB through 
P mtersect the generators QA, QB through Q at A, B The normals 
at P and Q are perpendicular to the tangent planes PAB, QAB 
and therefore perpendicular to AB These normals mtersect if, 
and only if, they are coplanar and so he m a plane perpendicular 
to AB The necessary and sufficient condition for this is that PQ 
IS perpendicular to AB Smee PQ and AB axe polar hues for 4>, 
the condition for the normals at Q, P to mtersect is that PQ should 

be at right angles to its polar hne 

When Q comes into coincidence with P along a curve satisfvmg 
this condition for every position of Q, the tangent t at P to this 
curve IS perpendicular to its polar Ime t' Smee t hes m the tangent 
plane at P, and passes through P, so does its polar hne t , and 
t, t' are harmomc conjugates with respect to the two generator* 
through P Smee t, t' are at right angles they bisect the angle* 
between the generators 
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Hence there are two lines of curvature through P, touching 
t, t' respectively at P The lines of curvature on rft therefore 
form two orthogonal systems , the tangent to a hne of 
curvature at any pomt is a bisector of the angles between 
the generators through that pomt 

Note that, smce the tangent plane at an umbihc (Art 280) 
meets the quadnc m a point-circle, if the point P above is an 
umbihc, the generators through P are circular hues, and any tangent 
hne through P is perpendicular to its polar Ime Thus an mfinite 
number of hues of curvature, lymg m all possible directions on the 
surface, pass through an umbihc 

Let now ^i, I*® two quadrics confocal with ifs through P, 

and TT, wi, 77-2 the tangent planes at P to xpi, ^2 respectively 
The three planes tt, wi, form a three-edge self-conjugate for the 
confocal quadrics Therefore the pole L of wi for t]t hes on 7 ^ 2 , 
also the pole of tt for is P The polar Ime of miy for ijj is therefore 
’PL—mrz But TT, TTj, 772 orthogonal (Art 287) , hence mri 
and 77772 are perpendicular polar hues for xp, and therefore tangents 
at P to the hnes of curvature through P on ^ Smce this is true 
of every pomt P on the mtersection of p with pi (or ip^), it follows 
that the hnes of curvature on a quadric p are the intersection 
of p with the quadrics of the confocal system to which p 
belongs 

289 Principal radu of curvature The result of the first part 
of Art 288 may also be obtamed m a different manner 

Let 0 be a pomt of a quadric p , cut the quadric by a plane 77 
parallel to the tangent plane at 0 The section is a conic k, which 
is often spoken of as the relative indieatrix of 0, which the 
student should be careful not to confuse with the spherical in- 
dicatnz mentioned m Art 255 

Let ON be the normal at 0, meeting n at N Through N four 
normals can be drawn to the conic k, of which let the feet be 
Pi, P 2 , P 3 , P 4 At Pi the tangent to the conic I is jie rpcndieuhr 
to NPy, and, smce it hes m 77, it is also perpendu ular to ON 
Therefore it is perpendicular to the plane ONPi Now the t ingent 
to k at Pi IS also a tangent to the quadric at Pi, and a j)l me 
perpendicular to it must contain the normal to the quadiie at I\ 
Accordmgly the normal at Pi to the quadric lies lu tin jiline 
ONPi and so must intersect ON Similarly flu norm ils at I’ 2 , 
Psj P 4 mtersect ON Hence, if 77 is made to move up to the 
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tangent plane at 0, the loci of Pi, Pj, P3, P4 touch at 0 the lines 
of curvature through 0 

Now the centre 0 of is the point where the diameter of ^ 
through 0 meets tt, and the ratio CN ON is therefore constant, 
if TT remains parallel to the tangent plane at 0 On the other hand, 
if P IS any pomt of k, the angle NOP approaches a right angle as 
N moves up to 0, so that the ratio ON NP approaches zero 
Accordmgly the ratio ON NP approaches zero, that is, N approxi- 
mates to the centre of the mdicatnx Thus, as we approach the 
limit , Pj, P2, P3, P4 approach the feet of the normals to h from its 
centre, and the tangents to the hues of curvature at 0 are paraDel 
to the axes of the mdicatrix 

Smoe parallel sections of a quadric are sumlar and similarly 
situated, the asymptotes of k are parallel to the generatws of ^ 
through 0, and the axes of k are parallel to the bisectors of the 
angles between these generators, co nfirming the result obtamed m 


Art 288 1 . V 

If we now consider the circle m the plane ONPy which touches 

the quadnc at 0 and passes through Pj, its radius Pj is given by 
20N Ri^OPi^ In the hmit, when the plane w approaches the 
tangent plane at 0, this circle has three-pomt contact with the 
normal section of the quadric containing the tangent to the Ime 
of curvature which touches the locus of Pi Calhng pi the radius 
of this circle, pi is the Imntmg value of Pi 

Similarly if P 2 describes a curve touchmg the other hue of curva- 
ture at 0, so that Pi, P 2 approach difierent axes of the mdicatrm, 
the radius of curvature pz at 0 of the normal section touc g e 
second line of curvature is the limiting value of Pj, where 

^Xsetwo^ normal sections are termed the principal norml 
sections oi>{>&tO, the centres Pi, P 3 of their circles of cmvature 
at 0 are the principal centres of curvature of at 0 , pi , pi 

are the principal radii of curvature at 0 

When the principal radii of curvature pi, pa are knovn, the radim 
of curvature^p of any other normal section, whose plane makes an 
angle 4> with the principal normal section afiected the sufc 1, 
is Lsily obtained For if this plane meet the mfeatru k at t , 
and 1! I tie ,ad.u, o< the c»Ie m to g*™ q-f - 

■“d" . near ,0 

the tangent plane at 0 that we may take N to coincide vith t e 
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centre C of the indicatrix without sensible error, then, approxi- 
mately 

2 0Np==GU^, 2 0Npi^CA^, 2 0N 

where CA, OB are semi-axes of the mdicatrix k, and if M be the 
foot of the perpendicular from V on OA, then CM==CU cos^, 
MTJ^CU suKf), to the same approximation 
Also we have (Art 76) 

OM2 MV^ 

CA^ CB^ ^ 

1 cos^ ^ sin^ (f> 
whence (752 

Multipl 3 niig by 2 ON and proceeding to the limit, we obtain 

1 cos2 i sin2 A 

- = + 

P Pi P2 

This formula shows that pi and P 2 are the maximum and minimum 
values of the radius of curvature of a normal section at 0 
To justify the above procedure it should be noted that, although 
all the terms m the above approximate equations vanish in the 
limit, the ratio of the terms neglected to those which actually appear 
also tends to zero, so that the final formula is not approximate 
but exact 

We note that pi p^ is m the ratio of the squares of the semi-axes 
of the relative mdicatrix h when tt approaches the tangent at 0 , 
but smce all such comes k are similar and similarly situated, the 
ratio m question is the ratio of the semi-axes of any relative in- 
dicatnx for all parallel positions of tt 
If now a come be constructed in the tangent pi im it 0 , which 
is similar and similarly situated to any relative mdic itrix, but 
with its centre at 0 and on such a scale that the squares of its s( mi- 
axes are equal to the correspondmg principal radii of curviturc 
Pi, P 2 j "^^his will be called the absolute mdicatrix of 0 If now 
the plane NOIJ above meet the absolute mdic itnx xt P, w( find 
that 

1 cos 2 (f) sin- <l> 1 

so thdt p—OP^ dud IS given by the square ot the eoiitspoiidaig 
radius- vector of tbe absolute mdicatrix 
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290 Curvature of oblique sections Meunier’s Theorem 

Let P be any point of a surface ^ {which need not here be restncted 
to be a quadxio), PT any tangent line, a and JS two planes through 
PT meeting the surface m curves h, k, which must touch PT at 
P , then, if P, S be any two pomts on h, h respectively, a sphere 
a can be uniquely descnbed touching PT at P and passing throi^h 
R and 8, since its centre G is determined by the meet of the per- 
pendicular to the plane PR8 through the circumcentre of the 
triangle PRS and the plane through P perpendicular to PT 

The planes a, ^ meet the sphere a m circles c, d respectively, 
which touch PT at P and pass through R, 8 respectively, so that 
c touches at P and meets it agam at R, and i touches 1 at P 
and meets it agam at 8 

If now R, 8 comcide with P, cr becomes a sphere having four- 
pomt contact with the surface ^ at P Also the circles c, d become 
the circles of curvature of h,ka,tP The centre C of a will then 
be on the normal to ^ at P 

Let a be taken to contam this normal, so that A is a normal 
section of tfi through PT , c is then a great circle of or , if j? makes 
an angle 6 with a, d is a small circle of the sphere, touching c and 
inclmed to c at an angle 6 The sphencal centre of d is therefore 
at an angular distance 6 from the sphencal pole of c, and the 

spherical radius of d is ^ - 0, so that its actual radius is P sm ~ 


or R cos 6, where R is the radius of the sphere, that is, of c 
Hence, if the radius of curvature at P of a normal section k 
of a surface ijj is R, the radius of curvature of an obhque 
section touching A at P and inchned to the normal section at 
an angle d is P cos 8 This is known as Meumer’s Theorem 
It IS clear that the circles of curvature of all plane sections 
through PT must he on the same sphere a, smce this sphere is 
entirely determined by the radius of curvature of the normal section 
through PT, and is independent of the choice of ^ 

But it should be noticed that, to different tangent hues PI 
will correspond different radu of curvature of normal sections 
(see Art 289) and therefore different spheres o Thus, whereas m 
the plane we have only one circle having three-pomt contact wir 
a given curve at a given point, there are an mfmit\ of spheres 
having four-point contact with a given surface at a gu en point 
ThTse are determined from the data that they have a common 
tangent plane at P (giving three comeident points) and, m addition 
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pass tiuoTigli another point R which coincides with P in a specified 
plane 

]\4eunier*s Theorem enables ns to see easily that the osculatmg 
plane of a hne of cnrvature is not, m general, the normal plane 
to the surface of which it is a line of curvature For if ^2 
are two confocal quadrics, their mtersection is a hne of curvature 
on each of them Takmg a pomt P on this hne of curvature, the 
correspondmg prmcipal radii of curvature of ^2 be pj, 
say If now p is the radius of curvature of the hne of curvature, 
considered as a twisted curve (Art 253), and the osculating plane 
of this curve at P make an angle 6 with the tangent plane ttj to 
at P, p = P 2 cos 6, p= Pi sm 6, by Meunier’s Theorem, so that 

p2 “ Pi2 Pa^ 

and tanfl=P 2 /Pi 

In general pi and are neither zero nor infinite, so that 6 is 
neither zero nor a right angle 

291 Quadrics of curvature If P be any point of a quadric ijs, 
another quadno can be drawn through P and eight other specified 
points If two of the other eight points lie on ^ they may be made 
to come mto comcidence with P m different directions , in the limit 
0 and ijs' will then have the same tangent plane at P If now three 
more of the eight pomts he on tp and are brought into coincidence 
with P m three different directions, the common normal planes 
through each of these directions meet ip, ip' in conics havmg the 
same radius of curvature p a.t P The absolute indicatrices of 
P for ip and ip' have then a common centre and three other common 
pomts, and therefore must comcide entirely Thus the quadrics 
ip and ip' have the same directions of prmcipal curvature at P and 
the same curvature m every normal section through P By 
Meumer’s Theorem they have also the same cuivaturc in every 
obhque section through P 

Smee the sections for which the radius of curv iturc is infinite 
he m the same planes, the quadrics must have the two gc nti<itors 
through P common, so that the remainder oJ tin ir int( rsection 
IS a conic The plane of this conic must piss througli P, since 
the plane joinmg P to any two other common jioints Q, It (not lying 
in the tangent plane at P) meets the quadiics in two ( oiiic s passing 
through Q, R and havmg three pomt contact at P, so that the two 
comes comcide entirely 
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A quadric f whicli has contact of this kind with any surface a 
wdl be temed a quadnc of curvature for tr at the point P of 
contact The directions at P of the lines of curvature on are 
the directions at P of the lines of curvature of a and the nnnciDal 
radii of curvatoe of o at P are those of f The curvat4 prol 
erties of a at P are therefore identical with those of any orLiM 
of curvature of <7 at P Since six of the nine points which de^e 
ijj have been made to coincide mbh P, a qnadnc of curvature at P 
can, m general, be made to pass through three other given pomta , 
m particular it may be made to touch a given plane at a given 
pomt, so that there is one paraboloid of curvature at P with its ato 
m any prescribed direction 


292 Not of quadrics If a quadric passes through seven giv^ 
pomts, we can show as m Art 282 that its equation may be put 
mto the form 

Aj/Si + A2^2 + A3JS3 = 0, 

^i> S 2 , bemg given expressions of the second degree m the 
co-ordmates and A^, A 2 , A 3 arbitrary parameters This quadnc 
passes through the mtersections of the three quadrics 

^ 1 = 0 , ^ 2 * 0 , 

that IS, quadrics satisfymg such a condition pass through eight 
fixed pomts Thus, m addition to the seven given pomts, there 
IS an eighth fixed pomt, which is determmed by the seven first, 
and through which the quadrics pass 
Such a set of eight pomts is termed a set of eight associated 
points 

The quadrics through seven given pomts are said to form a net 
of quadrics of which the given pomts are base pomts 
It should be noticed, however, that every quadnc through seven 
given points on a twisted cubic curve passes through the curve, 
smce, m general, a twisted cubic cannot meet a quadric m more 
than six points imless it hes entirely m the quadnc (Art 266) 
In this case the quadrics through the seven pomts form a net havmg 
the cubic for base curve 

The quadrics of a net which pass through another gi\ en point Pi 
form a pencil, and so have a twisted quartic m common 

Consider then two pairs of quadrics of the net (0i, «/>/) ind 
(f/f 2 , i{j 2 )y iiot belonging to the same pencil Let Py be a pomt on 
the intersection of if^i) other than the eight associated points^, 
the base points of the net Then the quadrics of the net, vhich 
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pass fcough Pi, contam mtersectioii of and tpi Smularly 
ji P2 he B, point on the mt^eetion of ^2 and ^2' qnadncs of 
the not which pass through P^ contain the intersection of ^2 and 
Therefore the qnadnc of the net which passes throngh both 
Pi and P2 c-ontams the intersedaons of ^1, ^1' and of ^2? ^2' 

Ife dediK^ 4at if fonr qnadncs ^1, ^ such that 

the mteirsection of ^1, ^2 a^d that of 15^4 he on a quadric ^5^ the 
^ame is. true however we choose the two pairs out of the four 
quadncs 

For consider the net defined by the quadrics ^1, ^2> 03 Any 
<|aadne the inten^Otion of two quadrics of the net is a 

of ike net Therefore ^ is a qnadnc of the net , therefore 
^ which passes through the intersection of ^3 and ^ is a quadric 
^ flie net ^1, 02> 03> 04 therefore four quadrics of a net and 
the result follows 

obtain also the following important theorem of plane 
geometry 

If there be four comes $1, $2, ^3, ^4 such that the four points of 
intersecticm of Sj, $2 and the four pomts of intersection of 33, 34 he 
on a come s, the same is true of any other two pairs chosen out of 
the four comes 

Through $1, 33, 33 describe any three quadrics ^1, iff2, 03 These 
will define a net A quadno ^ of the net can be drawn through 
one of the intersections of 3i, 33 and one of the intersections of 
t It will therefore contain, besides the eight points common 
TO ipi, 02? 03? another point common to 0i, 02 the whole 

mtersection of 0i, 02 Hence 0 contains the four intersections 
of 3i, S2 and one mtersection of 33, 34 , therefore it contains the 
come 3 Now through the mtersection of 0 and 03 draw a quadric 
04 to pass through any given pomt of 34 This quadric cuts the 
plane m a come havmg five pomts common with S4 and therefore 
identical with 34 

Four such comes 3i, 33, 33, 34 are therefore the intersections 
of four quadrics of a net by a plane The theorem is then obvious 

293 Conjugate points with regard to a net of quadrics 

If two pomts P, P' are mi* ) icn with regard to three quadrics 
01? 02? 03 of a net, not belongmg to the same pencil, they are 
conjugate with regard to all quadrics of the net For if 04 be any 
other quadric of the net, we have seen by the above th it a quadric 
ds PYist^? bploumnijr to both uencils ( 6 i 6 ,) and (ibi dji) Jf P P' 
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axe conjugate with regard to (^i, ^2) they are also (hy Art. 
conjugate with regard to ^ Also axe quadtira of 4 

pencil Hence P, P' bemg c onj ugato with regard to they ase 

also eonjugate witk regaxd to ^4 

Thus to every point P of space corresponds a pomt P^ conjiigatie 
to P with regard to the net P' is obtained as the intersecfeon ^ 
the polar planes of P with regard to any three quadncs of the 'nti, 
not belonging to the same pencil Hence the polar planes of P -wA 
regard to the quadncs of the net pass through a fixed point P' 

294 Web of quadrics A web of quadncs is the syst^^^ 
quadncs touchmg seven fixed planes Eeoiprocatmg the properties 
of a net of quadrics we obtam the following 

The quadrics of a web touch an eighth fixed plane H four 
quadrics ^1, ^4 belong to a web the common tangent planes 

to i/ji and 02 ^^d the common tangent planes to 03 and 0^ all touch 
a quadnc 0 

To every plane of space there is one plane conjugate with regard 
to a web of quadncs, i e the poles of a fixed plane with regard to the 
quadncs of a web lie on another fixed plane 

In particular if the given plane be taken at infinity the locus of 
centres of quadncs of a web is a plane 

295 Any two quadrics may be transformed into one anot 

by reciprocal polars Two quadncs 0i, 02 which have a propex 
common self-polar tetrahedron may be transformed (Art 281) 
into coaxial quadrics 0 i', 02 ' by a homographic transformation 
If ai, bi, Cl and a 2 , be corresponding senu-axes of 0/, 02 ', 
construct a coaxial quadnc 0 ' with corresponding semi-axes a, 6 , c, 
where (fi = ± aia 2 , bib 2 , = ± C 1 C 2 On reciprocation with 

respect to 0 ', the vertices of 0 ^' transform into the tangent planes 
at the v( rtic( s of i/j/ and the tangent planes at the vertices of 0 / 
into the points of contact of the correspondmg tangent planes to 02 ' 
The reciprocal of 0i' is therefore a quadric 0x" havmg the same 
vertices as ip/ and touching the same planes at those pomts , any 
principal plani thus intersects 0 i" and 02 ' m conics which touch 
at four points, and therefore coincide Since 0i", mtersect 
in thu( diftoKiit (onics they must coincide altogether, hence 
0 i', ip 2 polar ICC iproc<ils with respect to 0' On reversmg the 
liomographic transform ition 0 ' is transformed into a quadric 0 
with respect to which 0^, 02 are polar reciprocals Owing to the 
alternatives of sign thcic are m all eight such quadrics 0 
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M TO tow eoBSider liie case where and take - 4 , Ai, 

the vertaces of r}f^ on the same side of the common centre 0, 

#en Ai iaranafOToas by reciprocal polars with regard to into the 
ta^^gent plane at A^ and conversely There are four quadrics 
Iclr whidi this IS the case If 0 is now removed to a large distance, 

Af Aii A2 remaimng accessible, A approaches the middle pomt of 
A^A^ and ^2' approach paraboloids havmg A1A2 as their 

mamxim smembh axis and having common accessible prmcipal 
planes. Thi^ two such paraboloids ^1', i/f/ are reciprocal polars 
with respect to each of four coaxial paraboloids i/f' 

If we start with two quadncs ^1, ^2 touchmg at a smgle pomt 5 , 
ftese quadrics do not have a proper common self-polar tetrahedron, 
but two of the vertices of their common self-polar tetrahedron 
eomcide at -B, and the remaimng vertices 0 and D he in the common 
ts^l^enfe plane at B, and are, m general, distmct from B If we now 
api^y a homographic transformation m which 5 , 0 , D are trans- 
formed into pomts at infimty m mutually perpendicular directions, 
^1, ^2 ^ transformed mto coaxial paraboloids and there 

are four paraboloids ip' with respect to which ipi\ xp^ are reciprocal 
polars Transforming back there are four quadrics ip with respect 
to which the given quadrics pi, reciprocal polars 
Similarly other cases where more than two of the vertices of the 
common self-polar tetrahedron comcide may be regarded as limits 
of a more general case , without gomg mto details, we may expect 
that m such cases there will be at least one quadric with respect to 
which pi, p2 are polar reciprocals, this bemg the limit of one or more 
such quadrics m the more general case 

296 Quadrics outpolar and mpolar to a quadric If there 
be one tetrahedron ABCD inscribed m a quadric pi and self-polar 
for another quadric p2, it will now be shown that there must exist 
any number of tetrahedra A'B'G'D' mscribed in pi and self-polar 
for p2, one vertex A' may be arbitrarily selected on pi and a 
second vertex B' may be any pomt of pi which is conjugate to A' 
for p2 

Let a be the polar plane of A with respect to p2, that is, the plane 
BCD , a meets ^1, p2 in conics *3 and BCD is clearly a triangle 
inscribed m ki and self-polar for k2 Thus ki is outpolar to ko 
If now A' IS an arbitrary point of pi, let L be a point in which 
the polar plane a' of A' with respect to p2 meets ki Since L is a 
pomt of ki, there exists a triangle LMN mscribed in ki and self- 

’ ^TTtyrnr . T. _ _ , 
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and seli-polar for 02 The plane AMN is tte polar pfane ^ J| 
with respect to 02 and it passes tLxongli A' , since i, 4 ' areeonj^afe 
for 02 If this plane meets 0 i, 02 m comes ^2, then, as b^oi^e, 

IS outpolar to ^2, and there exists a tnangle A'M'N' mscnbed 
and self-polar for §2, so that the tetrahedron A'LMW k 
in 01 and self-polar for 02 

The plane LM'N' is then identical with a' If it meet 0 j, 
m comes ^2^ agam, ki is outpolar to , any poffli- 
of 01 conjugate to A' for 02 is a pomt of A/ and is one verW^f^it 
triangle B'C'D' inscribed m ki and self-polar for k^' The 
hedron A'B'C'D' is then inscribed m 0 i and self-polar for 02. 1 

A quadric 0 i which is such that there are tetrahedra mscaSbed 
m 01 and self-polar for another quadne 02 is said to be o^jtpeia^ 
to 02 5sn 

In a similar manner we can show that, if one tetrahefem U 
circumscribed to 0i and self-polar for 02, an inj&m1gr of 
tetrahedra can be constructed, one face a of which can be 
any tangent plane to 0i and a second face j8 is any tangeEl^H^ 
to 01 conjugate to a for 02 

The quadric 0 i is then said to be mpolar to 02 

If there be a tetrahedron ABCD inscribed m a quadne 0 i mA. 
self-polar for a quadric 02, so that 0i is outpolar to 02, let 0 be a 
quadric with respect to which 0 i, 02 are polar reciprocals (Art 295 ) 
Reciprocatmg with respect to 0 , ABCD is transformed mto a 
tetrahedron a^SyS circumscribed to 02 and self-polar for 0 i Thus, 
if 01 is outpolar to 02, then 02 is mpolar to 0i 

297 Outpolar and mpolar envelopes and loci of two quadrics 

In general, a plane does not cut two quadrics 0 i, 02 m comes ^i, k^ 
such that ^1 IS outpolar to k2 This may, however, happen m 
certain cases 

Let I be any line, P a point where it meets 0 i, tt the polar plane of 
P with regard to 02, meeting I at R Then tt meets 0 i, 02 m comes 

Let s bo the haimomc envelope (Art 201) of Sj, §2 From R 
draw two tangents r, r' to 6, determining planes p = Pr, p=Pt\ 
which pass through I 

If r meet at U, V then, by the property of the harmomc 
envelope U, V are conjugate for $2 and therefore for 02 Smee 
U, V lie in 77, they arc conjugate to P for 02, so that PUV is seK- 
conjugate for 02 and is inscribed m the conic ki m which p meets 0i 
T-F o yn<ip+ci i//„ in the conic kf) then k^ is outpolar to k^ Similarly 
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ii m which p' m®ets is oui^olar to the conic k^' in 
p' meets 

iThns throng any line I two planes can be drawn, meeting 
theaqnadijcs m tomes saiasfymg tiie given conditions The planes 
wfafsh this holds th®c®f®re envelop a quadne ^ which may be 
twwjed the ontpolar envelope of with respect to ^2 Clearly 
Aata will be a second envelope of planes meetmg the quadnes in 
such that k^ is outpolar to ki This may be called the 
Mii pfllM! ^vtiepe of tfti with reflect to ^2 

m the abovci ^2^8' ^ passes through the vertex of 

theecs^ m a hpe-pair In this case the harmomc 

s ps^uct of rang^ on the bnes of conjugate for s j 

-t apgffitrf. s r, v' comeide with the hne-pair In this case 
the jang POTt. planes through I to fji comcide with the tangent planes 
t^piejG^^'I'to so that ^ is a tangent cone to tji 
i ]|5e(apocatog the above theorems, we have 
,i!Eh&locas of tie vertex of a three-edge whose faces touch 
said which IS self-conjugate for ^2> 1® quadric t/i, the inpolar locus 
of with respect to ^2> outpolar locus of ^2 with respect 

to 

If ^ degenerates mto a come, this come hes on tp 

A very important case of the latter is when ip^ i® the circle at 
ipflni+v TTip mpolar locus of pi with respect to O is then a quadric 
>, that IS, a sphere This sphere is the locus of the 
of three tangent planes to pi which are mutually con- 
j uga uo xvx O, that IS, mutually perpendicular This is known as 
the orthoptic sphere of ipi 

Smee tangent planes at the extremities of a diameter are parallel, 
to every pomt of the orthoptic sphere corresponds a second point, 
symmetrically situated with respect to the ccntic of the quadric 
The latter is therefore also the centre of the orthoptic sphere 

Examples 

1 Prove that if F is a point on the outpolar locus of with n spt ( t to 
any number of three edges with V for vertex exist, whosf (dg(s tom li 
and which are self conjugate for ^2 

2 If ^1, ^2 polar reciprocals with respect to a (juadiic ip tho in])olar 
locus of ip2 with respect to p contains the intersection of p and p^ 

3 Prove that the outpolar envelope of a quadne p^ with k sjx ct to anothi r 
quadne p^ touches the tangent plane to p^ it any point J* ol th( nit( rs( ctiori 
of pi, p^ 

State the corresponding property for the outpolar locus of j/q witli lespei t 
to lb 
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4 In any tran^ormation by reciprocal polars which transforms mto 0 , 
mpolar loons of ^2 respect to reoiprocates mto the 
envelope of with r^peot to ^2 ^^7 


298 Peneil af quadries outpolar to a qwatec^ If ^ twg 

quadnos ^1, ^2 ^ pencil are ontpolar to the same 

every quadnc of the pencil is outpolar to tjj 
'Sot let ^3 be any other quadric of the pencil, A any point of 
twisted quartic q which defines the pencil The polar plane a otA " 
With regard to ip will meet ^1, ^3, ip m comes ki, h^y 

The conics hi, h^, A3 belong to the same pencil in a But 
are both outpolar to h Hence, by Art 232 , every come 'qf ^ 
pencil IS outpolar to A, and therefore A3 is outpolar to A 
therefore find a triangle BCD inscribed in A3, which is self-polar for ' 
A, and therefore self-conjugate for ip Hence the tetrahedron ABOD^ 
which IS clearly msenbed m ^3, is self-polar for tp, which proves what 
IS required ^ 

As a particular case, if the twisted quartic breaks up into t'^o 4 
conics, the plane pair through these comes is conjugate for tp t 
If the quadrics ipi, ip^ are spheres outpolar to the same quadric p, « 
the last-mentioned case arises, the plane-pair bemg the commoii 
radical plane and the plane at infimty The < 
plane then passes through the centre C oi ip Thuo 
of centre 0 , whose radius is the distance from C to uno 
points of the pencil (^1, ^2) orthogonal to all the spheres 01 1 
pencil which are necessarily spheres outpolar for ip 
In particular the point-spheres of the pencil are the vertices 
of spherical cones outpolar for p, that is, such that p is inscribed 
in three-edges self-polar for these spherical cones , these are tri- 
rectangular thn c-c<lg( s, so that the point-spheres in question lie on 
the orthoptic sphen of p This orthoptic sphere is therefore 
oithogonal to ( V( ry spluK of th( pencil, and since pi, p^ were 
arbitrarily s( 1( ( t(<l in th( fust instxnce, the orthoptic sphere of p is 
orthogonal to eve ry sphen outjiolar to p 


1^ \AMPJ XVI 

1 Prove that the tan^c nt plain h at tho vt rtiocs of a twelve face eight point 
inscubccl in a (piadi i( foiin a twelve peiiiit eight hie e h wing the same eiiagonal 
U trahedron 

2 It two non patalle 1 < ne nlai se e tions e>f i ejemdrif are given show how to 
find tht dirtetioiiH e>t its axtH 

The circles c ircuinsciibe el abeint two tiiuiglis AB(^, Dbjt\ m different 
planes have a eoniinon eliaine te r witli the same extremities M, N , and 0 
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Iff Huddle poji^ of MN A tlurd plane through MN meets the twisted | 

cuhsfcc curve through A, B, C, D, E, F Q>t P, Q and B Prove that MN is i| 

an ^TTfst of the como through P, Q, P, which has 0 for centre | 

3 If two quadncs of a pencil meet a plane m conics outpolar to the same # 
cohac 5 , show that this is true of all the quadncs of the pencil "I 

By tflln-ng a to be the circle at infinity, show that if two quadncs of a 1 

pencil are equilateral (%e are such that rectangular three-edges can be 
f inscribed m their asymptotic cone) then all quadncs of the pencil possess | 

the same property ^ 

4' Prove that If w be any straight hne, ABCD the common self polar tetra ^ 

> h^on of a penoH of quadhios, the polar quadnc of u for the pencil contains | 

the eleven pomt conics of the hues a, b, c, d> m which the planes Auy Bu, 

Chit, Du respectively meet the opposite faces x, jS, y, 8 of the tetrahedron, with 
respect to the p«idls of comes m which oc, j8, y, 8 meet the given pencil of 
^ -^sadrics 

5 Show that the tangent planes through a given straight hne to the 
two quadncs of a confocal system which touch that straight hne are per 
i pendicular, and bisect the dihedral angles between the tangent planes through 
the given straight hne to any quadnc of the system 

^ Prove that the polar hues of a given hne with respect to a system of 
cWoCal quadncs are the generators of the same system of a hyperbohe 
paraboloid 

^feow further that the three prmcipal planes of the confocal system out o£E 
f^om each of the other system of generators mtercepts bearing to one another 
a constant ratio, which is mdependent of the position of the given hne 

7 Prove that if 2a is the angle between the two generators of a quadnc 
at P, Pi, p 2 the prmcipal radn of curvature m the planes bisectmg 2a and 
7r--2a respechLvely, then 

P 2 + P 1 tan^ a=0 

8 Two quadnc cones Aj, Ag belong to a pencil [^] of quadncs The tangent 
plane tt to Ai along a generator g meets Ag m a come k and T is the pole of g 
with respect to k Prove that any two hnes through Turn which are con 
jugate with respect to k are conjugate hnes with respect to the como in which 
any quadnc ^ of the pencil meets tt, and also with lespect to the tangent cone 
from T to i[t 

9 State the reciprocal of Ex 8 for a range of quadrics and deiive, as a 
particular case, the theorem that, if P is any point on a focal ( onu of a system 
of confocal quadncs, the normal plane to that conic at P cuts th( quadrics of 
the system m comes which have one focus at P 

10 Prove that the quadncs through a conic 6 and two lixed points foini a 
net of quadrics, and show that if five of the seven points which fix a not of 
quadncs are coplanar, the eighth fixed point of the net is any point of a fixed 
come 

11 Prove the following construction for the point P conjugatt to any 
pomt P for all the spheres passing through two points A, B (V)nstiuct the 
circle ABP and let the tangent at P to this circle meet 4B at \ Pioduci 
PX to P , making XP — PX 

12 Prove that if AiBiGiDi and ^-re self polar tt trahedra for a 

quadnc any quadnc passing through seven of 1 , 



TORTHBR PEOPEETIES OP QUADEICS 


13 Show that the curve of contact of the developable of the fourth dbss 
generated by two quadncs yi» V 2 with one of them, hes on Idle outpolaar 
locus of ipi with respect to 

14 Prove that the developable generated by the common tai^nt phaies 
to two quadncs touches either quadnc along a quartic curve , and that the 
tangent planes to a quadnc at its pomts of intersection with another quadnc 
envelop a developable of the fourth class 

16 Prove that the locus of the mtersection of three mutually perpendieular 
tangent lines to a quadnc is a quadnc coaxial with the given quadnc 

16 Prove that if three pairs of conjugate planes for a quadnc pass tiaoKM^ 
any three edges of a tetrahedron which do not concur at the same vertex 
they determine a twelve face eight point of which any two opposite. 
conjugate pairs for the quadnc 

[Consider 0 the pomt of concurrence of two pairs (a, a'), (j3, P') and use 
fact that two planes conjugate for a quadnc are conjugate for every tangent 
cone whose vertex hes on their intersection , then use the property of a poka 
four edge for this cone ] 

Such an eight-point may be called a self conjugate eight pomt for "me 
quadnc ^ 

17 Show that if an eight pomt self conjugate for a quadnc is inscribed 
in j/ra, an mfinite number of such eight pomts exist 

18 Show that the umbihcs on a quadnc are the mtersections of the quadnc 
with its focal conics, and hence that only one of the focal comes can mterseet 
the quadnc at real pomts 

19 Prove that, if two quadncs i/r^, i/rg, which have a common generator z, 
are reciprocal polars with respect to a quadnc «/f, 0 has a; for a generator, 
and conversely that the polar reciprocal of j/ti with regard to a quadnc 
ijj which has a common generator x with ipi is a quadnc ifs^ havm^ 
generator 
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lUbCELLANEOUS EXAMPLES 

. I I 

»1 PsoTe m two coHmeair projective ranges, the self corresponding 

1 canMde at 0, and if P, P' be any other pair of corresponding points, 

f$i »» S-.t t 

11 . 

OP' 


00^^ tlwree rays tkro^i^ (), and the correspondence between 
IS ifined as follows if OQ is taken harmonically conjugate 
to ^ with respect to OA, OB, then OP' is hannomoally conjugate to OQ with 
^e^ct to OA, OG Show that the pencils [OP], [OB'] are projective and that 
they have OA for a double self corresponding ray 

^ i llwo conics ijj, h' have three pomt contact at 0, and through 0 a ray is 
drawn meeting the comes agam at T, T' The tangents at T, T' meet the 
common tangent at 0 m P and P' Prove that [P]7\ [P^ and that the self 
corresponding pomts comoide at 0 
What happens if the comes have four point contact ? 

3 Give a method of constructmg a square whose sides taken in order shall 
pass through four given pomts A, B, G, D Perform the construction, having 
- j 4P=2 mches, BG^GD—%6 inches, DA—\ 5 inches, and the 

= 120 ° 


4 

?! 

4 ’ 


Show how to cut the hyperbola whose equation in Cartesian co ordinates is 
^ = 1 from a right circular cone 


6 ABC IS an equilateral triangle of side 2 inches lying in a horizontal 
plane the inscribed circle touches the sides AB AC at I>, E Kspectivi 1\ 
From the point V, one inch vertically above A, the figure is piojected upon the 
plane through A parallel to the plane VBG Draw the piojtction of the 
triangle ADE, and find the vertex and focus of the projection ot the ( ik 1( 

[For clearness it is advisable to rabat through the obtuse angle ] 

6 Draw a triangle ABC with sides BG—Z inches CA — AB~4: inches and 
mark the middle point D of AB A parabola touches tlu thicc sides of th( 
triangle ABC and has its axis parallel to CD , construct (i) the tinge nt it 
the vertex, (u) the axis, (in) the directrix 

7 Given a come h and a hne p', not tangent to k, show liow to find h^ a 
geometrical construction, (i) the point of contact of // with tin conic / 
which has four point contact with A: at a given point O and tone lit s p (ii) the 
other extremity of the diameter of k' through 0 (in) the oithoptic ciiclc 
of I 


fr A T>rir\'cn? „ /%!««« 1 rmin nf on n r> T nr fu Ira 1^(1 7? 



MISOBLLAHEOUS EXAMPLES 


% Of mskm. axbitrarfy ta^a cm AB, B€, OD, DM, EF, reapec 

^ pPOTie the val-ufi of tlm coatmued pirodaet of 

4E ^ ^ ^ ^ 

PB QO BD SE TF 

Is timJtierod by projection * o 

Hence show that, if P, Q, P, B, T, are oo%ear, the mhie of ahoW 
product IS + 1 or - 1 according as the number of sides ctf the polygM^ 
or odd t ,1 

Is the converse this theorem gmieraliy true ? ^ 

0 ABCB IS a skew quadrilateral whose sides AB, BC, OB, are iy a 
plane at P, Q, E, S respectively Prove that i « * ^ r ^ 

AP BQ GE D8=:PB QO BD 8A , 

and conversely if P, Q, P, ^ be any four points on these sides, so (hBBm 
^at the above relation holds, then P, Q, P, B, are coplanar 
Generalise the first part of this theorem for a skew polygon of more feapi 
four sides 

Prove that if a sphere touch each of the sides of a skew quadidatesai 
Intemalfy, the points of contact are coplanar ^ 


10 Any two tetrahedra ABCD, A'BV'D' for which each pair of (p^ 
spending edges AB, A'B' meet have the joins of correspondn^ v^irfei!^ 
concurrent 


11 Show that the cross axis of two coplanar projective ranges is pariM 
to the line joining their vanishing pomts 

12 Given a conic k and a hne x, show how to construct the centre of the 
oomo ¥ which touches A; at a given pomt 0, passes through a second given 
point A' not on k and meets x in the same two pomts (real or imagmary) as k 

13 The lines joimng a pomt 0 to the vertices of a triangle ABC meet the 
opposite sides at P, P, F and the sides of DEF at P, Q, B Prove that PC, 
EFy QR are concurrent at U, with a similar meamng for V and W , that U, F, 
TF are colhncar and that P, D are harmomcally conjugate with respect to 
0,A 

Show also that, when 0 describes a hxed line I meeting BG at X, P desenbes 
a fixed line through X and TJVW touches a fixed come, which touches BC 
at the harmonic conjugate of X with respect to B, 0 

14 Two tangents a, h to an ellipse arc parallel to the axes and a touches 

the ellipse at A PiP^ P^Pz^ ^ number of equal segments on a 

From Pj, p 2 , etc tangtnts aie drawn touching the elhpse at T^, etc, 
respectively and AT 2 , miith at respectively 

bhow that the segments QiQ^y Q 2 Qi> f^re all equal 

15 Prove that if a variable tangent to a parabola meets two fixed tangents 
at P and Q, tlu hx us ol the middle point R of PQ is a straight hne 

1() A line drawn liom flu v( itex A ol a triangle to a pomt P m the 
opposite side B ( ' is divided at Q so that PQ QA = BP PC Provo that the 
locus of (3 is a })ai vbola which passes through H, temchos i(^ A and has its 
axis paralle I te) B(^ 

17 Piove that it 1* he a vaiiablc juunt on the fixed line I, G and E any 
fixed jiGints, h and d any fixed lints, then the conic passmg through the 
tol lowing five points (1) (Z) bd , {Z) (CE, b) t (4) A7 , (5) ((77^ ei), passes 

through a lived point on I 
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m 

m 5tov^ tla.t if a come totioh the si4es BO, OA, AB of a tnangle ABO 
r©s|)©ekv«ly, bssA^AB, BE, OF meet the oomc again at P, Q, p 
iesj)ectr 7 ely, Ihe tangents at P^ Q, M meet BC, GA, AB respectively at three 
cctoear pomts 

i& Show that it IS possible to construct a come oiroumscnbmg a triangle 
ABC and tou(tog the parallels through A,B,OiiO the opposite sides 

^ Ofetam a gtcaaght Ime con^amction for finding the fourth point of 
mtersectaton of two conics which pa^ through three points A, B, 0, without 
drawing the conics, two other points on each come bemg given 

]ErcHn Of ^ven point 0 on a oomc h, any two chords OP, OQ are drawn, 
and through tfi^r other extremiti^ P, Q two chords PR, QS are drawn 
parallel to OQ, OP respectively Prove that RS is parallel to the tangent 
at 0 

^ Show any two pohits A, B of the plane and the four pomts of 
eontaot of tangents from A, B to any come Jc m the plane are six pomts of a 
ccSnie 

Sfeate and prove the reciprocal result 

^ Prove that conjugate ranges with respect to a come s, whose bases 
a>^ 15 mt«!seet on s, are perspeetave from the pole of the chord joining the other 
n^^eetaons of a, h with a 

Prove that conjugate pencils with respect to a come a, whose vertices 
A, P he on a tangent to a, are perspective, the axis of perspective bemg the 
polar of the meet of the other tangents from A, B to a 

If a pomt -4 of a Ime x is conjugate to more than one other point of that 
hue, X must be a tangent to the come and A its point of contact 

24 A come touches the sides BG, GA of a triangle ABG at points D, E 
respectively, and meets AB at two pomts X, Y The tangents at X, Y meet 
at T, and U={XD, YE), V^{XE, YD) Prove that each of the triangles 
DEU, DEV is m perspective with the tnangle ABG , and that T, U, V he on 
the same line through G 

Show further that, if Jf, ^ be the meets of BG, OA with tho tangents at 
X, Y respectively, the Imes AB, DE, MN are concurrent 

25 Prove that, if two comes hi, touch at 0 and meet at two othf r 
distmct pomts, and if through 0 any hne be drawn to meet J ^ /tg again at 
P, Q respectively and R is harmomcally conjugate to 0 with respect to P Q, 
then the locus of jR is a come touchmg hi, Jc^ at 0 

26 If Z, m be a variable pair of perpendicular Imes conjugate with resjicet 
to a come k whose centre is 0, and I pass always through a hxod pomt P 
prove that m general m always touches a fixed parabola, ot which the axes ot 
1c and the polar of P for k are tangents 

Show further that the tangents from P to this parabola biseet tin angles 
between the tangents from P to k, and that OP is the direetrix of tho parabola 

27 If m Fig 26 A A', BB 00' meet at a point, show that the Pascal luu is 
the polar of this pomt 

28 Two triangles are msenbed m a conic The side s ot tho ones nu ( t 
the sides of the other in nme pomts Show that tho join ot any tuo ot 
these nme pomts is a Pascal hne of the six vertices of the tiiangles unit ss it is 
one of the sides of the triangles 

29 A variable tangent to a conic k meets two fixed poipondit ular tangents 
a, & at P, Q respectively , and the perpendiculars to a, b at P, Q mtet at li 

^ ^ ^ « +i n Trvn a P la n TPffnnrnilir hvnerbola 




MISOELLAJSTEOUS EXAMPLES 




wkose asymptotes are the tangents of h parallel to a, 6 , and ^ 
hyperbola passes through the points of contact of a and h mth h 

JnTesfe^te also the locus of E when ^ is a parabola. 

aO Given a focus of an elhpse, one pomt on the curve and one 
(pot at the given pomt show that the bcus of the second focus is 
of a hyperbola ^ 

OoQstruct the asymptotes of this hyperbola and find the least possiifeie^t^ 
the major axis of the eUipse ^ 

31 The tangents to an elhpse at pomts P, Q meet at P, and 
of elhpse , the circle on PP as diameter meets PP, TQ agaab^'afe"' 
respectively Prove that J3T is bisected by the diameter of ^e^ 
perpendicular to YZ 

Skrw that, if P describes the orthoptic circle of the elhpse, the ] 

of YZ desmbes a third circle, whose radius is half that of the ortheptw^S^^ ”** 

and that the envelope of YZ is the come which has one focus at 

of the elhpse, and the third circle for auxihary circle ^ , 

32 Show that the common self polar triangle of two circles which 

mtersect m real pomts is formed by the hmitmg pomts of the two 
and the pomt at mfimty on their radical axis ^ ^ 

33 Prove that if m two coplanar projective figures two pairs of ccfcrli^ 
spondmg pencils are perspective, the same hne bemg the axis of perspee^v^ 
m both cases, then the two figures are altogether m plane perspective 

34 Show that the transformation by reciprocal polars is the only reciprocai 
transformation in the piano for which every pomt P of the plane has the same 
Ime for its reciprocal m the two figures 


« 


35 If through the m centre iC of a triangle ABO, Imes KL 
drawn, perpendicular to KA, KB, KG respectively, and meetm 
sides BO, GA, AB at L, M, N respectively, prove that L, A 
straight line which is the radical axis ot K and the circle through ** 

36 A central conic 9 has foci F, F' and correspondmg directnces, 

A variable lino I through A meets /' at Q and s at E, E ' , and P is harmomcali 
conjugate to Q with regard to It, Ji' Provo that the locus of P is a come h 
which passes through F, F' and be longs to the pencil dotermmed by s and its 
orthoptic eirele and that th( same (onn 1c arises in this manner from hues 
through F 

If P'P meet / at Q [)io\e that the envelope of QQ' is a como c confocal 
with s and touehing/ / , and that / c are leeiprocal with respect to s 

37 A eonie mH( iilx d in a tnangli has one loeus at tho circumcentre Show 
that tho otlu^r foe uh ih at t Ik ort Ikk < iitn and that tho length of the major axis 
IS equal to the radius ot t lu < ir< iiin< ite If 

[Use hx U) i< < ipKx ating Hith i< Hp( ( t to a ( ire le centre A ] 

3B Pom < oni< s pass thiougli time given non eollinoar pomts A, B, C 
and have a fourth given point S loi (o(us Jhove that tho directrices which 
correspond te) >S' in< ( t in pans on tin sidi s ot the triangle ABC and form a 
quadrilateral ot winch I/>^' is the eliagonal tri ingle 

[Kecipioeatc with n gaid to N the < on espoiieling i>ioperty of the inscribed 
and esciibed < nc 1< s ol a tiiangh is obvious j 

It one ol the loin conics is a ciidc show tint the directrices of the other 
three which coiicspond to H are the joins ot the nud points of the sides of 
tho triangle 1 liC 
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tibat lii&mverse of the cubic carve 

witb respect to a eircfe whose centre is the ongm 0 is a parabola with its 
at ^ 

it* BgSive ito Mk^rmg pisopearties of this eatac corVe by iHTersion from the 
corresponding propertaes of the parabola 

‘ =Ae carole tonclMes the catac ciarve h at any point P and passes 
fejoogh Omeets Ihe axis of y again at the circle throE^h 0 and Q orthogonal 
to-tb^s carde meets the axis of x again at a fixed point B 

If the errqles throng 0 winch tonch h at pomts Pj, Pg are orthogonal, 
t||^^seeoi^ mtesection bes on a £xed circle through 0 , and 0, Jt 

are eoncychc 

if two tafegepta toa piacabola make equal angles with a fiLxed straight 
So®i5aet;JE&&Qflt pass through a hxed point 

^ *H^ftee^diagonaISofaeom|d3et6 quadrilateral are divided harmonically 

. at P, P' , Q,Q' 9 B, B' in any manner Show that these six points he on a 

^ M. A fixedln^Z iles m the jtoe of a ecto h , and d is the diameter of h 

f con|ugate to I Through each pomk P ^ a Mn® p b drawn perpendicular 
to the polar of P with respect te k ?rove that, when I b not a diameter of k, 
these perpendiculars p touch a certain fixed parabola, which touches I 
and has its n-^na perpendicular to d Show also that d b the directrix of tins 
parabola 

foove that the m and ex centres of a tnangle self polar for a rectangular 
hyperbola he on the curve 

44 Prove that the tangent at a pomt P of a parabola and the common 
chord of the parabola and its circle of curvature at P are equally mclmed to 
the axis of the parabola 

The normals to a parabola at P, Q, B are concurrent, and the poles, with 
respect to the parabola, of the common chords of curvature at P, Q, R are 
JC, r, Z respectively Prove that the perpendiculars from X, Y, Z to their 
respective polars are concurrent 

45 A family of comes have double contact with a circle of centre C at 
two fixed pomts A, B Prove that the foci of such conics on their axes parallel 
to AB and the pomts of contact of tangents from C to the conics all he on 
the circle oircumscnbmg ABC 

[Project the quadrangle ABQ,Q,' mto 120'AP , O, O' being the circular 
pomts at mfimty m the plane ] 

46 A tnangle ABC is ciroumscnbed to a conic ifc, the base AB being of 
given length and lymg m a fixed tangent t to k Show that the locus of the 
vertex 0 is a come havmg four pomt contact with k at the point of contact E 
of the tangent to k parallel to t 

47 If two tangents to a parabola make a constant angle (otlu i than a nght 
angle) with each other, show that the locus of their intersection is a hyperbola 
and that their chord of contact envelops a conic 

48 A variable conic k touches the sides of a tnangle ABC and a fouith 
fixed straight Ime I Prove that the locus of P, the pomt of concurrence of th( 
Imes joinmg the vertices of ABC to the pomts of contact of k with the 
opposite sides, is a conic s through A, P, C and that the range ( iB(P) on s 
IS homographic with the range determined on any tangent to / by BC CA, 

1 l? n A 1 



MIS0BLLA2^E0irS EXsOUPUES 


49 If an mTolution pencal of th© first order is lioiiK^jAie 

l^c£l of tji© ^ocaad order, slaow that thear product is m geaieiai a ctsrve o£^e 
ctegree, having the vertex of the involution peneil for a nraifea^ 
the fourth order 

Prove also that ©very qumtio with a quadruple point can he deaeiafe^ 
manner 

50 Tangents are drawn from a fixed pomt to each member of a range ,o£ 
0 omcs Prove that the locus of the points of contact is a qumfae^curv^ 

51 Prove that if an mvolution of pomts on a conic is homograpiac witka^ 

involution pencil whose vertex is not on the come, there aaie m ggneraJ«Ex 
joants of the como which he in one of their corre-pondm^ lux ^ * 

Hence show that, m general, the product ot two homograpinc 
pencils of the first and second orders respectively is a sextic curve, tibe vertex 
of the pencil of first order bemg a quadruple pomt 

52 Show that the product of an mvolution pencil of ihe second ©rd^r and 

a simple pencil of the first order, homographic with the first-named p^oi^ is a 
^uaartic curve, of which the vertex of the second named paidl m a de^bije 
pomt ' ^ 

53 If a como be triangularly insonbed m another conic prove that tiie 
ta®g^t to at a common pomt of Si, 8^ passes through the pemife oi contact 
with ^2 of a common tangent of 

64 The centre of a circle lies on a rectangular hyperbola and the (mtre 
of the hyperbola hes on the circle Show that the polar reciprocal of Ihe 
hyperbola with respect to the circle is a parabola, of which the centre of the 
hyperbola is the focus, and prove that any two of these three curves are polar 
reciprocals with regard to the third one 

56 Prove that the circle hyperbola and parabola of the last example are 
such that any one of the three is both outpolar to, and triangularly circum 
senbed about, any other 

66 If be two fixed points on a sphere come, P a variable pomt on 
the curve, and if tlu aicH 1* 1 PB meet a cyclic line at X, Y respectively, show 
that the arc Y> is ol constant length 

67 If through a j)oint () on a H})heio conic two perpendicular great circle 
arcs be drawn ni< eting th( spheio eonic again at two pomts (not antipodal 
to each otlu r or to ()) th< gnat (uclc arc through these two pomts passes 
through a fixtd dyad on tlu spin le 

5S Show that tlu ( nv( loju ol joms of homographic dyads on a sphero 
conn IS anotlu i splu lo ( onu having double contact with the given sphero 
conu antipodal ( ontai Is lx nig k < Ivoiu <1 as one 

J^<)\( that tlu ( (juation of tlu (iul( at infimty m plane co ordmates is 
/ \- w i — 0 

f)0 In tlu (as( ol a (luidru of k volution show that the focal conics 
lediui to (1) a (U<1( iii tlu dianu tial piano perpendicular to the axis of 
n volution (2) two jxants / I ( ill( d pmu ipal foci, symmetrically situated 
with i( gaid to tlu <(iiti( ol tlu ({uadiu on the axis of i evolution 

()1 It a ipiadiu toiuli tlu six ( dg( s of a tetiahidron, the hnes joining 
eacli \eit(\ ot tlu titiafudion to the polo ol the opposite face are 
concur! ( nt 

()2 Show that tlu loins ol tlu polar of a given line with respect to a 
syst( m ol ( oiiloi al <(uadi u s IS a hypi I bolie paiaboloid om of whose generators 
IS the lino at iiiliiiit y in t lu plain pt i pe ndi< ular to the given line 
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of |)iaijes [of of the B&CKmd order in a star of vertex 0 is homo 
^ an axial pencil [w^], whc^ axis does not pass throngh 0 If 
have a seK-eorrespondnig plane, show that their product is a regulus, 

Prove that the product of a regulus and a homographic axial pencil is 
a '^wsted eubic 

Bfeat^ and prove mdependently, the theorem reciprocal to that of 





Tr& 7 e that if through a l&xed pomt 0 hues be drawn each of which 
to ils polar hne for a given quadnc, these hnes generate a cone 
, (wder 

Show that Ines through a fixed pomt which are normal to quadncs of a 
system are generators of a cone of the second order 

" P IS a vanahle pomt on a fibsed diameter of a quadnc and E is the 
l&e j>expeB:dieaiar from P upon its polar plane with respect to iff Show 
^ locus of P IS a rectangular hyperbola 

Prove that the product of two homographic pencils of quadncs is, m 
a surface of the fourth order , and that the product of a pencil of 
hoinographic axial pencil is, m general, a cubic surface 

if a regulus or a comcal pencil of the second order is homo 
0 with another re^us or comcal pencil of the second order (not having 
"same vertex as the &st comcal pencil), then, m general, there are four rays, 
‘ lur rays only, which mtersect their corresponding rays 



70 Two stars with (Merent vertices Oi, 0^ are reciprocally related 
Show that the locus of the meet of a hne of either star with its correspondmg 
plane of the other is a quadnc ^ passmg through Oj, Og, which meets any plane 
am the locus of moident pomts of the reciprocal fields determined in a by the 
two stars 


71 If [P], [Q], [P], be four projective ranges on four aibitranly chosen 
straight hues, prove that there are in general tour, and only loin planes, 
which contam four correspondmg pomts P, Q, E, 
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rectangular h 3 rperbola, 179 , 

sections of a cone, 316 of a 

quadric, 367 
Class 

of a come, 62, 79, 196 , of a 
developable, 323 , of a plane 
curve, 79 , of a quadric, 335 , 
of a surface, 318 , of a twisted 
curve, 323 

Coaxal circles, 139, 140, 220, 226, 
254 
Coaxial 

conics, 274, quadrics, 370, 387 
CV)b isal forms, 34, 117, 125, 240, 332 , 
identical if three elements are 
self correspondmg, 35 
Collincation, 4 
Cone 

isymptotic, 367 , of the second 
order 298 300, 301 , osculatmg, 
324, 325 , light ciicular, 307 , 
spheric il 303 

C\)n( s of i pencil of quadrics, 373 
(Vmfot il 

conns 1S3 208 lecipiocate mto 
(oaxil elides, 220, quadrics, 
377 

Con££iuent figuies 15 17 
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CJonie 

ooiistriiction o^f &om given con 
ditions, 62, 90, 91, 93, 264, 267 , 
ddSmtion and types of, 52 , 
deternuned ^y five conditions, 
62, 63 , IS identical with curve 
of second degree or second class, 
196, fundamental pomts and 
jbngtbs oonneeted with, 153 
Conjugate 

diameters of a circle, 77 , of a 
eomc, 81, 83, 85 harmomc 
with respect to asymptotes, 81 
chords, 
of their 

' ‘"ss(5^T4aitfes, 105,^107 , 

drameters and diametral planes of 
cone of second order, 301 , 
elements osf a harmomc form, 
40,. 116, hyperbola, 107, 

nnagmary elements 175 , lines 
through ^ fbcus are perpendi 
ctdae, 145, Imes with respect 
to a range of comes, 260 , paral 
lelogram, 103 , pomts and Imes 
with respect to a como, 71, 73, 
137, 150 , pomts, Imes and 
planes with respect to a quadric, 
337, pomts with respect to a 
net of quadrics, 386 , pomts with 
r#^s-neot to a pencil of conics, 259 
uadrics, 372 

tAIVJ 

of higher orders, 63, 64, 66, 108 , 

preserved m projection, 4 
Co ordmates, 170, 171 
Correlation 

m a plane, 208 , m space, 350 
uniquely determined by base 
comes, 212 
Cross axis 

of projective ranges in a plane, 
44 , of ranges of second ordei 
117 , of homographic flat pencils 
in star, 295 
Cross centre 

of pencils of second order 1 IS 
of projective flat pencils in i 
plane, 45 

Cross plane of homographic axial 
pencils m star, 295 
Cross ratio 

of four harmomc elements 40 , 
of four Imes of a regulus, 332 , 


172 , of four pomts of a range, 
29, 30, of four pomts on a 
come, 116 , of four rays of a 
flat pencil, 31 , of four tangents 
to a conic, 116, of two oorre 
spondmg elements and the self 
oorrespondmg elements, 118 , 
of two rays with the circular 
Imes, 179, unaltered by pro 
jection, 29 or by homography, 
189 
Cubic 

plane, 236, 237, 257, 268, 260, 
twisted, 339, 342, 375, 376, 386 
Curvature 

circle and centre of for plane 
curve, 63, 108 , of any surface, 
385 , of normal sections of a 
quadric, 380 , of ohhque sections 
of a surface, 383 , of parabola, 
110, 166 , of twisted curve, 324, 
326 , relations with radius of 
torsion, 326, 327 , spherical — 
of twisted curve, 324 
Cuspidal edge, 322 
Cyclic 

arcs of sphero conic, 314 , planes 
of cone of second order, 314 

Degree 

of a plane curve, 79 , of a twisted 
curve, 318 

Desargues’ Theorem on perspective 
triangles 1 1 
Developable, 321 322 

osculating polar nctif^ing 32 ^ 
Diagonal 

tetralicdion ot an ( jght jiojiil or 
(ightfari 154 Diingli 42 
of an ins< rilx (I (ju ulringb oi 
circurnsc r ib< (1 (ju idi ilatc ral 72 
7i ])()inls of i (jindiaiigh 42 
Diagonals 

of an (iglit])oin< of an 

( ight f K ( ol i (ju idi i 

1 ! il 42 

Di inu t( rs 

ol a ( ( nt 1 il ( ona Si oi i ( oik , 
lOl ol a j) n ibol i S2 of a 
quadne ib") 

Di irm tnil pi iik s 

of i (OIK 10() ol i(juidri( 

31)5 

Diit ( tor ( ir( 1( ISO 
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DiieotPKS of a come, 151, 163 
its distanioes from the centre and 
foci, 153 

Disc q[iiadrics, 336 
of a range, 377 
Double 

contact of conics, 210, 265 of 
quadnes, 342 , 

elements of an mvolution, 126, 131 , 
pomts on a curve, 237, 245 , 
tangents to a curve, 238, 246 
Duality, principle of, 80, 172 
Dyad, 296 

Eccentnoity 

of a come, 152 for each pair of 
foci, 182 , of a sphero conic, 312 
Elements 

accessible, 6 , at infinity, 5 , 
comcident, 91 , definition of, 2 , 
harmonic, 40, imagmary, 173, 
175, 176 , self corresponding, 
33, 35, 118, 119, 202, 214, 233, 
243, 344 

Eleven Ime conic, 262 
Eleven pomt conic, 261 
Ellipse, 52, 85, 102, 103, 104, 105, 
146, 150, 153, 154, 155, 162 
Ellipsoid, 328 
Envelope 

correlative to loc us 54 , harmonic, 
244 ot chord subtending given 
angle at focus 219 ot imident 
lines of two iKipnxal fields 
208 of fouith (lass 24(), 218 
of third class, 2 f 8 
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Figures 

ooiagruent, 15, 17 , in plana per 
speotive, 9 obtained as pro 
jeotions of a third figure, 10 
constructed from given condi 
tions, 18, 21, 23 particular 
oases of, 15 , in space per 
speotive, 1, 8, projective, 17, 
similar, 15, 18 
Focal 

axis of a conic, 146 , chord of 
curvature of parabola, 165 , 
chords of a como, 159, 219 , 
oomos of a quadric, 378 , 
distances, 150, 155 equally 
molmed to rectangular conjugate 
Imes, 150 , Imes of a cone, 308 , 
perpendiculars on tangent, 161, 
218 , properties of sphero conic, 
309, 313 , spheres, 331 

Foci 

four m number, 181 , not more 
than two real, 145 , on an axis, 
145 , of a conic, 145, 181, 183 , 
of a sphero conic, 308 , their 
distances from the centre, 154 
Focus and directrix property 

of conic, 151 , of sphero conic, 
310 
Forms 

CO basal 34, 35 , constructed from 
correspondmg triads, 35 , ele 
mentary geometric, 32 , har 
monic 39 116, homographic, 
189 191, 193 231 236, 23S 332 
114, HKidont 15 211 235, 239 
ol s(((md ()id(r 115 117 IIS, 
211 213 215 239 240 247,29b 
102 112, [)!()](( tivc ind pei 

H])((tiv(, 11, 15 18 
IO)in ( (lg( ( ompU ti 29 f 
I^oui la(( (()mpl(j( 294 
IO( gi( t pouil 1 17 

( ( IK 1 ilois 

ol I (OIK 29 1 100 101 ol i 

(jindiK 129 ill 

li u inoiiK 

(n\<Iop( uk 1I()(UH 241- iniUsm 
ui mvoliil ion 1 15 p ins ol 
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INDEX 


^^gate lines and points for a come, 
of eigh^point and eight 
ifeee, 356, 357, sets of four 
eJtoitots, 3&, 116 


Ifessagon 

V &v^hed in a eomc, 89 , oircum 
sonhed to a oomc, 90 


forms, 189, 191, 193 are equi 
anharmomo, 190 , forms of 
^eeemd order, 193, 213 , m 
Yolulaoiis, 242, 243, 244, 245 , 
jdane fields, 196, ranges and 
pencils of oomes, 255 , reguli, 


^elds, 298 , star fields, 295 


haaxal, 347 , determmed m plane 
’.by two corresponding tetrads, 
198, gecMiKetncal evidence of, 
19?, identical with projective 
tramformation, 200 , umaxal, 
346 


Homology, 9 

B^rhola, 52, 92, 93, 105, 107, 120, 
133, 146, 150, 152, 154, 155, 156, 
162 , conjugate, 107 , construe 
tion of from given conditions, 
93, rectangular, 108, 121, 137, 
145, 179, 181, 269, 271 
Hyperboloid, 328 
o^ one or two sheets, 330 


Imagmary elements, 173, etc 
Incidence preserved by projection, 4 
Incident 

elements, 2, 139, 209 in homo 
graphic forms, 235, 239 , 
forms, 35, 231, 235, 239 , 
pomts and hues of two reciprocal 
fields, 208 
Indicatnx 

absolute, 382 , relative, 380 , 
spherical, 325 
Infinity 

circle at, 303 , circular points at 
177 , elements at, 5 , tangents 
at, 52 
Intercepts 

on a chord between conic and 
asymptotes, 92, on a great 
circle between sphere conic and 
cyclic arcs, 315 on a tangent 
between asymptotes and point 


trix and pomt of contact, 156, 
219 , on two fixed tangents by 
a vanable tangent to a parabola, 
56 , of tangent and normal on 
axes, 150, 160 
Intersections 

of circle and oomc, 101 , of cone 
and spherical cone, 315 , of 
quadne and twisted cubic, 342 , 
of straight Ime and come given 
by five pomts, 119 , of three 
straight bnes and a plane cubic, 
258 , of two comes, 263 , of two 
quadrics, 341 , of two tangents 
to a come with a variable 
tangent, 56, 157 , of two twisted 
cubios, 343 
Inversion 

IS a conformal transformation, 225 , 
of concentric mto coaxal circles, 

226 , preserves homography on 
circular bases, 224 , transforms 
a circle mto a circle, 222 and 
inverse fields mto inverse fields, 

227 , with respect to a sphere, 
352 

Involution 

determmed by coaxal circles, 140 
by pencil of conics, 253 by 
range of conics, 254 , determined 
by two pairs of mates, 126, 
elliptic or hyperbolic 132 135 
140, of conjugito tk meats for 
a conic, 137, of lines of i 
rogulus, 133 , of orthogonal 
points on an axis 1 17 ol 
pUncs through uiaxis 191 of 
pomts on a lin< JH9 , ol points 
oi tangents of i < ome 129 HI 
of ravs thiongli a point 190 
rcctangni ii, 1 h) she w 119 
Involutory sp i( ( hoinogi ipli\ 117 

Joachimsth il s I lie on in 271 

1 imiting ])oints ot < o i\ il ( in l( s I 10 
1 me pm and point pm 71 00 7s 
Lines o[ cm V it iiM 179 
Locus 

corn 1 iti\( to ( n\ < 5 1 h n 

monie 211 ol ( < nt K s <»l ( onn m 
of a jHiKil Ol n ian_,( 270 ol 
centre s ol epi leli k s ol i p( n< il 
170 ol i r mg( 177 ol i 
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range, 270, of incident points 
in a correlation, 208 , of vertex 
of projection during rabatment, 
14 

Mates in an involution, 125, 132, 135 
harmonic with respect to double 
elements, 126 , common to two 
cobasal involutions, 134, bar 
monio pairs of, in an involution, 
136 in cobasal homographio 
mvolutions, 243 
Menelaus’ Theorem, 48 
Meunier’s Theorem, 383 

Net 

of conics, 288 , of quadrics, 385 
Newton’s Theorem on product of 
segments of chords, 98 
Normal 

at a pomt on a conic, 137, 150, 272 
on a quadric, 376, 379 , bisects 
angles between focal distances, 
150 , inversely proportional to 
central perpendicular on tangent, 
162 , its intercept on focal axis, 
150, 1 60 , principal — to a t^\ istod 
ourv( 321 

Normal piano to a curve, 321 
Normals tiom a point 

to a (onic, 272, to a quadra, 
37(5 
Notation 

forth mcnlH 2 () 9 loi proj(Htiv( 
and lioniogniphic toinis, 54 
]q() lor H< gnu III H 5 

()i(l( I of a sui f i( ( IIS 
Ordiiiatt and absiism lo 

( onjugab di uik b is 100 
Oiigin of i< ( ipi()( ilion 21 f 
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122 270 

Oitliogonal }X)inls on an axis ol a 
( otiK I i? 

OillioplK ( IK l( ISO 2SS 

ol III! (oiiKs of a iang( 251 
Diliiogoiial lo <ml pol ii < IK l( s 

2SS 

( )i I liopi K spin K 190 

()i I liogonal lo onlfx>lii S|)li( k s 
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Osculating 

circle, & , cone for twisted curve, 
324, 325 , curves, 64 , sphere 
for twisted curve, 324 
Outpolar and inpolar 
cones of second order, 303 , 
comes, 279, 286, 287 , envelopes 
and loci for two quadrics, 389 , 
quadrics, 388 


Parabola, 52, 66, 64, 82, 94, 95, 96, 
101, 110, 120, 147, 160, 153, 155, 
162-166, 183, 219 

constructed from given conditions, 
67, 94-96, 120, special focal 
properties of, 162, 219 
Paraboloid, 328 

elliptic or hyperbolic, 330, of 
revolution, 367 
Parallelogram 

conjugate for ellipse, 103, on 
chord of hyperbola as diagonal, 
with sides parallel to asymptotes, 
92 , pseudo conjugate for hyper 
bola, 106 
Parameter 

of parabola, 165 , of paiallel 
chords, 101, 111, 164 
J^ascal’s Theorem, 89 
Ptncil 

of comes, 262, 256 conjugate 
jioints for, 259 construction 
of, 2()4 of quadrics, 371, 372 
(onjugate lino of a point for, 
572 (ommon st If polar tetra 
Ik dioii loi 57 5 

P( IK ils 
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Wpeot to a oubio, ^60 , 
<^bic of a plaiie for a pencil of 
^uadxiGS, B76 , lines with respect 
to a qnadrio, B37 , quadrangle 
for a conic, 282 , quadric of a 
line for a pencil of quadrics, 
374, quadrilateral for a conic, 
283 

Polar pencil equi anharmonic with 
range of poles, 74 
Pole and polar 

construction for, 73 , for a circle, 
76 , for a eonic, 69 , for a hne 
pair and poic^i^pair, 78 , for a 
? i^ero-ocfiaic, 302 , when pole is 
on conic or polar is a tangent, 
71 

Pole and polar plane 
fcffia cone^ 301 , fos a quadnc, 337 
Pole of perspective 
m the plane, 10, m space, 346, 
on the sphere, 297 
Poncelet’s Porism, 281 
Principal 

normal to twisted curve, 321 , 
planes of a quadric, 366 
Product of 

directly equal pencils, 66 , form 
of second order homographic 
with form of first order, 236, 
238, homographic involutions, 
245 , mvolution and homo 
graphic simple form, 246 , pro 
jeotive ranges and pencils of 
first order, 57, 58, 333, of 
second order, 240, 247 , three 
homographic axial pencils, 339 , 
two homographic axial pencils, 
300, 333, complementai v roguli 
334 

Projection, 1 

central or conical, 13 const riu 
tion of figures in 9 18 20 21 22 
23 , cylmdncal 13 , imaginary 
183 , of circle into a conic 52 
of one conic into another 59 
of quadrilateral into a squiu 
23 , of two conics into circles 
183 coaxial conics 274 of 
two tetrads into one another 
200 , orthogonal 13, 102 

particular cases of 15 17 , 

plane and vertex of 1 


Quadrangle 

base of pencil of conics, 252 , 
complete, 42 its sides meet any 
Ime m three pairs of an mvolu 
tion, 254 , inscribed in a conic, 
72 , polar for a conic, 282, and 
msenbed in another, 284 
Quadric, 328 

degenerate, 335 , determmed by 
nme points, 328 
Quadrics of curvature, 384 
Quadrilateral 

base of range of conics, 262 , 
complete, 42 , its vertices join 
to any pomt by three pairs of an 
mvolution, 254 , circumscribed 
to a conic, 73 , mid points of 
sides he on a conic, 270 , polar 
for a conic, 283, and ciroum 
scribed to another, 286 
Quartic 

plane, 223, 246, 247, 266 , twisted, 
341, 371, 373 

Rabatment, 9, 13 

of vertex of projection to obtain 
pole of perspective, 14 
Radical 

axis, 138, 221 269 , plant, 374 
Range 

of conics, 252, 253, 256 260 

conjugate lines tor, 260 , of 
quadrics 377 
Ranges 

cobasal collirifai 27cisfKctiv( f)ro 
jective, similir and ((juil, 

34, (on)ngat( 74 homo 
graphic 189 of conics 256 
of second ordt r I 15 1 17 2 51 
233 23S 210 sk( w 

sphciu d 29() 

Ratio of scgUKiils loniid i In ingle 
4() 

Rccquoc il 

he Ids m a pi uii 207 in i si u 
295 in s])m i J >0 ol a i onn 
79 polais 7S t j insloi rn il lon^ 
207 20S 210 212 27) 150 
Rc ( ipioc ition 7S 

of iconic w it li i( spi < I ton loins 
215 ol ( o i \ d I ill 1( s into ( on 
loc il ( (>ni( s 220 209 ol j wo 
conics 275 oi two (jiiidins 
3S7 into one mot lie r with 
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Reciprocity, 208 
Reoti^pog plane. 321 
Begulus, 331 

complementary, 332 
Relation between 

curvature and torsion of twisted 
curve, 326, six elements in 
involution, 128, 129 

Self conjugate 

three edge for a quadric, ooo, 
for a range of quadrics, 377 , 
triangle for a quadric, 363, for 
a pencil of quadrics, 372 
Self oorrespondmg elements, 33, 36, 
118, 119, 202, 214, 233, 243, 344 
Self polar 

tetrahedron for a quadric, coo, 
for two quadrics, 369, for a 
pencil of quadrics, 373, for a 
range of quadrics, 377 , three 
edge for a cone, 301 , triangle 
for a come, 72, for two conics, 
263, for a pencil or range of 
conics, 263, 269, 263 , triangles 
for the same conic, 276 
Semi latus rectum, 163 

18 a harmonic mean between seg 
ments of a focal chord, 159 
Sheaf, 293 
Similar 

conics, 289, figures 15, 18 

^great clicks on, 29(), 298, 319, 
325, focal Ul oithoptic 
390, osculating 121 small 
cin ks on 299 107 112 
Spheric n 1 

oonc 101 pnli 297 
Spheioionu 299 KM) 

Sphe 101(1, K)7 
Star 1 171 29 { 

its T( j)i< S( lit it ion on tin splun 
29() 

Stretch, It) 10 i 


iangents 

at the loin mO i s( ( 1 ions ol 1 uo 
conus ISl 211 lioin i point 
to a ( oiiK 52 122 111 < nii 

stiui t( (1 w li( n < onu is giv( n by 
1 lv( tangents 122 li iimonu 
with i(S|)((t to (onjugite lines 


through the pomt, 72 subtend 
equal or supplementary aai^es 
at a focus, 156, 218 
Tetrahedron 

self corresponding m a space homo- 
graphy, 344 , self polar for a 
quadric, 363, for a pendGl or 
range of quadnes, 373, 377 
Three edge 

self conjugate for a quadne, 363 , 
self polar for a cone, 301 
Torsion 

radius of, 324, relations with 
principal and spherical curves 
ture, 326, 327 

Trace of a Ime or plane on a plane, 3 
Transversals 

of a pencil, 31 , of a regulus, 332 
Triangle 

circumscribmg a parabola, 164 , 
formed by tangent and 
asymptotes, 93 , inscribed m < 
rectangular hyperbola, 121 , 
self corresponding m a correia 
tion, 214, m a homography, 
202, self polar for a come, 

72, for a pencil or range of 
conics, 253, 263 

Triangles 

circumscribed to, 278, 

277, 278, self polar for, 
the same conic 

Triangularly or polygonally mscribeu 
and circumscribed comes, 280 , 
286 

'Pwchc face eight point, 353, 373 

J wclvc point eight lace 355 

Ultimate inti rscctions ind joins, 318, 
122 

Umbiiics ol i qiudnc, 367, 380 

Vamsluiig ])omts lines and planes, 
t>, 199 341 

Vertex .1.1 

ol ((iiliil conic S5, of pirabola 
S5 ol pii iboloicl, 309, of 
jirojt ( I loii, 1 
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ol c onu H 2SS of cpndiics, 387 
Wiaj) ol second oiclci, 302 
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